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Foreword 


This book collects the material delivered in the 2008 edition of the DocCourse in 
Combinatorics and Geometry which was devoted to the topic of Additive Combi- 
natorics. 

The two first parts, which form the bulk of the volume, contain the two 
main advanced courses, Additive Group Theory and Non-unique Factorizations, 
by Alfred Geroldinger, and Sumsets and Structure, by Imre Z. Ruzsa. 

The first part focusses on the interplay between zero-sum problems, arising 
from the Erdés—Ginzburg—Ziv theorem, and nonuniqueness of factorizations in 
monoids and integral domains. 

The second part deals with structural set addition. It aims at describing the 
structure of sets in a commutative group from the knowledge of some properties 
of its sumset. 

The third part of the volume collects some of the seminars which accompanied 
the main courses and covers several aspects of contemporary methods and prob- 
lems in Additive Combinatorics: multiplicative properties of sumsets (Christian 
Elsholtz), a step further in the inverse 3k — 4-theorem (Gregory A. Freiman), the 
isoperimetric method (Yahya O. Hamidoune), new developments around Fglner’s 
theorem (Norbert Hegyvari), the polynomial method (Gyula Karolyi), a survey on 
open problems (Melvyn B. Nathanson), spectral techniques for the sum-product 
problem (Jozsef Solymosi), and multidimensional inverse problems (Yonutz V. 
Stanchescu). 

We are grateful to Itziar Bardaji and Lluis Vena for their careful proofreading 
of all its chapters. 

This edition of the DocCourse has been supported by the Spanish project 
i-Math and by the Centre de Recerca Matematica, to which we express our grat- 
itude. We particularly want to thank the director, Prof. Joaquim Bruna, and the 
staff of the Centre de Recerca Matematica for their excellent job in organizing this 
edition of the DocCourse. 


Barcelona, July 2008 
Javier Cilleruelo, Mare Noy and Oriol Serra 
Coordinators of the DocCourse 


Contents 


Foreword v 
I Additive Group Theory and Non-unique Factorizations 
Alfred Geroldinger 1 
Introduction 3 
Notation 5 
1 Basic concepts of non-unique factorizations 7 
1.1 Arithmetical invariants... ........0... 002200022004 9 
12: Kerilll miOnOids! 25 a kk 8 Ye og eS eda a Ae eb ee GG 13 
1.3 “Transfer principles: ..4.4 <1 20444 44m 4 oye 5 16 
1.4 Main problems in factorization theory ................ 20 
2 The Davenport constant and first precise arithmetical results 21 
2.1 The Davenport constant ...............-..20-. 00004 21 
2.2. Groupalgebras 2.04 bia oe eA a Re ew as 24 
2.3 Arithmetical invariants again ................2.20040. 29 
3 The structure of sets of lengths 35 
3.1 Unions of sets of lengths ............... 00... .000. 35 
3.2 Almost arithmetical multiprogressions ................ 38 
3.3 The characterization problem ..................0-. 42 
4 Addition theorems and direct zero-sum problems 45 
4.1 The theorems of Kneser and of Kemperman-Scherk......... 45 
4.2 On the Erdés-Ginzburg-Ziv constant s(G) and on some of its variants 48 
5 Inverse zero-sum problems and arithmetical consequences 57 
Del. “CyChG @rOups <x -dyom oe & ee A ee DE ee Pa ees 57 


p.2- ‘Groups obhigher-rank. «4 4.6 oS SESS ewe eo eR 70 


viii Contents 
5.3 Arithmetical consequences... 2... 02 75 
Bibliography 79 


II Sumsets and Structure 


Imre Z. Ruzsa 87 
Introduction 89 
Notation 91 
1 Cardinality inequalities 93 

Led Tntroduction: 2: 3: oe acu ae ae es CEE SKS ree een a oda 93 
1.2 Pliinnecke’s method ............0. 2.200000 2 000% 95 
1.3 Magnification and disjoint paths ................... 97 
1.4 Layered product 2.4 2.0.8 604445454 eed ee ee ee a 100 
1.5 The independent addition graph ................... 101 
1.6 Differentsummands ............... 0.00002 eee 102 
1.7 Pliinnecke’s inequality with a large subset .............. 104 
1.8 Sums and differences. ............. 022000000 00- 106 
1.9 Double and triplesums ..................0.0000. 109 
110 A+B and Atb2B ok ee eh Pha eae ee RES e VEE eas 111 
1.11 On the non-commutative case...) 2. ee ee 114 
2 Structure of sets with few sums 119 
2A. lotrodtiction. (4 tG06 4 4. e % wee ee SRMEE ES Swe a eo 119 
2.2 ‘TOrsiON QTOUPS «445 seb bP bee ea K ae Bee eee ee eG 122 
2.3 Freiman isomorphism and small models ............... 125 
2.4 Elements of Fourier analysis on groups... ...........0.-. 128 
2.5 \Bohr sets 1 Sumisets:... 2.404 454.44 eRe oe ee yee ee 132 
2.6 Some facts from the geometry of numbers .............. 134 
2.7 A generalized arithmetical progression ina Bohr set ........ 135 
2.8 Freiman’s theorem ... 4.46 5:2 bd RR 138 
2.9 Arithmetic progressions in sets with small sumset.......... 139 
3 Location and sumsets 141 
3 Introduction ...2.... 44.008 e6 bbe eda a Ode eee a 141 
3.2. The Cauchy—Davenport inequality ...............0.0. 142 
3.3 Kneser’s theorem ........-.. 0.000 eee eee ee es 143 
3.4 Sumsets and diameter, partl .................2.0-. 146 
3.) The impact:furction: 4.46056. h4444 44 0088 084644444 147 
3.6 Estimates for the impact function in one dimension. ........ 149 
3.7 Multi-dimensional sets ............0.0.0 0000002 ae 152 
3.8 Results using cardinality and dimension ............... 154 


Contents ix 


3.9 The impact function and the hull volume .............. 157 
5.10) The impact volume a4. ade ea cee Hee Ew eee eee 159 
3.11 Hovanskii’s theorem ..........-.2.-. 02.002 eee eee 163 
4 Density 167 
4.1 Asymptotic and Schnirelmann density ................ 167 
4.2 Schirelmann’s inequality .. 2... 0... 169 
43. Mann's theorem. 5.4 2.546% ¢ eee bd ea ROO ee ee a hes 171 
4.4 Schnirelmann’s theorem revisited ................0-. 173 
4.5 Kneser’s theorem, density form .................0-.4 177 
4.6 Adding a basis: Erdés’ theorem ..............2.2.000. 177 
4.7 Adding a basis: Pliinnecke’s theorem, density form ......... 179 
4.8 Adding the set of squares or primes. .............2--4 182 
4.9 Essential components... ........0 2.0002 ee 184 
5 Measure and topology 185 
bel Introduction... 2... .4.4 00866 $440 48 bow Be eee ea 4 185 
5.2 Raikov’s theorem and generalizations... ............0.0. 185 
O.3. “De impact PUNCHON: a. arcreca. es & es: os Sow waar nee ae es ee 187 
5.4 Meditation on convexity and dimension ............... 188 
5.5 Topologies on integers ..............2--- 020-022 ee 191 
5.6 The finest compactification .. 2... 0.00.00 000 ee eee 193 
Bf Banach density 2 2 so ee hed ate ee eed 194 
5.8 The difference set topology ...............02 05000. 196 
Exercises 199 
Bibliography 207 
III Thematic seminars 211 


1 A survey on additive and multiplicative decompositions of sumsets and 


of shifted sets, Christian Elsholtz 213 

Lil: Innit rOduehiOM x 2¢e ag gd eS: He he OURS Ee EY ees 213 
a Mata Gr ae Bae eee hy oe cs Eh ye So AP ay a we oe ee 214 
1.2.1 Multiplicative decompositions of sumsets .......... 214 
1.2.2. Multiplicative decompositions of shifted sets. ........ 216 
1.2.3. Some background from sieve methods ............ 217 
12:4. Proot.of Theorem ?? 26.4 4 aes a PAR 219 

eS. Wa sss Bae Beas Gece ae ee eS uaa owe ee ae oe ee ewes Go 222 
1.3.1 Sumsets .4 cc 282 5 A aE aR E ee eee ee 222 
1.3.2 Counting methods ...................00.0. 222 


1.3.3 A result from extremal graph theory ............. 223 


Contents 


1.3.4 Thecase of primes ...............0.022200. 225 
1.3.5 Chains of primes in arithmetic progressions ......... 226 
Bibliography: -.6 4.4: 4.44 4 deka se Go Rae See ae ae af as cn See 229 
On the detailed structure of sets with small additive property, 
Gregory A. Freiman 233 
2.1 ‘Small doubling . 15428288 64444445 0406 00064448 8 233 
22 Sums of dillerenit sets. «4.2.4. «ya RAY DE PRR ew eons 237 
Bibliogtaphy: .2 444 oe ecaxhee hh oe ERE ea ee Se 239 
The isoperimetric method, 
Yahya O. Hamidoune 241 
3.1 Universal bounds of set products ................00. 241 
3.2. The Frobenius problem ..................-22-0004 243 
3.3 Thea+(-theorems ............ 00000 eee eee 244 
Sol Direct theorems, 2.24.h 440.0 68a Soke Oe oe 244 
3.3.2 Inverse theorems ............. 002000004 ee 245 
3.4 Torsion-free groups: The isoperimetric approach. .......... 246 
3.5 The isoperimetric formalism ..................200. 248 
3.6 The structure of k-atoms ................2.-02 2000. 250 
Bibliography 2 ...4..e¢4 00288440 -P4$4 444 Gee eee eens 251 
Additive structure of difference sets, 
Norbert Hegyvari 253 
AN AntroductiOn... 2: oo 8k ee ke ee bbe ead Sue bae ae ia es 253 
AD? “Thecase D(A) 5394 dhe ee BER EEDE Tame ed oS OS 255 
4.3 An intermezzo; D(D(A)) is highly well structured. ......... 258 
4.4 First difference sets and Bohr setsI.................. 258 
4.5 Raimi’s theorem; difference set of partitions ............. 261 
4.6 First difference sets and Bohr sets I]; Folner’s theorem ...... . 263 
4.7 Applications of Félner theorem ................2--4 263 
Bibliography 4 «kad ph gee eee Reed eed ye he EH AE 265 
The polynomial method in additive combinatorics, 
Gyula Karolyi 267 
Del. ntPOductiOn. <2. an godde) £ a Ke eee ee ee ea Oe 267 
5.2 Applications of the polynomial method to additive problems... . 271 
5.3 Appendix: The Vandermonde matrix ................ 275 
Bibliggtaphy <2 4:4: ota) & af aie eek Be Rhee SS 277 
Problems in additive number theory, ITI, 
Melvyn B. Nathanson 279 
6.1 What sets are sumsets? ........0.0.00 00002 eee eee 279 


6.2 Describing the structure of hAash—oo 1... 2... 0.20004. 280 


Contents xi 
6.3 Representation functions... ... 2.2.0.2... .. 0.000000 | 280 
6.4 Sets with more sums than differences... .............-. 282 
6.5 Comparative theory of linear forms .................. 284 
6.6 The fundamental theorem of additive number theory ........ 286 
6.7 Thin asymptotic bases .............. 02.000 00 000 | 287 
6.8 Minimal asymptotic bases .............2... 0000005 288 
6.9 Maximal asymptotic non-bases ................-.0-5 289 
6.10 Complementing sets of integers... 2... 2. ee ee 290 
6.11 The Caccetta-Haggkvist conjecture... . 2.2.0... ...000. 293 
Bibliography <...¢ 4.4.24 440 24444445 244 bbe ean 295 

7 Incidences and the spectra of graphs, 

Jozsef Solymosi 299 
ol, WotPOdUCHON.. 4.0404.4.¢4¢ 6¢ we ane hhSdeeeegebbawahd 299 
7.2. The sum-product problem ..................+.-0004 300 
7.2.1 The sum-product graph .................0-. 301 
(2.2 Thespectral bound is o¢ eae dado ad 28 2 ee oS 303 
7.3 Three-term arithmetic progressions... ...........000. 304 
7.3.1 The 3-AP graph ...............-0-.2000004 304 
LA - Sidon functions ..4 os kk eae hae ee ee eee eS 306 
(TAA, Sidon functions 2.0405 6.64 26+ a ae ee we ae 306 
7.4.2 A bipartite incidence graph ................-.. 308 
74.3  Thespectralbound ...................0-5 309 
7.5 Incidence bounds on pseudolines ............... 0004 310 
7.5.1 Theincidence bound...................0-5 310 
7.0.2 Strongly regular graphs .........0...... 0.000. 311 
Bibliography 22444 .43-4¢¢ 4464-2 bb4 bee ew Eb e gee ins 313 
8 Multi-dimensional inverse additive problems, 
Yonutz V. Stanchescu 315 
8.1 Direct and inverse problems of additive and combinatorial number 
CheOTy i ho Oe ee ee eRe Rede ed eee bd be Phe 315 
8.2 The simplest inverse problem for sums of sets in several dimensions 316 
8.3 Small doubling property on the plane ................ 318 
8.4 Planar sets with no three collinear points ona line ......... 321 
8.5: Exact:structure results. 24. cea an ee Re ee we 323 
8.6 Difference sets... .. 4545 664 644 bb 444 Wawa eee 324 
8.7 Finite Abelian groups ..........-. +0000 ee ee eee 325 
Bibliography 22.044 a «ah ak eo bee ee eA Sa ae 327 


Part I 


Additive Group Theory and 
Non-unique Factorizations 


Alfred Geroldinger 


Introduction 


This is the extended and revised version of notes written for the Advanced Course 
in Combinatorics and Geometry: Additive Combinatorics. The course took place 
at the Centre de Recerca Matematica (CRM) at Barcelona in spring 2008. It gives 
a survey on the interaction between two, at first glance very disparate areas of 
mathematics: Non-Unique Factorization Theory (see [71, 70, 13, 87, 120]) and 
Additive Group Theory (see [103, 36, 104, 107, 23, 130, 52]). The main objective 
of factorization theory is a systematic treatment of phenomena related to the non- 
uniqueness of factorizations in monoids and integral domains. In the setting of 
Krull monoids (the main examples we have in mind are the multiplicative monoids 
of rings of integers of algebraic number fields) most problems can be translated 
into zero-sum problems over the class group. It will be a main aim of this course 
to highlight this relationship. 

In Chapter 1 we introduce the basic concepts of factorization theory, point 
out that arithmetical questions in arbitrary Krull monoids can be translated into 
combinatorial questions on zero-sum sequences over the class group and formulate 
some main problems (Section 1.4). In Chapter 2 we study the Davenport constant 
and, using group algebras, we derive its precise value for p-groups (Theorem 2.2.6). 
In Chapter 3 we discuss the structure of sets of lengths (see Theorems 3.1.3, 3.2.4, 
3.2.5 and 3.2.6). The characterization problem (Section 3.3) is a central topic. We 
give a proof in the case of cyclic groups and elementary 2-groups (Corollary 5.3.3), 
and this proof requires most of the results from additive group theory discussed in 
the previous parts. Chapter 4 starts with addition theorems, and then the Erdés— 
Ginzburg—Ziv constant and some of its variants are studied. We outline the power 
of the inductive method and determine the Davenport and the Erdés—Ginzburg— 
Ziv constant for groups of rank at most two (Theorem 4.2.10). Chapter 5 deals 
with inverse zero-sum problems. The focus is on cyclic groups and on groups of 
rank two. 


!This work was supported by the Centre de Recerca Matematica (CRM) at Barcelona and 
by the Austrian Science Fund FWF, Project No. M1014-N13. 

I would like to thank the co-ordinators of the DocCourse, Combinatorics and Geometry 2008, 
J. Cilleruelo, M. Noy and O. Serra, for their invitation and all their hospitality, and the CRM 
for providing an excellent working atmosphere. 

A special thanks goes to W. Gao, D. Grynkiewicz, F. Halter-Koch, Y. ould Hamidoune and 
Wolfgang A. Schmid for all their suggestions and helpful comments on previous versions of this 
manuscript. 


Notation 


Our notation and terminology is consistent with [71]. We briefly gather some key 
notions. We denote by N the set of positive integers, and we put No = NU {0}. 
For real numbers a,b € R we set [a,b] = {x € Z| a < x < b}, and we define 
sup) = max? = min@ = 0. 

Let A,B CZ be finite nonempty subsets. Then A+ B= {a+b|a€éA, 
b € B} is their swmset. We denote by A(A) the set of (successive) distances 
of A, that is if A = {a1,...,a¢} with t © N and ay < --- < a, then A(A) = 
{av41 — av | v € [1,t — 1]}. Moreover, we set A(@) = 0. A subset P C Z is called 
an arithmetical progression with differenced € N if P is finite nonempty and 
A(P) c {d}. If ACN, we call 


max A 


p(A) = 


the elasticity of A, and we set p({0}) = 1. 

By a monoid we always mean a commutative semigroup with identity which 
satisfies the cancellation law (that is, if a,b,c are elements of the monoid with 
ab = ac, then b = c follows). If R is an integral domain and R* = R \ {0} its 
multiplicative semigroup of non-zero elements, then R® is a monoid. 


——_;€ 
min A Qe 


Throughout this paper, let H be a multiplicative monoid and G an 
additive finite abelian group. 


Chapter 1 


Basic concepts of non-unique 
factorizations 


We denote by H™ the set of invertible elements of H, and we say that H is reduced 
if H*% = {1}. Let Hreq = H/H* = {aH* | a © H} be the associated reduced 
monoid and q(#) a quotient group of H. 

Let a,b € H. We say that a divides b (and we write a|b) if there is an 
element c € H such that b = ac. We say that a and b are associated (and we 
write a ~ b) if a|b and b| a (equivalently, aH* = bH”). 


A monoid F is called free (abelian, with basis P C F) if everya€ F hasa 
unique representation in the form 


a= II p with v,(a) €No and v,(a) =0 for almost all pe P. 
pEP 


In this case, F is (up to canonical isomorphism) uniquely determined by P, and 
conversely P is uniquely determined by F. 
We set F' = F(P) and call 


la|r = |a| = Sy vp(a) the length of a. 
peEeP 
An element a € H is called 


e an atom (or an irreducible element) if a ¢ H™ and, for all b, ce H, a= be 
implies b€ H* or c€ H*. We denote by A(H) the set of all atoms of H. 


e a prime (ora prime element) if a ¢ H™ and, for all b,c € H, a|bc implies 
a|6 or ale. 
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The monoid H is called 
e atomic if every a€ H\ H™ isa product of atoms. 
e factorial if it satisfies one of the following equivalent conditions: 
(a) Every a € H\ H* is a product of primes. 
(b) A is atomic, and every atom is a prime. 


(c) Every a € H\ H™ is a product of atoms, and this factorization is 
unique up to associates and the order of the factors. 


(d) Hyeq is free (in that case Hyeq is free with basis {pH™ | p € P} where 
P denotes the set of primes of 1). 


(e) H = H* xF(P) for some subset P C H (in that case P is a maximal 
set of pairwise non-associated primes of H). 


Every prime is an atom, and every factorial monoid is atomic. An element 
a € H is an atom [a prime] of H if and only if aH™ is an atom [a prime] of yea. 
Thus Hyea is atomic [factorial] if and only if H has this property. 

By a factorization z of anelement a € H we mean an equation of the form 


zZ:a=uy,-...:u with 1 E No and wy,...,u; are atoms. 


The number of atoms / is called the length of the factorization, and two factor- 
izations which differ only in the order of their factors and up to associates are 
considered as being equal. This concept can be formalized as follows. 

The free monoid Z(H) = F(A(Hyrea)), whose basis is the set of atoms in 
Ayea, is called the factorization monoid of H. The homomorphism 


TH =: Z(H) — Hyea, defined by m(z) = II uve) 
u€A( Area) 


is called the factorization homomorphism of H. For a € H, we set 
Za(a)=Z(a) =7 (aH) Cc ZA), 


and we call the elements z € Z(a) the factorizations of a. We say that a has 
unique factorization if |Z(a)| = 1. For a factorization z € Z(a), we call |z| the 
length of z (clearly, this coincides with the above informal definition), and the 
set 


Ly(a) = L(a) = {|2| | z €Z(a)} CNo 


is called the set of lengths of a. 
Note that 0 € L(a) if and only if a € H™ and then L(a) = {0}. We have 
1 € L(a) if and only if a is an atom and then L(a) = {1}. The monoid 4H is atomic 
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if and only if Z(a) # 0 for all a € H, and it is factorial if and only if |Z(a)| = 1 for 
alla € H. For every b}€ H we have 


Z(a)Z(b) C Z(ab) and L(a) +L(b) C L(ab). 


Furthermore, the monoid H is called 
e half-factorial if |L(a)| = 1 for alla € H. 


e an FF-monoid (a finite factorization monoid) if Z(a) is finite and nonempty 
for alla € H. 


e a BF-monoid (a bounded factorization monoid) if L(a) is finite and non- 
empty for alla € H. 


Half-factorial monoids and domains have received a lot of attention in the 
literature (see [14, 20, 124] for recent surveys). Here is a first, very simple but 
important observation. 


Lemma 1.0.1. Let H be atomic but not half-factorial. Then for every N € N 
there exists some a € H such that |L(a)| > N +1. 


Proof. If a=uy.-...-Up = 01°... with k < land uy,...,ug,v1,...,0. € A(A), 
then 
c=aN =(uy-...-ug)’(ur-...-u)-” for all v € [0,N] 


whence {vk +1(N —v)|v € [0,N]} C L(c). 


d 


1.1 Arithmetical invariants 


Most monoids studied so far in factorization theory are BF-monoids. In partic- 
ular the multiplicative monoids of noetherian domains are BF-monoids (see [71, 
Theorem 2.2.9]). We call 


L(H) = {L(a) |a€ H} 


the system of sets of lengths of H. If H is a BF-monoid, then £(H) is a set of 
finite nonempty subsets of the non-negative integers, and apart from the trivial 
case of half-factoriality, for every N € N there is an L € £(H) such that |L| > N. 
In order to describe the structure of sets of lengths we introduce the following 
arithmetical invariants. 


Definition 1.1.1. Let H be a BF-monoid. 
1. For a € H, we call p(a) = p(L(a)) the elasticity of a and 


p(H) = sup{p(a) | a € H} = sup{p(L) | L € £(H)} € Ra U {oo} 


the elasticity of H. 
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2. Let k € N. If H = H%, we set pz(H) = Ax(H) =k, and if H # H%, then 
we define 


pr( 1) = sup{maxLl | Le L(A), ke L} Ee NU{oo} and 
Ax(H) =min{min£ | Le £(H), k € Lhe [1,k]. 


3. We call 
A(H)= |J AG) CN 
LEL(HA) 
the set of distances of H. 


Clearly, H is half-factorial if and only if A(#) = @ if and only if p,(H) =k 
for all k € N. Furthermore, |A(H)| = 1 if and only if all sets of lengths are 
arithmetical progressions with the same difference. Whereas the elasticity may 
be infinite in non-principal orders of algebraic number fields (see [71, Corollary 
3.7.2]), we shall prove that it is finite in all Krull monoids with finite class group 
(thus, in particular, in all principal orders; see Theorems 1.3.5 and 2.3.1). 


Lemma 1.1.2. If H is a BF-monoid and A(H) is nonempty, then min A(H) = 
gcd A(H). 

Proof. We set d = gcd A(H). Clearly, it suffices to show that d € A(H). There 
are t © N,di,...,d, € A(H) and m,...,m: € Z \ {0} such that d = mid, 
+...+ md;. After renumbering, if necessary, there is some s € [1,t] such that 
M4,..-,Ms,—Ms41,---,—Me are positive. For every i € [1,¢], there are x; € N 
and a; € A such that 


{x;,v;+d;}CL(a;) for every 7 € [1,5] 


and 
{a; —di,xvi} C L(a;) for every i€[s+1,¢]. 
Then we get 
s t s t 
{ke => mii - ys Mi 2X4, 1=S° mi(2i + di) - mi(wi — di)} 
i=1 i=s+1 i=1 i=s+1 
s t 
C Sl f{mims, mils t+ di)} + D> {(—mi) (ai — di), (—ma)as} 
i=1 i=s+1 
s t 
cDTL(a™) + SD Lar”) 
i=1 i=s+1 
Cc Lfal! meet al!) 7 ee 


Since d < min A(#), it follows that d = 1 —&k is a successive distance of L and 
hence d € A(L) c A(A). 
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The structure of sets of lengths will be studied in detail in Chapter 3. We 
continue with concepts which consider factorizations in a more direct way and not 
only their lengths. 


Definition 1.1.3. Let H be atomic and z, 2’ € Z(H), say 
ZHU. UV... Um and 2 =uyz-...:UjWy-+...' Wn, 


where J1,m,né€No, ui,.--, Ul, V1,---,Um; W1,---,Wn € A(Areq) and 


’ 


{u1,.--;Um}O{w1,...,Wn} =O. 
Then we call d(z,z’) =max{m,n}¢No the distance between z and 2’. 


The distance function d: Z(H) x Z(H) — No is a metric. The following 
observation is an analogue to Lemma 1.0.1. 


Lemma 1.1.4. Let H be atomic but not factorial. Then for every N € N there 
exists some a € H such that |Z(a)| > N +1, and there exist factorizations 
z, 2’ € Z(a) such that d(z,z') > 2N. 


This phenomenon motivates the following definition. 
Definition 1.1.5. Let H be atomic. 


1. We define the catenary degree c(a) for a € H to be the smallest N € 
No U {co} such that, for any two factorizations z, 2’ of a, there exists a 
finite sequence z = z, 21,.--,2% = 2’ of factorizations of a_ satisfying 
that d(z;:-1, Zi) < N forall ie€ (1, kj. 


2. Globally, we define 
c(H) = sup{c(a) |a € H} EC Np U {oo}, 


and we call c(H) the catenary degree of H. 


The next lemma gathers some elementary properties. In particular, 
Lemma 1.1.6.1 shows that H is factorial if and only if the catenary degree c(H)=0. 


Lemma 1.1.6. Let H be atomic anda eé H. 
1. c(a) < supL(a), and c(a) =0 if and only if |Z(a)| = 1. 
2. If z, 2’ €Z(a) and z #2’, then 2+ ||z| — |2’|| <d(z,2’). 


3. If |Z(a)| > 2, then 2+supA(L(a)) < c(a). In particular, 2+ sup A(H) < 
c(H). 


4. If c(a) <2, then |L(a)| =1, and if c(a) < 3, then L(a) is an arithmetical 
progression with difference 1. 
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Proof. 1. If z, 2’ € Z(a), then d(z, z’) < max{|z],|z’|} <supL(a). Hence c(a) < 
sup L(a). The second assertion follows by the very definition of c(a). 

2. Let z, 2’ € Z(a) be distinct, « = gcd(z,z’) and z= ry, 2’ = xy’, where 
y, y’ © Z(A). Then |y| > 2, |y’| > 2 and d(z,z’) = max{|y|, |y’|}. Thus it follows 
that 2+ ||2| —2"|| =2+ |lul — ly'll < max{lyl,ly’l} = dl, 2’. 

3. We may assume that A(L(a)) 4 0, and we must prove that 2+s < c(a) for 
every s € A(L(a)). If s € A(L(a)), then there exist factorizations z, z’ € Z(a) such 
that |z’| = |z| + s, and there is no factorization 2” € Z(a) with |z| < |z”| < |z’|. 
By definition of c(a), there exist factorizations z = zo, 21,...,2n = 2’ € Z(a) such 
that d(zj-1, z:) < c(a) for all i € [1,k]. Thus there exists some i € [1, k] such that 
|z;-1| < |z| and |z,| > |z’|. Hence 2+ 5 < 2+ |z;| — |zi-1| < d(zi-1, zi) < ¢(a). 

4. This is obvious by 3. 


Next we consider local tameness. We start with the formal definition, and 
then we discuss the meaning of this concept in some detail. 


Definition 1.1.7. Suppose that H is atomic. 


1. For a,b € H let w(a,b) denote the smallest N € No U {oo} with the 
following property : 


For alln € Nand q,...,a@n € H, ifa=a,-...-a, and b|a, then there 
exists a subset 2 C [1,n] such that |Q| < N and 


b| Ee 
ven 


In particular, if b{ a, then w(a,b) = 0. For b € H we define 


w(H, b) = sup {w(a, b)|a € H} E No U {co}. 


2. For a € H and x € Z(H) let t(a,x) € No U {co} denote the smallest N € 
No U {co} with the following property : 


If Z(a) Z(H) #0 and z € Z(a), then there exists 2’ € Z(a)N xZ(H) 
such that d(z, 2’) < N. 


For subsets H’ C H and X Cc Z(H), we define 
t(H’, X) =sup {t(a,xz)|a€ H’,x€ X} ENoU {oo}. 


HT is called locally tame if t(H,u) < oo for all u € A(Aireca). 


Local tameness is a basic finiteness property in the theory of non-unique 
factorizations, in the sense that in many situations where the finiteness of an 
arithmetical invariant such as the catenary degree or the set of distances is stud- 
ied, local tameness has to be proved first (see also the sketch of the proof of 
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Theorem 3.2.4). The closely related w(H, -)-invariants, introduced in [68], are fur- 
ther well-established invariants in the theory of non-unique factorizations, which 
appear also in the context of direct-sum decompositions of modules (see [26, 
Remark 1.6]). 

For simplicity of notation suppose that H is atomic and reduced, and let 
u € A(H). Then uw is a prime if and only if w(H,u) = 1. Thus w(H,u) measures 
how far away is u from being a prime. Let a € H. If u { a, then t(a,u) = 0 
by definition. Suppose that u|a. Then t(a,u) is the smallest N € No U {oo} 


with the following property: If z = a,-...+ dp is any factorization of a where 
@1,.-.,@y are atoms, then there exist a subset Q C [1,n], say Q = [1,4], and 
a factorization 2 = uug:...+ Wi@p41----* Gn € Z(a), with atoms ug,..., uz, 


such that max{k,/} < N. Thus t(a,u) measures how far away from any given 
factorization z of a there is a factorization z’ of a which contains u, and if wu 
is not a prime, then w(H,u) < t(H,u). Suppose that u is a prime. Then every 
factorization of a contains u, we can choose z’ = z in the above definition, obtain 
that d(z,2’) = d(z,z) = 0 and hence t(H,u) = 0. Whereas in monoids, which 
satisfy the ascending chain condition for v-ideals, we have w(H,u) < co for all 
atoms u € A(#), this does not hold for the t(H, u) values (see [74, Theorems 3.6 
and 4.4]). 


1.2. Krull monoids 


Krull monoids play a central role in factorization theory. We briefly summarize 
some of their main properties without giving any proofs. Then we discuss two 
main examples of Krull monoids: those stemming from domains and the monoid 
of zero-sum sequences over an abelian group. For more on the theory of Krull 
monoids we refer the reader to the monographs [88, 79, 71]. A detailed discussion 
of further examples may be found in [71, Examples 2.3.2 and 7.4.2]. 


Definition 1.2.1 (Krull monoids and class groups). 
1. Let D bea monoid and H Cc D asubmonoid with q(H) C q(D). 


(a) Then H Cc Discalled saturated if q(H) 1 D=H (that is, ifa,be H 
and a divides 6 in D, then a divides 6b in H). 

(b) For a € q(D) we denote by [a] = [a]p;y = aq(H) € q(D)/q( 
the class containing a. We call D/H = {[a] | a € D} Cc q(D)/q( 
the class group of D modulo H. 


val 
A 


en 


2. H is called a Krull monoid if Hyeq is a saturated submonoid of a free 
monoid. 


3. Let H be a Krull monoid and suppose that Hyeqa C D = F(P) is a saturated 
submonoid of a free monoid such that every p € P is the greatest common 
divisor of finitely many elements of Hy.q. Then we call D a monoid of divisors 
and P aset of prime divisors of H (for short, we refer to them as primes). 
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Let H C D be as above. If q(D)/q(H) is finite (this condition is fulfilled 
throughout the present article), then D/H = q(D)/q(H). Class groups will be 
written additively whence [1] is the zero element of D/H. Moreover, H C D is 
saturated if and only if 

H={aeD| [a] =[1]}}. 


Every Krull monoid possesses a monoid of divisors, and if D and D’ are monoids of 
divisors of H, then there is a unique isomorphism ®: D — D’ with ®| Ayea = id. 
Hence the class group 


C(H) = D/Hyeaq and the subset {[p] € C(H) | p € P} 
of all classes containing primes are uniquely determined by H (up to canonical iso- 
morphism) and hence C(#) will be called the class group of the Krull monoid H. 


Now we consider domains and outline when the multiplicative monoid of a do- 
main is a Krull monoid (more details and proofs can be found in (71, 
Section 2.10]). Let R be a domain, 


H(R) ={aR|ae€ R*} 
the monoid of non-zero principal ideals and 
T*(R) ={1 <4 R| TI is invertible} 


the monoid of invertible ideals (recall that a non-zero ideal J of R is invertible if 
there is a non-zero ideal J of R such that their product IJ is a principal ideal). 
Then (R*)rea = H(R), the prime elements of the monoid Z*(R) are precisely the 
non-zero prime ideals of R, and H(R) c Z*(R) is saturated. 


Theorem 1.2.2. Let R be an integral domain. 
1. The following statements are equivalent: 
(a) R® is a Krull monoid. 


(b) R is completely integrally closed and satisfies the ascending chain con- 
dition for v-ideals (also called divisorial ideals). 


(c) R satisfies the ascending chain condition for v-ideals and Rm is a dis- 
crete valuation domain for all v-maximal v-ideals of R. 


2. The following statements are equivalent: 


(a) R is integrally closed, noetherian and every non-zero prime ideal of R 
is maximal. 


(b) R is a one-dimensional Krull domain. 


(c) Every non-zero ideal is a product of prime ideals. 
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A domain R is called a Krull domain if it satisfies the equivalent conditions 
of Theorem 1.2.2.1. In particular, every integrally closed noetherian domain is a 
Krull domain. 

A domain R is called a Dedekind domain if it satisfies the equivalent con- 
ditions of Theorem 1.2.2.2. Suppose R is a Dedekind domain. Then Z*(R) is a 
monoid of divisors of H(R), the set of non-zero prime ideals is a set of prime divi- 
sors of (Rf), and the class group of H(R) C Z*(R) is the usual ideal class group 
of R. If K is an algebraic number field and ox is the ring of integers of K, then 
ox is a Dedekind domain with finite class group and every class contains infinitely 
many primes. 


Next we discuss the monoid of zero-sum sequences over an abelian group, 
which will turn out to be a Krull monoid. It connects the theory of non-unique 
factorizations with additive group theory and combinatorial number theory. 


Definition 1.2.3. Let Go C G be a subset. 


1. Let F(Go) be the free (multiplicative) monoid with basis Go. The elements 
of F(Go) are called sequences over Go. We write the sequences S € F(Go) 
in the form 


S= i g2) = g1-...-g1 € F(Go), 
geGo 


where vg(S) € No. 


2. If S is as above, then 


1 
a(S) = Soa = > vg(S)g EG is called the sum of S, 
i=l gEG 


and we denote by B(Go) = {S € F(Go) | o(S) =0} the monoid of zero- 
sum sequences (block monoid) over Go. The elements of 6(Go) are called 
zero-sum sequences, and the atoms of B(Go) are called minimal zero-sum 
sequences . 


For every arithmetical invariant *(H) defined for the monoid H, we write 
*(Go) instead of «(B(Go)) whenever the precise meaning is clear from the con- 
text. For example, we set A(Go) = A(B(Go)), L(Go) = L(B(Go)), A(Go) = 
A(B(Go)) and so on. 


Proposition 1.2.4. Let Go CG be a nonempty subset. 
1. B(Go) C F(Go) is saturated and thus B(Go) is a Krull monoid. 
2. A(Go) is finite and thus B(Go) is finitely generated. 
3. If |G| 4 2, then F(G) is a monoid of divisors for B(G), C(B(G)) = G, and 


every class of B(G) contains exactly one prime. 
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4. The following statements are equivalent: 
(a) |G] <2. 
(b) B(G) is factorial. 
(c) B(G) is half-factorial. 
Proof. 1. This follows immediately from the definitions. 
2. Every atom of B(Go) divides the zero-sum sequence 


B= tH gta) 


gEGo 


and hence there are only finitely many atoms. 


3. Let |G| # 2. To verify that F(G) is a monoid of divisors for B(G), let 
g € G be given. If ord(g) = n > 3, then g = gcd(g”, g(—g)). If ord(g) = 2, then 
there is an element h € G \ {0,g} and g = gced(g?, gh(g — h)). 

The map o: F(G) — G is a monoid epimorphism. If S,S’ € F(G), then 
a(S) = 0(S") if and only if S’ € [S] = Sq(B(G)). Thus o induces a group isomor- 
phism ®: F(G)/B(G) — G, defined by ®([S]) = o(S), and we have [S]NG = {g}. 
Thus the class [5] contains exactly one prime. 

4. (a) => (b). If G = {0}, then B(G) = F(G) = (No, +) is factorial. Suppose 
that G = {0,e}. Then A(G) = {0,e?}, every atom is a prime and hence B(G) is 
factorial (indeed, B(G) = (N3,+)). 

(b) = (c). This implication is obvious. 

(c) = (a). Suppose there is some g € G with ord(g) =n > 3. Then U = g”, 
—U = (-g)", V = (—g)g are atoms of B(G) and (-U)U = V”, a contradiction 
to half-factoriality. Thus ord(g) < 2 for all g € G. Assume to the contrary that 
there are two distinct non-zero elements e1,e2 € G and set eg = e; + eg. Then 
U = eeie2 and V; = e? are atoms of B(G) for i € [0,2]. But U? = VoVi V2 is again 
a contradiction to half-factoriality. Thus G has no elements of order greater than 
or equal to 3, and at most one element of order 2 which implies |G| < 2. 


1.3 Transfer principles 


A central method in factorization theory is to study the arithmetic in auxiliary 
monoids and to shift the results to monoids and domains of arithmetical interest. 
We start with the crucial definition. 


Definition 1.3.1. A monoid homomorphism 6: H — B_ is called a_ transfer 
homomorphism if it has the following properties: 


(T1) B=06(H)B* and 6-1(B*) = H%. 


(T2) Ifwe H, b,c € B and OA(u) = be, then there exist v, w € H such 
that u=vw, O0(v)~b and O(w) ~«. 
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Thus the strategy is to find, for a given monoid H, a simpler monoid B, to 
study the arithmetic in B, and then to shift the arithmetical results from B back 
to H. The next proposition shows that a shift back is possible. 


Proposition 1.3.2. Let 6: H — B be atransfer homomorphism of atomic monoids 
and letu€ H. 


1. If nEN, bi,...,bn€B and O(u) ~ by-...+bn, then there exist u1,...,Un€H 

such thatu~uy-...+Un and O(u,) = by for all v € [1,n]. 

2. u is an atom of H if and only if 0(u) is an atom of B. 
4. £L(H) = L(B). In particular, H is a BF-monoid if and only if B is a 

BF-monoid, and then we have p(H) = p(B) and A(H) = A(B). 

Proof. We suppose that H and B are reduced. 

1. This follows by induction on n. 

2. If u € A(H) and 0(u) = bc for some b, c € B, then there exist v, w € H 
such that u = vw, @(v) = b and 0(w) = c. Hence v = 1 or w = 1 and thus b= 1 
or c= 1. If 0(u) € A(B) and u = vw for some v, w € A, then 0(u) = 0(v)6(w) 
implies 0(v) = 1 or 6(w) = 1 and thus v = 1 or w= 1. 

3. By (T1), we have u = 1 if and only if @(w) = 1, and by definition we 
have Lj(1) = {0} = Lg(@(u)). Suppose that u ¥ 1. If k € Ly(u), then there are 
atoms u1,..., ux of H such that u = uy,-...:ug. Then 0(u) = 0(u1):...- (ux). By 
2., O(u1),...,0(uz) are atoms of B, and hence k € Lg(0(u)). Conversely, we pick 
kelp (0(u)). Then there are atoms b),...,b, of B such that 0(u) = by -...+ dg. 
By 1., there are w1,...,ux € H such that u = uy-...- ux and O(u,) = b, for all 
vy € [1,k]. Thus by 2., wi,..., ug are atoms of H and hence & € Ly(w). 

4. This follows immediately from 3. 


We introduce the Davenport constant which will be investigated in detail in 
Chapter 2. Recall that A(Go) is finite by Proposition 1.2.4. 


Definition 1.3.3. Let Go C G be a nonempty subset. Then 
D(Go) = max{|U| | U € A(Go)} E No 


is called the Davenport constant of Go. 


The next result gives the required link between factorization theory on the 
one side and additive group theory and combinatorial number theory on the other 
side. 


Theorem 1.3.4. Let H be a reduced Krull monoid with finite class group, H Cc 
D = F(P) a monoid of divisors and Go = {[p| | p € P} C G = D/H the set 
of classes containing primes. Let B: D — F(Go) be the unique homomorphism 
satisfying B(p) = [p| for all p € P. 
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1. Fora é€ D we have B(a) € B(Go) if and only if a € H. Thus B(H) = B(Go) 
and A (B(Go)) =H. 


2. The restriction 8 = 3|H: H — B(Go) is a transfer homomorphism. In 
particular, we have £L(H) = L(Go). 


3. D(Go) is the maximum of alll € No with the following property: There exists 
an atom u € HT such that u is the product of | primes of D. 


4. We have c(Go) < c(H) < max{c(Go), 2}. 
Proof. 1. Let a=p,-...-pp € D where [EN and p,...,p, © P. Then 


A(a) = [pi]--.-+ [px] € F(Go) and o([pi] -...- (pr) = [pi] +... + [py] = [al . 


Since H C D is saturated, we have [a] = 0 € G if and only if a € H, and thus all 
assertions follow. 

2. By 1., @: H — B(Go) is surjective and @~'(1)={1}. Let a=p-...-p, € H, 
with 1€ N and py,...,p; € P, and suppose that 3(a) = BC, say B = [p,]-...-[px] 
and C = [peiil:.-- + [pi]. By 1., b = pr-...+ pe € Hy, c= pregi-...- pr € A 
and clearly we have a = bc. Therefore @ is a transfer homomorphism, and thus 
Proposition 1.3.2 implies £(H) = £L(Go). 


3. Let 1 € No, pi,...,p, primes of D and u = p,-...- p; an atom of H. 
Since G@ is a transfer homomorphism, 3(u) = [pi] -...- [pi] € A(Go), and hence 
D(Go) = |B(u)| = 1. Conversely, let U = gi-...+-g: € A(Go) with D(Go) = |U| = 1. 
If p; € Go with g; = [pi] for i € [1,0], then u = p,-...+p, is an atom of H which 


is a product of / primes of D. 


4. The proof is not difficult but requires concepts not introduced here (see 
(71, Theorem 3.4.10]). 


The homomorphism 8: H — B(Gp) is called the block homomorphism 
of H. It transports arithmetical problems in H to zero-sum problems over G. In 
particular, if a = p,-...-p; € Dis as above, then a is an atom of H if and only if 
(a) is a minimal zero-sum sequence. 

The next result states that, in a Krull monoid with finite class group all 
arithmetical invariants introduced so far are finite. The proof of finiteness is fairly 
simple. However, establishing the precise values of the invariants is a completely 
different task. It can be tackled with methods from additive group theory, and the 
remaining sections of this article will be devoted to that. 


Theorem 1.3.5. Let H be a Krull monoid with finite class group. Then H is a 
locally tame FF-monoid with finite catenary degree c(H), finite set of distances 
A(f), finite elasticity p(H) and with py(H) < oo forall k EN. 


Proof. We may suppose that H is reduced. Let D = F(P) be a monoid of divisors 
of H, G = D/H its class group and Gp C G the set of classes containing primes. 
We proceed in several steps. 
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HT is an FF-monoid. If a € H, then there are primes p),...,p, € P such that 


a= p,:...:p,, and this is the only factorization of a in D. Therefore every 
factorization a = u,-...- Ux of a into atoms of H corresponds uniquely to a 
partition 
k 
[1,1] = Es where So [pi] =0€EG but Spi] #0EG 
v=1 jel, jely, 


for all nonempty proper subsets J’, C I, and all v € [1,k]. Thus a has only finitely 
many factorizations in H. 


Hf is locally tame. Let u=p,-...-p, € A(H) with 1 € N and py,...,p; € P. We 
assert that 
(D(Go) — 1) D(Go)(D(Go) — 1) 

2 2 : 
The second inequality follows from Theorem 1.3.4.3 and provides a global bound 
for all local tame degrees t(H,v) with v € A(H). So we have to verify the first 
inequality. If u is a prime in H, then t(H,u) = 0 by definition. Suppose that wu is 
not a prime in H, that is, u¢ P. Then D(Go) > 1 > 2. We recall two notations. If 
c€ D=F(P), thenc=q-...-ds, where s € No and q,...,qs € P, and |c|p = s. 
If w € Z(H) = F(A(A)), then w = v1-...-v4, where t € No and v,...,v, € A(A), 
and |w| = t. 

Let a € H, with ula and z = u-...:u, € Z(a), where r € N and 
U1,..-.,Ur € A(H). We must prove that there exists some z’ € Z(a) MN uZ(H) such 
that 


t(H,u) <1+ <1+ 


l(D(Go) = 1) 

5 : 
After renumbering, if necessary, we may assume that there exists some k € [1,r] 
such that k <1, u|ui-...-+ ug, but u does not divide any proper subproduct of 
Uy -+...+ Ux (in D and hence in #1). Since u ¢ P, it follows that u1,...,uxn ¢ P, 
and thus u,-...- ux is not divisible by any p€ PO H. If uy-...- ux, = uc, where 
c € H, and if w € Z(c), then |c|p > 2|w| and 


hw] < Mp _ wily Fe ilo = |u| < Go) < i(D(Go) — 1) 


d(z,2’) <1+ 


Now it follows that 2’ = wwuz41-...+ Up € Z(a), and 
1(D =f 
d(z,2!) < max{h, [tl +1} < max jo] +1} <1 + LOG) 


On the remaining invariants. By Theorem 1.3.4, we have A(H) = A(Go), c(H) < 
max{c(Go),2}, p(H) = p(Go) and px(H) = px(Go) for all k € N, and hence 
it suffices to consider B(Go). Clearly, we have A(Go) C A(G), c(Go) < c(G), 
p(Go) < p(G) and px(Go) < pr(G) for all k € N. For these latter invariants 
we shall derive explicit upper bounds and in some cases even precise values in 
Section 2.3. 
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1.4 Main problems in factorization theory 


1. Which noetherian domains satisfy the main finiteness properties of factoriza- 
tion theory: local tameness, finiteness of the catenary degree and the Structure 
Theorem for Sets of Lengths? (See Definition 3.2.3 and the subsequent results. ) 

The goal is to derive explicit characterizations in terms of ring invariants. 
A prototype of such a result may be found in [96, Theorem 6.1]. It provides an 
explicit ring theoretical characterization of those finitely generated domains having 
finite elasticity. 


2.If R is a ring of integers of an algebraic number field, then almost all elements 
of R have catenary degree at most 3 (see Corollary 3.2.8). 

Which other domains have such a property? Of course, “almost all” has to 
be interpreted in a suitable way, i.e., for orders in global fields in the sense of 
Dirichlet density and for Q-algebras in the sense of Zariski density. 


3. Let H bea Krull monoid with finite class group G such that every class contains 
a prime (the multiplicative monoid of non-zero elements of a ring of integers of an 
algebraic number field is such a Krull monoid). 

Find the precise values of arithmetical invariants of H (such as of c(H), A(H) 
and px(H) for k € N) in terms of the group invariants of G (see [71, Chapter 6], 
and note that by the simple Theorem 1.3.5 all the invariants are finite). Results 
of this type are substantial for making progress on the Characterization Problem 
described in Section 3.3. 


Let R be a noetherian domain. If R is integrally closed, then its multiplicative 
monoid R®° is a Krull monoid. Suppose that R is not integrally closed. If the integral 
closure R is a finitely generated R-module and some further natural finiteness 
conditions hold, then the arithmetic of R is studied via C-monoids and weakly 
C-monoids. These monoids play a similar role as the monoid of zero-sum sequences 
does for Krull monoids (see [71, Theorems 2.11.9 and 3.3.4] and [73]). 

However, in the present article we restrict our attention to Krull monoids 
and focus on Problem 3 with respect to the invariants A(H), c(H) and p,(#) for 
allk EN. 


Chapter 2 


The Davenport constant and 
first precise arithmetical results 


In this chapter we study the Davenport constant, a classical combinatorial in- 
variant which has been investigated since the 1960s (see [115, 105, 31, 108, 103)). 
From the very beginning the investigation of this invariant was related also to 
arithmetical problems (it is reported in [108] that in 1966 H. Davenport asked for 
D(G), since it is the largest number of prime ideals occurring in the prime ideal 
decomposition of an irreducible integer in an algebraic number field with ideal 
class group G). However, it has turned out that this and related invariants occur 
in many branches of combinatorics, number theory and geometry (see [52] for a 
recent survey, and [99, 33] for the relationship with invariant theory). 

We shall determine the precise value of the Davenport constant among oth- 
ers for p-groups and for groups of rank at most two (see Theorems 2.2.6 and 
4.2.10 and Corollary 4.2.13). For general finite abelian groups the precise value is 
still unknown. After that we put the Davenport constant in connection with the 
arithmetical invariants introduced in Chapter 1. 


2.1 The Davenport constant 


We set G® = G \ {0}. Let Go C G bea subset and let 


S= LT gS) = gy +... € F(Go) 
g€Go 


be a sequence over Go. We call v,(S) the multiplicity of g in S, and we say that 
S contains g if vg(S) > 0. S is called squarefree (in F(G)) if vg(S) <1 
for all g € G. A sequence S; is called a subsequence of S if S,|S in F(G) 
(equivalently, vg(S1) <vg(S) for all g € G), and it is called a proper subsequence 
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of S if it is a subsequence with 1 4 S; 4 S. We call 


|S|}=1= So v4(S)ENo — the length of S, 
geGo 
h(S) =max{v,(5) | g € G} € [0, | S|] 
the maximum of the multiplicities of S, 
supp(S) ={g9 € G|v,(S)>0} CG the support of S, 


UK(S) = 1 Gi 


iel 


IC [1,0] with || = ih 


the set of k-term subsums of S, for allk EN, 


S<e(S)= LJ 5;(5),  Esa(S) = LU) ¥5(9), 


JE(L KI j2k 
and 
X(S) = Usi(S) the set of (all) subsums of S. 
We set —S = (—gi)-...-(—gz) and, for every g € G, we set g+ S=(g+qi)-...: 
(9 + 1). 


A sequence S is called zero-sum free if 0 ¢ U(S), and we denote by A*(Go) 
the set of all zero-sum free sequences. Since every zero-sum free sequence S is a 
subsequence of 
II gurls 
gEGo 


A*(Go) is finite. For convenience we introduce the following technical variant of the 
Davenport constant D(Go) (introduced in Definition 1.3.3), and in Lemma 2.1.2.3 
we give a straightforward characterization. 


Definition 2.1.1. Let Go C G be a nonempty subset. Then 
d(Go) = max{|S| | S € F(Gp) is zero-sum free} € No 


is called the little Davenport constant of Go. 

Obviously, the map w: A*(Go) — A(G), defined by S +> (—a(S))S, is well 
defined, and D(Go) < 1+ d(Go). If Go = G, then w is surjective and D(G) = 
1+ d(G). The following two lemmas gather some elementary properties of the 
Davenport constant. 

Lemma 2.1.2. 1. If S © A*(G) has length |S|=d(G), then 4(S)=G®* and 

G = (supp(5)). 

2. d(G) = max{|S| | Se F(G), X(S) =G*}. 
3. D(G) is the smallest integer 1 © N such that every sequence S € F(G) of 

length |S| >1 has a nontrivial zero-sum subsequence (that is, S ¢ A*(G)). 
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4. If S € A*(G), then |S| < |X(S)| < |G|—1. In particular, d(G) < |G|-1 
and D(G) < |G|. 


Proof. 1. Let S' € A*(G) with |S| = d(G), and assume that there is some h € 
G* \ (S). Then T = (—h)S € A*(G) and |7'| = 1 +S], which contradicts the 
maximal choice of S. Clearly, }(S) = G* implies G = (supp(S)). 

2. If S € F(G) and 4(S) = G®, then S € A*(G), and thus |S| < d(G). 
Conversely, if S € A*(G) and |S| = d(G), then ©(S) = G® by 1. 

3. By definition we have d(G) = max{|S| | S € A*(G)}. Hence D(G) = 
d(G) + 1 is the smallest integer 1 € N such that every sequence S € F(G) with 
|S| > 1 does not lie in A*(G). 

A.IfS = g1-....g, € A*(G), then C = {git...+9x | k € [1,Y} C U(S) CG, 
and therefore |S| = |C| < |X(S)| < |G|—1. Hence d(G) < |G| — 1, and thus 
D(G) < |G|. 


Let r € N. An r-tuple (e1,...,e,) of elements of G® (resp., the elements 


€1,..-,€r) is said to be independent if for every (mj)iefijr] € Z” 
i i 
D2 m,e; =O implies that mye; =--:=m,e, =0 
i=l 


(equivalently, (e1,...,er) = (e1) ®-:: @ (e,-)). Moreover, (e€1,...,¢€,) is called a 
basis of G if (e1,...,¢,) is independent and {e1,...,e,} generates G. 
Suppose that |G| > 1. Then by the Structure Theorem of Finite Abelian 
Groups, we have 
G=Ch, ®:::OCy,, 


where 1 < njz|--- |n,-,r=r(G) isthe rank of G and n, = exp(G) = lem{ord(g) | 
g€G} isthe exponent of G. We define 


r 


d(G) = Simi -1), 


i=l 


and we set d*({0}) = 0. G is called an (elementary) p-group if exp(G) is a power 
of p (resp., exp(G) | p). 
Lemma 2.1.3. Let exp(G) =n > 2. 


1. If e€1,...,e, € G are independent elements, then 


sa [pe € ae). 


i=1 


2. There exists a sequence S € A*(G) such that |S| = d*(G). In particular, 
d*(G) < d(G). 
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Proof. 1. If 1 4 T is a a subsequence of S, then T = ef -...-e%r where kj € 
(0, ord(e;) — 1] for all 7 € [1,r] and k& > 0 for at least one i € [1,1]. Hence 
o(T)=kie, +...+k,e, #0, and thus S is zero-sum free. 


2.If G=C,, @---@Chp, where 1 < n,|--- | nm, and (e1,...,e,) is a basis of 
G such that ord(e;) = n; for all i € [1,r], then S = e+ -...-e"r-1 € A*(G) by 
1., and hence d*(G') = |S| < d(G). 


Corollary 2.1.4. 


1. Let G_ be cyclic of order n > 2. A sequence S € F(G) is zero-sum free of 
length |S| = d(G) if and only if S = g"~1 for some g € G with ord(g) = n. 
In particular, d(G) = d*(G) =n—-1 and D(G) =n. 


2. Let G_ be an elementary 2-group. A sequence S € F(G) is zero-sum free if 
and only if S is squarefree and supp($') is an independent set. In particular, 


d(G) = d*(G) = r(G). 


Proof. 1. By Lemmas 2.1.2 and 2.1.3, we have n — 1 = d*(G) < d(G) < |G|-—1= 
n—1 and thus d(G) = n— 1 and D(G) = n. Obviously, if g € G with ord(g) = n, 
then S = g”~! € A*(G). Conversely, assume to the contrary that S = gi-...- 
Gn—1 € A*(G) and gi A go. If UV = {gi +...+ 9% | k € [1,n—1]}, then |b] =n—-1 
and go ¢ &, a contradiction. 

2. If S is squarefree and supp(S) is independent, then S' is zero-sum free 
by Lemma 2.1.3.1. Conversely, if S € A*(G), then v,(S) < ord(g) < 2 for 
all g € supp(S). Hence S is squarefree, and 0 ¢ X(S) implies that supp(S) is 
independent. 

Thus we get d(G) = r(G), and by the very definitions, it follows that d*(G) = 


r(G). 


There is a weighted version of the Davenport constant, called the cross 
number, which plays a crucial role in factorization theory (in particular, in the 
investigations of half-factorial and minimal non-half-factorial subsets; see [71, 
Chapter 5], [110, 111] and [77, 76] for recent progress). 


2.2 Group algebras 


Group algebras R[G] — over suitable commutative rings R — have turned out to be 
powerful tools for a growing variety of questions from combinatorics and number 
theory. We discuss the classical application of group algebras to the investigation 
of zero-sum free sequences over p-groups, which is due to P. van Emde Boas, 
D. Kruyswijk and J.E. Olson (see [30], [31], [108]). Theorem 2.2.6 provides the 
classical result that, for a p-group G we have d(G) = d*(G). 

Let R be a commutative ring (throughout, we assume that R has a unit 


element 14 0). The group algebra R[G] of G over R is a free R-module with 
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basis {X9 | g € G}, where multiplication is defined by 


(~ aX") (S bX") os 3 ‘on anby-n) X° | 


géG heG 


In particular, X9X" = X9+" for all g,h € G. Thus we can think of this as a 
generalization of a polynomial ring, where the exponents come from the group 
G rather than from No. Moreover, we view R as a subset of R[G] by means of 
a= aX° for alla € R. The augmentation map 


e: RIG] — R, defined by (> agX°) = oe Ag, 
g6G geG 


is an epimorphism of R-algebras, and its kernel Ker(¢) = Ig is called the aug- 
mentation ideal. 


Definition 2.2.1. For a commutative ring R, let d(G, R) denote the largest integer 
1 € N having the following property: 


There is some sequence S = g,-...-g, of length / over G such that 


(a, — X%)-...- (a, -X%) AOE RIG] forall ai,...,a; € R®. 


Lemma 2.2.2. Let R be an integral domain, S =g-...-g1 € F(G) a zero-sum 
free sequence and aj,...,a, € R°. If 


f= 


a 


l 
(ai — X%) = So cgX9 ERG] with cgER forallgeG, 

=1 gEG 

then co #0, and hence f #0. In particular, we have d(G) < d(G, R). 


Proof. Since R is an integral domain and 0 ¢ X(S), it follows that co = a,-...: 
al # 0. 


Definition 2.2.3. Let S = g1-...-g1 € F(G) be a sequence of length || = 1 € No 
and let g € G. 


1. For every k € No let 


NE(S) = {rc (1, 7 | S~ gi = 9 and || =k \ 
iel 


denote the number of subsequences T of S having sum o(T’) = g and length 
|T| = k (counted with the multiplicity of their appearance in S$’). 
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2. We define 
No(S) = S>N&(S), NF(S)=S NZA(S) and N7(S) = S_NZ*+1(S). 


k>0 k>0 k>0 


Thus N,(5') denotes the number of subsequences T of S having sum o(T)= 


g, Nj (S) denotes the number of all such subsequences of even length, and 


N;(S) denotes the number of all such subsequences of odd length (each 


counted with the multiplicity of its appearance in S$). 


Lemma 2.2.4. Let p be a prime and G a p-group. Then the following identities 
hold in F,[G]. 


1. If g€G and ord(g) =m > 2, then 
m—1 
(1- X9)"=O0EF,[G], (1-X9)™1= SX € F/G] 
j=0 


and 
m—-1 


(1— x9)" = N° (f+: 1) X79 € FIG]. 


j=0 


2. Let (e1,...,e,r) bea basis of G and ord(e;) =n; > 2 for alli € [1,r]. Then 


a 


[[@-x)"7 = 57 x* BIG], 


i=l gEG 
andif mEN and q1,..-,9m € G, then 


t Vi 


DL ers 2 IESE), 


= 
Il 
un 


where t € No, cy € Fp, Ij1,---,ljr € No and lg Fenc the 2m for all 
7 € [1,¢). 


Proof. 1. Since m is a power of p, we obtain (1—- X9)"=1—X™) =0 €F,[G]. 
For k € {1,2}, we have 


mE 
(1 =! De ms = ( 
j=0 


We assert that, for every 7 € [0,m — 1], 


("))cn=t mod p and ("5 *)cay = G40 mide. 
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Indeed, in the polynomial ring F,,[Z’] we have 


m—1 


Ban ta 


m—1 ae 

Syren. = 
(Mo \ear=a-7) er 
j=0 j=0 


whence the first assertion follows. Since 


("= ("yet cn ("7") moar. 


the second assertion follows. 
2. Every g € G has a unique representation of the form g = v,e, +...+ er, 
where 14, € [0,; — 1] for all ¢ € [1,r]. Therefore 1. implies that 


r r ng—-l 
[[a- x) ni-l _ =|] » ye — > X9. 
i=1 i=l Yyj= gEG 


For the proof of the second identity we define, for every l = (l,...,l,) € No, 


r 


a = [[a-x*)* 


i=l 


The augmentation ideal Ig is generated by {gq | 0 #1 € NO}. For yw € [1,m] we 
have 1 — X% € Ig and therefore 


1-X9 = y Cull 


oALEN? 
with coefficients c,1 € Fp. Hence 
m 
[Ja-x%) = 5 C1 Gg Sen City, Oeil ty 
p=1 OFLy,...,lm ENG 


and |ly+...+lm|>m for all ly,...,lm €N? \ {O}. 


Lemma 2.2.5. Let p be a prime, G ap-group, S=gi-...:g1 € F(G), and 


I 


f = ][G-X*) = 50 ¢,(S)X* €F,[G]. 


i=1 gEG 


1. For every g € G, we have cg(S) =Nf(S)—Nj(S)+pZ € Fp. In particular, 
if co(S) =0, then 0€ X(S), and if g © G® and c,(S) £0, then g € X(S). 
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2. For i €[1,U, let gj =p" gi with gi © G and m; € No, and define 


If m>d*(G), then cg(S)=0 for allg eG, 0€X(S), and in particular 
Nt (S) =N7(S) mod p for all g € G. 


Proof. 1. For g € G, we set 
a, = {1c 1, | ha=s}. 
ier 
Then 0 € Qo and 
eg(S) = S> (-1)!41+pZ = Ni(S)-—Nj(S)+pZe Fy. 
JEQg 


Hence co(S) = 0 implies 0 € H(S), and if g € G® is such that cg(S) 4 0, then 
g € X(S). 

2. We shall repeatedly make use of Lemma 2.2.4. Let (e1,...,¢€,) be a basis 
of G, ord(e;) =n; for all i € [1,r], and 1<7,|--- |n,. Then 


d*(G) = (m1. -—1)+...+(n,-1). 
For i € [1,r] we have (1— X%)?"™' =1— X?™'s% = 1— X%, and therefore 


l 


t r 
f = [Ja—x%p" =e [Ja — xe) 
i=1 j=l i=l 
for some t € No, c1,...,C¢ € F,,, Lyi € No and Lia SP eae Lin > m for all 
j€ (ld. If 7 € [1,4] and l,; > n; for some i € [1,r], then 


[[@-x*)**=0 eR, [q]. 
i=1 
Hence we may assume that l,;,; < n,; for all i € [1,r] and j € [1, ¢], and then either 
t=0 or m<|jit...+]jr <d*(G) for all j € [1,¢). 
If m > d*(G), then t = 0, hence f = 0, and thus c,(S) = 0 for all g € G. 
The remaining assertions follow by 1. 


Theorem 2.2.6. If G is a p-group, then d*(G) =d(G) =d(G,F,). 


Proof. Suppose that G is a p-group. Lemmas 2.1.3.2 and 2.2.2 imply that d*(G) < 
d(G) < d(G,F,). If S=q-...-g € F(G) with |S| =1 > d*(G), then Lemma 
2.2.5.2 (with my, =--- =m, = 0) implies that 


(1-X%)-....1—-X") =0, 
and thus d(G,F,) < d*(G). 
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An alternate proof of Theorem 2.2.6 was given by Zhi-Wei Sun who used 
covers of the integers (see [128, Corollary 2.1]). Here we briefly discuss some ex- 
tensions of the classical approach via group algebras. 

Let G’ be a finite abelian group. Then, by G. Higman’s theorem, Z[G] = Z[G"] 
implies that G = G’ (see [106, Corollary 3.5.6 and Theorem 9.1.4]). Therefore 
any combinatorial problem in G can, at least in principle, be tackled via the group 
algebra Z[G]. Indeed, working over Z[G] allows to refine the congruences involving 
Ni (S) and Nj (S), as obtained in Lemma 2.2.5.2 (see [53)). 

Let exp(G) = nand let K be a splitting field of G (that is, |{¢ ¢ K | ¢" = 1}| 
= n). Following the ideas of P. van Emde Boas and using character theory, one 
obtains that 

d(G, K) < (n—1) + mlog 
(see [71, Theorem 5.5.5]). In particular, for cyclic group this implies that d(G) = 
d(G, K) =n—1. W. Gao conjectures that for every G there is a splitting field F 
such that d(G) = d(G, F’), and in [59] W. Gao and Y. Li showed that, for every 
splitting fied K of G = Cz ® Con we have d(C2 ® C2,) = d(C2 ® Con, K) (see 
also [55]). 


2.3 Arithmetical invariants again 


Theorem 2.3.1. Let H be a Krull monoid with class group G such that every 
class contains a prime and suppose that |G| > 1. Let k EN. 


1. If A=0"B € B(G), with m € No and B € B(G®), then 
2maxL(A)—m < |A| < D(G) minL(A)—m(D(G)—1) and p(A) < ze 
2. We have k < pe(H) <k2@ and p(H)~1k < \4(H) <k. 
3. pox(H) = kD(G) and p(H) = 22. 
4. If j,LENo such that ID(G) + j >1, then 


2) 


BY(ail < Mp(qy+5(@) < 2+ j. 


In particular, Aip(g)(G) = 21 for every LEN. 


Proof. By Theorem 1.3.4 it suffices to consider the block monoid B(G). 
1. Let A = 0U,-...-U; where l,m € No and Uj,...,U; € A(G*). Then 
2 < |U,| < D(G) for all v € [1,7] and hence 


m+ 21 <|A|<m-+ID(G). 
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Choosing | = minL(B) and 1 = maxL(B) we obtain the first inequalities, and 
then we get 


maxL(A) m+maxL(B) _ maxL(B) _ D(G) 
Ay min L(A) 7 m+ minL(B) s min L(B) s a 


2. By definition, we have k < p,(G). If A € B(G) with k © L(A) and 
maxL(A) = p;(G), then 1. implies that 


pr(G) — maxL(A) _ 
k; s minL(A) | p(A) s i a 


There is some L € L(G) with k, Ax(G) € L, and hence it follows that 
k <maxZL < p(G) min L = p(G)r,(G). 


D(G) 


3. By 1. and 2. it follows that p2,(G) < kD(G) and p(G) < 2@. Ifu = 
gic... gt € A(G) with |U| =1 = D(G), then 


i 


(-u)tu® = TJ ((-9.)9.)" 


v=1 
shows that in both inequalities we actually have equality. 
4. Let j,1 € No such that ID(G) + 7 > 1. Then 2. and 3. imply that 


2] ‘ ; 
21 + ne = p(G)1(ID(G) +f) < Awiay45(G@) < ID(G) +. 
If j =0, it follows that Ayp(g)(G) = 2l. 


Lemma 2.3.2. 
1. For j € Ns2, the following statements are equivalent: 
(a) There exists some L € L(G) with {2,7} C L. 
(b) 7 < D(G). 
2. Let |G| > 3 and A € B(G). Then {2, D(G)} Cc L(A) tf and only if A= 

U(-U) for some U € A(G) with |U| = D(G). 

Proof. 1. (a) => (b). If LZ € L(G) and {2,7} C L, then Theorem 2.3.1.3 implies 
that 7 < sup L < p2(G) = D(G). 

(b) = (a). If 7 < D(G), then there exists some U € A(G) with |U| =1> J, 
say U=g,-...-g. Then V=gi-...- gj-1(9j +---+ 1) € A(G), and {2,7} C 
L(V(-V)). 

2. If {2, D(G)} C L(A), then there exist Uj, U2, Vi,..., Voca) € A(G) such 
that A = U,U2 = V,-...-+Vpvq), and clearly 0 { A, since otherwise U; = 0 or 
Uz = 0 and D(G) = 2. Theorem 2.3.1.1 implies that maxL(A) = D(G) and 
|A| = 2D(G). Hence |V;| = 2 for all i € [1,D(G)], and |U;| = |U2| = D(G), which 
implies Uz = —U,. The converse is obvious. 
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Lemma 2.3.3. Suppose that d € N has the following property: 


For all U,V € A(G) with min{|U], |V|} > d there exists a factorization 
UV =Wi-..We with Re (2d) and (Wil<a 


Then c(G) < d. 


Proof. We must prove that c(A) < d for all A € B(G). We proceed by induction 
on |A|, and we must prove that any two factorizations of A can be concatenated 
by a d-chain. Let z, z’ be two factorizations of A, say 


z=U,-...-U, and zZ=V,-...-Vz, where U1,...,U,, Vi,..-,;Vs € A(G). 


If max{r, s} <d, then d(z,z’) < d and we are done. Assume that r > d. 
Case 1: |V;| <d for some i € [1, s], say |Vi| < d. 

We may assume that Vj | U)-...-U;—1, say U1-...-Up—1 = ViW1-.... Wy with 
t € N and W,,...,W: € A(G). By the induction hypothesis there is a d-chain of 
factorizations yo,..., yr concatenating U,-...-U,— , and V,W -...:W;, and there is 
a d-chain of factorizations zo,..., 2; concatenating W,-...-W,U;, and V2-...-V5. 
Then z = yoUy,...,yrUr = zoVi,.--,2Vi = 2’ is a d-chain concatenating z 
and z’. 

Case 2: |V;| > d for all 7 € [1, s]. 

By assumption there is a factorization V;V2 = W,-...- Ws, where k € [2,d 
and |W,| < d. Then the factorization z’” = W,-...:W,V3-...:Vs of A satisfies 
d(z’, 2’) = max{2,k} < d, and by Case 1 there is a d-chain of factorizations 
concatenating z and 2’. 


Theorem 2.3.4. Let H be a Krull monoid with class group G. 
1. c(H) < D(G). 
2. Suppose that |G| > 3. Then c(G) = D(G) if and only if G is either cyclic 


or an elementary 2-group. 


Proof. 1. By Theorem 1.3.4 it suffices to show that c(G) < D(G). This follows 
immediately from Lemma 2.3.3 with d = D(G). 

2. If G_ is cyclic, g € G with ord(g) = n = |G| and U = g”, then 
c((—U)U) = n and hence c(G) = D(G). If G is an elementary 2-group with 
basis (€1,...,€r), €9 = €1+...+e, and U = e.-...-e,, then c(U?) =r+1=D(G) 
and hence c(G) = D(G). 

Assume now that G is neither cyclic nor an elementary 2-group. We shall 
prove that for all U, V € A(G) with |U| = |V| = D(G) there exists some factoriza- 
tion UV =W,.-...-W, with k € [2,d(G)] and |W,| < d(G). Then c(G) < d(G) 
by Lemma 2.3.3. 

Let U,V € A(G) with |U| = |V| = D(G). Then maxL(UV) < D(G), and 
equality holds if and only if V = —U (cf. Lemma 2.3.2). Now we distinguish two 
cases. 
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Case 1: V A-U. 

It is sufficient to prove that there exists some W € A(G) such that W |UV 
and |W| < D(G). Assume the contrary. Let g € supp(U) and V = hy, -...- hy with 
1 = D(G). For every i € [1,1], we consider the sequence S; = gh; 'V € F(G). Since 
|S;| = D(G), there exists some 5’ € A(G) such that Si |S;|UV. By assumption, 
this implies |S/| = D(G), hence Si = S$; and therefore 0 = o(5;) = g — h;. Thus 
V =g', and Lemma 2.1.2.1 implies G = (supp(V)) = (g), a contradiction. 

Case 2: V=—-U. 

It is sufficient to prove that there exists some W € A(G) such that W | U(—U) 
and 2 < |W| < D(G). Then we consider any factorization U(—U) = WW3.-...-Wx 
with Wo,...,W, € A(G), and we obtain that k < D(G). 

By Lemma 2.1.2.1 we have (supp(U)) = G, and since G is not an elementary 
2-group, there exists some go € supp(U) with ord(go) > 2. We set U = gi'gi-.-.-g1 
with go € {g1,---,g1}. Since G = (supp(U)) is not cyclic, it follows that | > 2. If 
W’ = (—go)'""g1----- g1, then W’|U(—U) and |W’| = D(G). Hence there exists 
some W € A(G) with W |W’, and we shall prove that 2 < |W| < D(G). Since 
U € A(G), we have W { gi -...- gq and thus —go|W. Since go ¢ {gi,--.,gi} and 
go # —Go, it follows that W 4 go(—go) and thus |W| > 2. 

Assume to the contrary that |W| = D(G). Then W = W’, and o(U) = 
o(W) = 0 implies 2mgo = 0 and thus m > 1. We consider the sequence S = 
9o' 91+. -gi-1. Since S € A*(G) and || = d(G), Lemma 2.1.2.1 implies U(5') = G*® 
and thus (m+ 1)go € (S$), say 


(m+ 1)go = sgo + >. gi with s€[0,m] and J c/[1,J—-1]. 
ier 
If s =0, then 
0 = 2mgo = (m—1)g0+ > 9 €=(S), 
ier 
a contradiction. If s > 1, then it follows that 


is a proper zero-sum subsequence of W, a contradiction to W € A(G). 


Corollary 2.3.5. Let H be a Krull monoid with class group G such that every 
class contains a prime. Suppose that |G| > 3 and that exp(G) =n > 2. Then 


[1,n — 2] Cc A(A) c [1,c(G) — 2] c [1, D(G) — 2]. 


In particular, if G is cyclic, then A(H) = [1,n — 2]. 


Proof. By Theorem 1.3.4, it suffices to consider the block monoid B(G). 
Lemma 1.1.6.3 implies that A(G) C [1,c(G) — 2] and Theorem 2.3.4 implies that 
c(G) < D(G). 
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Suppose that n > 3, pick i € [3,n] and g € G with ord(g) = n. Then 
T=9",U =(—9)" ((i- 1)g), V = (-g)g and W = g”"**1 (i — 1)g) are minimal 
zero-sum sequences. Then 

Ta=Vw 


shows that L(TU) = {2,i} whence i — 2 € A(L(TU)) Cc A(G). 
If G is cyclic, then Corollary 2.1.4 implies that D(G) =n and thus A(G) = 
(1, — 2]. 


For all groups known so far it always holds that A(G) = [1,c(G) — 2]. 


Corollary 2.3.6. The following statements are equivalent: 
(a) Every L € L(G) with {2,D(G)} CL satisfies L = {2,D(G)}. 
(b) {2,D(G)} € L(G). 
(c) G is either cyclic or an elementary 2-group. 


Proof. (a) = (b). By Lemma 2.3.2.1 there exists some L € L(G) with 
{2,D(G)} C L. 

(b) = (c). If L = {2,D(G)} € L(G), then, by Lemma 1.1.6.3 and Theo- 
rem 2.3.4.1 we have D(G) < 2+ sup A(G) < c(G) < D(G), hence c(G) = D(G), 
and the assertion follows by Theorem 2.3.4.2. 

(c) > (a). Let L € L(G) with {2,D(G)} C L. By Lemma 2.3.2.2 we have 
L=L(U(-U)) for some U € A(G) with |U| = D(G). 

If G is cyclic of order n > 3, then Corollary 2.1.4 implies that U = g” for 
some g € G with ord(g) = n. Since A({—g, 9}) = {(-g)”, 9”, g(—g)}, it follows 
that L(U(—U)) = {2, D(G)}. 

If G is an elementary 2-group of rank r > 2 and (e1,...,¢,) is a basis of G, 
then U = e1-...-e,(e1+...+e,) by Corollary 2.1.4 and L(U(—U)) = {2,r+1} = 
{2, D(G)}. 


Chapter 3 


The structure of sets of lengths 


Sets of lengths in Krull monoids and in noetherian domains are finite and 
nonempty. Furthermore, either all sets of lengths are singletons or sets of lengths 
may become arbitrarily large (see Lemma 1.0.1). 


3.1 Unions of sets of lengths 


Definition 3.1.1. Let H be a BF-monoid and k € N. Let V,(H) denote the 
set of all m € N for which there exist w1,...,Ux,U1,---,;Um € A(H) with 
Uj 16. Uk = Ut... * Um: 


Lemma 3.1.2. Let H be a BF-monoid with HAH* and k,leEN. 
1. Vi (A) = {1}, ke Vi (A) and 
Vi(H) = Ui. 
kEL,LEL(A) 
In particular, pp(H) = sup Vp (H) and A, (H) = min VY, (A). 
2. Ve(H) + Vi(H) C Vesi(H) and 
Arti) < Ax(H) + (A) Sk +US pe(H) + pil) < pe+i(A)- 


3. We have 1€ Vy(H) if and only if k © V,(A). 


Proof. This follows immediately from the definitions. 


Thus the sets V,(H) are unions of sets of lengths. They were introduced 
by S.T. Chapman and W.W. Smith in 1990 (see [17]). The following result re- 
veals that, in Krull monoids where every class contains a prime, the V;,(H) sets 
are intervals. This was first shown in [35]. The following simple proof is due to 
F. Halter-Koch. 
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Theorem 3.1.3. Let H be a Krull monoid with finite class group G such that 
every class contains a prime. Then for every k € N the set Vy(H) is an 
arithmetical progression with difference 1, and hence Vy(H) = [Ax (1), pr(A)]. 


Proof. By Theorem 1.3.4, it suffices to consider the block monoid B(G). 

If |G| <2, then B(G) is half-factorial by Proposition 1.2.4 whence the sets 
V.(G) are singletons for all k EN. Let |G] >3 andk EN. First, we point out 
that it suffices to prove that [k, p.(G)] C Ve(G). Indeed, suppose that this is done, 
and let 1 € [Ax (G),k]. Then 1 < k < pi)(G), hence k € V;(G) and consequently 
le V,(G). 

Thus let J € [k, px(G)] be minimal such that [l, o~.(G)] C Ve(G) and assume 
to the contrary that | > k. Let Q be the set of all A € B(G) such that {k,7} C 
L(A) for some j > 1, and let B € Q be such that |B| is minimal. Then B = 
U,-...-U, =V-...-V;, where j > land (1,...,U%,Vi,...,Vj € A(G). Since 
j > k, we have B ¥ 0!F|, and (after renumbering if necessary) we may assume that 
Ux = gig2U' and Vj-1V; = gigeV’, where gi,g2 € G and U’,V’ © F(G). Then 
Uj, = (g1 + g2)U’ € A(G), and we suppose that Via = (gi +g2)V’ =W,-...-Wi, 


where t € N and Wj,...,Wi € A(G). If BY =U, -...- Up_i UZ, then |B’| < |B 
and B'=V,-...-Vj-2W,-...:W;. By the minimal choice of |B|, it follows that 
j—24+t<l, hencet=1,7=l and /1—1 € Y;(G), a contradiction. 


The structure of unions of sets of lengths in much more general settings is 
studied in [48]. Here we stick to Krull monoids and determine the A; (H)-invariants 
with respect to the p;(H)-invariants. 


Corollary 3.1.4. Let H be a Krull monoid with class group G such that every 
class contains a prime, and suppose that |G| > 1. Then for every 1 € No we have 


21 for j3=0, 
Ap(G)tj(7) = 4 21+1 for 7 € [1, pa41(G) — ID(G)], 
2i+2 for j € [pa41(G) —ID(G) + 1,D(G) - 1], 


provided that ID(G) + j > 1. 


Proof. By Theorem 1.3.4, it suffices to consider the block monoid 5(G). If |G] = 2, 
then B(G) is half-factorial, D(G') = 2 and hence the assertion follows. Suppose that 
|G| > 3, and thus we get D(G) > 3. 

Let 1 € No and j € [0,D(G) — 1] such that ID(G) + j > 1. For j = 0 the 
assertion follows from Theorem 2.3.1.4. Let j € [1, D(G) — 1]. By Theorem 2.3.1.4 
we obtain that 


23 _ ID(G) +3 


"+ DQ ~ o@ 


S Ap(a)+j(G@) < A+ j. 


Thus the assertion follows for 7 = 1, and hence from now on we may suppose that 
j > 2. Lemma 2.3.2.1 implies that {2,7} C L(B) for some B € B(G) and thus 
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Aj (G) = 2. Hence we obtain 
Aw(ay+j(G@) < Away (G@) + AG(G) = 21 +2, 


and therefore Ayp(q)+;(G) € {21 + 1, 21 + 2}. 
If 7 € [2, p24i(G) — ID(G)], then 7 > 1 and ID(G) + 7 € Voi4i(G) by Theo- 
rem 3.1.3. Thus Aiv(a@)+5(G) < 21+ 1 and hence Aiv(a@)+5(G) = 21+1. 
If7> p2i+1(G)—ID(G), then ID(G) +7 > p2i41(G) and ID(G) +7 ¢ Voi41(G). 
Thus Aw(a)+5(G) > 21+ 1 and hence AID(G)-+j (G) = 2142. 


Corollary 3.1.5. Let H bea Krull monoid whose class group G is an elementary 
2-group and suppose that every class contains a prime. Then for every k € N>o 
and everyl€ No we have V_(H) = [An(#), pe(H)], 


+s for j€ (0,1), 
kD(G) 214+ 1 for j € [2,D(G)/2] andl >1, 
| and Anes) = Vor 9 for j € [2, D(C) — 1] and 
(either 7 > D(G)/2 orl =0), 


D 
D 


d 
? 


provided that ID(G) + j > 1. 


Proof. By Theorem 1.3.4, it suffices to consider the block monoid B(G). By The- 
orem 3.1.3 we obtain that V;,(H) = [Ax (G), px (G)]. If |G] = 2, then B(G) is half- 
factorial by Proposition 1.2.4 whence for all k € N we have Ax(G) = k = px(G). 
Now suppose that |G| > 4 and hence D(G) > 2. We first prove the assertion 
on px(G) and then the assertion on Ayp(q)+;(G). 
1. Let k € N. If & is even, then the assertion follows from Theorem 2.3.1.3. 
Suppose we know that 


|. (*) 


Then Theorem 2.3.1 and Lemma 3.1.2 imply that 


2Pts) + kD(G) < ps(@) + par(@) < p2r+3(G) 
< [PEFIMG) | _ 2). so, 


and hence the assertion follows. Thus it remains to prove (*). We pick a basis 
(€1,...,€@)) of G and set e9 = e1 +... + eq). 
First suppose that r(G) = 2s +1 with s € N. Then 


= Ey +--+. * €g41€s4+2°---* €2541€0, 
V= Cy? a2. €s41(€1 + €s+42) Sanaa (es + €2s41)(€s41 Se ae aie €2s+1) and 


W = €5492°...-° €25+1€0(e1 + €s+42) Ear (es + €2s4+1)(€s41 Se dae €2s+1) 
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are minimal zero-sum sequences of length D(G) = 2s + 2. By construction, UVW 
may be written as a product of 3D(G)/2 minimal zero-sum sequences, and hence 
(*) follows. 

Second suppose that r(G) = 2s with s € N. Then 


U =€1-...+* €s€s41°---* €28€0, 
V =e1-...-es(€1 + €s41) +--+ (Cs + as) (Esti +--- +25) and 
W = es41---- + €as(€1 + €s41)+--- + (€s + e2s)(C1 +... + es) 


are minimal zero-sum sequences of length D(G') = 2s+ 1. By construction, UVW 
may be written as a product of |3D(G)/2| = 3s +1 minimal zero-sum sequences, 
and hence (*) follows. 

2. Since px (G) = [Re |, the assertion on Ajp(q)+;(G@) follows from Corol- 
lary 3.1.4. 


3.2 Almost arithmetical multiprogressions and the 
structure of sets of lengths 

We start with four simple examples which show the variety of possible structures 

for sets of lengths. 


Examples 3.2.1. 
1. Arithmetical progressions. Let d € N. Let g € G with ord(g) = d+ 2, and 
set B = (—g)¢+?g4+?. Then for every 1 € N we obviously have 


L(B') = 21+ {vd| ve [0,]} € L(G), 
whence £(G) contains arithmetical progressions with difference d and any length l. 
2. Multidimensional arithmetical progressions. Let r € N, dy,...,d, € N and 
li,...,l, € N. For every i € [1,7], let G; be a finite abelian group and BY € B(G;) 


as in 1., such that L(B/‘) is an arithmetical progression with difference d; and 
length 1;. If Gi ®---®G, C G and B = B}....- Br, then 


L(B) = > L(B;) € L(G) 


is an r-dimensional arithmetical progression. 


3. Arithmetical progressions with gaps at their end. Let n > 2, e1,e2 € G 
independent elements with ord(e,) = 2, ord(e2) = 2n and set ep = e, + neg. If 
Go = {eo, €1, €2, —eo} and U = e€o€1€5, then 


A(Go) = {9° | g € Go} U {((—e2)e2),U,-U}. 
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For every | € N we consider 


+2nl 
By = eget ((—e2)e2)""” 


Let B, = Ay-...: Ax with Ay,...,Ax € A(Go), and let I C [1,k] be the set of all 
i € [1,k] such that supp(A;) N {eo,e1} 4M. Then || = 2, say J = {1,2}, and we 
set C) = [ls A;. There are the following four possibilities: 


e {A;, Ao} = {eZ,e7}. Then C; = iégiay* ve 


L(Ci) = n+ 21+ {v(2n — 2) | v € [0,/]}. 


e {Aj, Ao} = {-U,U}. Then Ci = ((—e2)e2)"™ and 


L(C) = 21+ {v(2n — 2) | v € [0,1]}. 


e {A1, Ao} — {U}. Then C, = (—e2)?”((—en)e2)" rr or | 


L(C)) =1+n+2(l—1)+4+ {v(2n- 2) |v e [0,1-1]}. 


© {Ay, Ao} = {-U}. Then C; = €3"((-en)e2)" "and 


L(G) =14+n+20—1)+{v(2n—2)|ve [0,i—1]}. 


Thus we obtain that 


L(B;) = 24 21+ (((D + (2n — 2)Z) 2 [0, (2n — 2)t]) U {n + (2n — 2)I}) , 


where D = {0,n —1,n,2n — 2}. In terms of the following definition, L(B;) is an 
almost arithmetical multiprogression with difference 2n —2, period D, length / and 
bound n. If in particular n = 2, then L(B;) is an arithmetical progression with 
difference 2 and a gap at its end. 


4, Arithmetical multiprogressions. It can be shown that for every finite sub- 
set L C Ns» there is a finite abelian group G; such that L € L(G) (see [71, 
Proposition 4.8.3]), say L = L(B,) = «+ D where x = minL, minD = 0, 
max D = d and B, € B(G)). By 1., there is a group G2 and a By € B(G2) such 
that, for every 1 € N, L(BS) = 21+ ioe | v € [0,/]} is an arithmetical progression 
with difference d and length /. Thus for every | € N we have 


L(B, By) = L(B,) + L(B3) 
= (44+ 21) 4+ D+ {vd| ve [0, I} 
= minL(B, BS) + (D + dZn (0, max L(B, B3) — min L(B, B3))) 
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Definition 3.2.2. Let de N, 1, MENo and {0,d} CDC [0,d]. A subset Lc Z 
is called an 


arithmetical multiprogression (AMP for short) with difference d, period 
D and length 1, if L is an interval of minL+D+dZ (this means that L 
is finite nonempty and L = (minL+D+dZ)N[minL,maxT])), and 1 is 
maximal such that min L+ld€ L. 


almost arithmetical multiprogression (AAMP for short) with difference d, 
period D, length land bound M, if 


LD=yt+(L'UL*uL”) c y+D+dZ, 


where L* is an AMP with difference d (whence L* 4 9), period D and 
length J such that min L* =0, L’ c [-M,-1], DL” C max L*+[1,M] and 
y EZ. 


We call y+ L’ the initial part, y+L* the central part and y+ L” the end 
part of L. 


almost arithmetical progression (AAP for short) with difference d, bound 
M and length 1, if it isan AAMP with difference d, period {0,d}, bound 
M and length 1. 


Note that 


AMPs, AAMPs and AAPs are finite nonempty subsets of Z. 


a set L is an AMP if and only if it is an AAMP with bound 0, and it is an 
arithmetical progression with difference d if and only if it is an AAP with 
difference d and bound 0. 


a set L is an AAMP if and only if the shifted set y + LZ is an AAMP for any 
y EZ. 


L* = (D+dZ) 2 [0,max L*]. 


AAMPs, as defined above, were introduced in [38], and a slightly less restric- 


tive notion was first defined in [67]. 


Definition 3.2.3. We say that the Structure Theorem for Sets of Lengths holds for 
the monoid H if H is atomic and there exist some M* € No and a finite nonempty 
set A* C N such that every L € £(H) is an AAMP with some difference d € A* 
and bound M*. 


If the Structure Theorem for Sets of Lengths holds for the monoid H, then 


HT is a BF-monoid with finite set of distances A(H) (note that the formulation 
in [71, Definition 4.7.1] is slightly different and erronous, since it was forgotten to 
require A*(f) to be finite). We cite three key results on the structure of sets of 
lengths in Krull monoids (proofs can be found in [71, Section 4.7], [122] and [71, 
Theorem 7.6.9]). 


3.2. Almost arithmetical multiprogressions Al 


Theorem 3.2.4. Let H be a Krull monoid with finite class group G. Then 
the Structure Theorem for Sets of Lengths holds. Moreover, if |G| > 3 and every 
class contains a prime, then it holds with the set A* = {minA(Go) | Go C G 
with A(Go) # 0} c A(G). 


Idea of the Proof. The proof splits into an abstract additive part and an ideal- 
theoretic part. Both steps are based on the concepts of pattern ideals and of tamely 
generated ideals which are defined as follows. 


e For a finite nonempty set A C Z the pattern ideal ®(A) is the set of alla € H 
for which there is some y € Z such that y+ A C L(a). 


e A subset a C #1 is called tamely generated if there exist a subset F’ C a and 
a bound N € N with the following property: 


For every a € a there exists some e € E such that e|a, supL(e) < N 
and t(a,Z(e)) < N. 


In the additive part one proves that the Structure Theorem for Sets of 
Lengths holds for every BF-monoid H with finite set A(H) in which all pattern 
ideals are tamely generated. This is done in the spirit of additive number theory. 
To apply this additive result to a BF-monoid H, it must be proved that A(#) 
is finite and that all pattern ideals are tamely generated. This is fairly simple for 
finitely generated monoids (but far from being simple for C-monoids). 

Let H be a Krull monoid as above and let Go C G denote the set of classes 
containing primes. By Theorem 1.3.4, it suffices to prove the Structure Theorem for 
the monoid B(Go) of zero-sum sequences over G'o. Since B(Go) is finitely generated 
by Proposition 1.2.4, the assertion follows. 


Theorem 3.2.4 was recently generalized to Krull monoids with finite Daven- 
port constant (see [69]). More classes of monoids and domains where the Structure 
Theorem for Sets of Lengths holds can be found in [71, Section 4.7]. The next the- 
orem is a realization result stating that Theorem 3.2.4 is sharp. 


Theorem 3.2.5. Let M € No and let A* CN be a finite nonempty set. Then there 
exists a Krull monoid H with finite class group such that the following holds: for 
every AAMP L_ with difference d € A* and bound M there is some yu,r € N 
such that 

yt+LeEL(H) forall y>yne. 


Indeed, there exists an algebraic number field such that its ring of integers has this 
property. 


The next result is in a certain contrast to the previous two. In terms of 
zero-sum sequences it states that whenever the underlying set supp($’) of a given 
zero-sum sequence S$ is a group, then the factorizations of S are as nice as possible. 
Indeed, its catenary degree c(.S) is bounded above by 3, and its set of lengths L(S) 
is an arithmetical progression with difference 1. 
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Theorem 3.2.6. Let H be a Krull monoid with class group G andae H such 
that 
supp(G(a)) U{0} CG is a subgroup. 


Then c(a) <3 and hence the set of lengths L(a) is an arithmetical progression 
with difference 1. 


The main tool in the proof of Theorem 3.2.6 is the following result on the 
structure of additively closed sequences (see [51] and [71, Theorem 7.5.2]). 


Proposition 3.2.7. Let S, B, C € F(G®) be sequences such that S = BC, |S| > 4 
and |B| > |C|. Suppose that, for all gi, 92 €G, 


if gig2|B or gigo|C, then (g1 + 92)|S. 


Then Shas a proper zero-sum subsequence, apart from the following exceptions: 
1. |C| =1, and we are in one of the following cases: 
e B=g* and C=2g for some k>3 and g€G with ord(g) > k+2. 


e B=g*(2g) and C=3g for some k>2 andg€G with ord(g) > 
k+5. 


e B= giga(g1 +92) and C = gi +292 for some gi, 92 € G with 
ord(g1) =2 and ord(g2) > 5. 


2. {B, C} = {g9(9g)(10g) , (11g)(3g)(14g) } for some g EG with ord(g) = 16. 


Theorem 3.2.6 and some analytic machinery are the main ingredients to 
obtain the following density result (see [71, Theorem 9.4.11]). It states that the 
factorizations and hence the sets of lengths of “almost all” elements in a ring of 
integers are “as nice as possible”. 


Corollary 3.2.8. Let K be an algebraic number field with ring of integers R and 
ideal class group G, and let H = {aR | a € R*} denote the monoid of non-zero 
principal ideals. For a principal ideal a € H let |a| = (R:a) denote its norm. Then 
for every x > 2 we have 


_ athe. 
fae H | lal <a}| =1+4O((logx)~'/!C!) 


3.3. The characterization problem 


Two reduced Krull monoids H and H’ are isomorphic if and only if there is a 
group isomorphism ®: C(H) — C(H") such that for every class g € C(H), the 
number of primes in g equals the number of primes in the class ®(g) € C(H’) (see 
(71, Theorem 2.5.4]). If H is the multiplicative monoid of the ring of integers of 
an algebraic number field, then the class group is finite and the set of primes in 
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each class is denumerable. Thus the traditional idea in algebraic number theory, 
that the class group determines the arithmetic, is justified. Initiated by a problem 
of W. Narkiewicz in the 1970s (see Sections 7.1 and 7.2 in [71]), a huge variety of 
explicit results in this direction was derived. 

If the class group of a Krull monoid # is finite and every class contains a 
prime, then, roughly speaking, the system of sets of factorizations Z(H) = {Z(a) | 
a € H} determines the class group (see [71, Sections 7.1 and 7.2]). The question 
arose, which is still wide open, whether the same is true for the system of sets 
of lengths. Clearly, if H and H’ are reduced Krull monoids with isomorphic class 
groups G, G’ and primes in all classes, then 


but H and H’ need not be isomorphic. By Proposition 1.2.4.4 it follows that 
L£(C1) = {{k} | k € No} = L£(C2), 
and it is easy to check (details may be found in [71, Theorem 7.3.2]) that 


L£(C3) = {y+ 2k + [0,k] | yk € No} = L(C2 B C2). 


Note that D(C3) = D(Cz @ C2) = 3, and C1,C2,C2 @ C2 and C3 are the only 
finite abelian groups G’ with D(G’) < 3. So the best we can hope for is a positive 
answer to the following question: 


Given two finite abelian groups G and G’ with D(G) >4 such that £(G) = 
L(G’), does it follow that G2=G’? 


Up to now there is known no pair of non-isomorphic groups (G,G’) with 
D(G) > 4 and L(G) = L(G’). We start with some simple observations and then 
we gather the results known so far. 


Proposition 3.3.1. 
1. L(G) ={y+L|yeNo, LE L(G*)} D {{y} | y € No}, and equality holds 
if and only if |G| < 2. 
2. If Go CG is a subset, then L(Go) C L(G). 
3. Let G" be an abelian group with |G'| > 3 such that L(G) = L(G’). Then we 
have pr(G) = pr(G’) and Ax(G) = Ax (G") for everyk EN, D(G) = D(G’) 
and A(G) = A(G"). 
4. There exist (up to isomorphisms) only finitely many finite abelian groups G’ 
such that L(G) = L(G’). 
Proof. 1. Observe that B(G) = {0¥B | B © B(G*), y € No}, and if B € B(G*) 
and y € No, then L(0¥B) = y+L(B). By definition, we have |L| = 1 for every 
L € £(G) if and only if B(G) is half-factorial, and by Proposition 1.2.4 this is 
equivalent to |G| < 2. 
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2. This is obvious. 


3. By 1. we obtain |G| > 3. By the very definition we have A(G) = A(G 
An (G) = Ax (G") and px (G) = pz(G’) for every k € N, and hence D(G) = po2(G) 
p2(G’) = D(G’) by Theorem 2.3.1.3. 

4. If G’ is an abelian group with L(G) = L(G’) and |G"| > 3, then it follows 
that D(G) = D(G’) > 1+ d*(G’) (see Lemma 2.1.3.2). By the very definition of 
d*(-), there are (up to isomorphisms) only finitely many finite abelian groups G’ 
with d*(G’) < D(G). 


Proposition 3.3.2. Let G’ be a finite abelian group with D(G’) € [4,10]. If £(G) = 
L(G’), thenG=G". 


‘), 


Theorem 3.3.3. Let G be a finite elementary p-group and let G' be a finite 
elementary q-group with D(G’) > 4 and with primes p,q € P. If L(G) = L(G’), 
then G&G’. 


Theorem 3.3.4. Let G’ be a finite abelian group with D(G') > 4 and suppose 
that one of the following statements hold: 


1. G is cyclic. 

2. G is an elementary 2-group. 

3. G=C_p OC» with n> 2. 

4,.G2C,0C, with n> 3. 
If L(G) = L(G’), then G2=G"'. 


The results given in Proposition 3.3.2 and Theorems 3.3.3 and 3.3.4 are 
mainly due to Wolfgang A. Schmid (see [123, 120, 119] and [71, Section 7.3]). 
They are based on solid investigations of the set A*(G) = {min A(Go) | Go C 
G with A(Go) 4 0}, which occurs in Theorem 3.2.4. We do not discuss these 
topics here, but using results on the p,(G)-invariants we will be able to prove 
Theorem 3.3.4 for cyclic groups and for elementary 2-groups (see Corollary 5.3.3). 


Chapter 4 


Addition theorems and direct 
zero-sum problems 


We start with the classical theorems of Kneser and Kemperman-Scherk which 
are fundamental in additive group theory. Having these results at our disposal we 
continue the investigation of the Davenport constant, of the Erdés—Ginzburg—Ziv 
constant and of related invariants in zero-sum theory. 


4.1 The theorems of Kneser and of Kemperman-Scherk 
Let k EN andlet A,B, A,,..., Ax CG be nonempty subsets. Then 
Stab(A) = {ge G|g+A= A} 


denotes the stabilizer of A, which is a subgroup of A. For g € G, let 


denote the number of representations of g as a sum of elements of A,,..., Az. In 
particular, we have 


ra,B(g) = |{(a,6) € AXxB| g=a+}|=|AN (g— B)]. 


In the 1950s M. Kneser proved the following addition theorem formulated in 
Theorem 4.1.1. Since a proof is given in the Part II “Sumsets and Structure” by 
Imre Z. Ruzsa, we do not give a proof here. Moreover, a variety of proofs and his- 
torical references may be found in each of the following monographs [104, Chapter 
1], [107, Chapter 4], [71, Section 5.2], and [130, Theorem 5.5]. For some recent 
development around Kneser’s theorem, and in particular on the isoperimetric ap- 
proach, we refer the reader to [22, 83, 126, 97, 19, 81, 25, 24, 3, 89, 90, 93, 91, 80]. 
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Theorem 4.1.2 was first proved by J.H.B. Kemperman (see [98]; the special 
case min{ r4.B(g) | g € A+ B} =1 was settled before by P. Scherk answering a 
question of L. Moser [118]; a short proof of Scherk’s theorem, which is not based 
on Kneser’s theorem, may be found in [90]). Corollary 4.1.3 is crucial in many 
investigations on the structure of zero-sum free sequences (as, for example, in the 
proofs of Proposition 4.2.6 and Corollary 5.1.10). 


Theorem 4.1.1 (Kneser). Let K = Stab(A + B) be the stabilizer of A+ B. 
1. There exists a subgroup K' C K such that |A+ B| > |A|+|B| —|K’). 
2. There exists a subgroup K' C K such that |A+B| > |A+K'|+|B+K"|-|K"'. 
3. |A+ B) >|A+ K|+|B4+K|-|K]. 
4. Hither |A+ B| > |A|+|B| or |A+ Bl) =|A+ K|+|B4+ K|-|K]. 


Theorem 4.1.2 (Kemperman-Scherk). Let K =Stab(A+ B) be the stabilizer of 
A+B. Then 


|A+ Bl > [A] + |Bl-min{ rat KynaotrKynB(g) | ae A, be B, gea+b+K} 
> |A| + |B|—min{ra,a(9) |g ¢ A+B}. 


Proof. fae A, be Bandg€a+b+K, then riatKjna,(o+K)nB (9) < 74,B(9), 
and therefore 


min{T(atK)nA(b+K)nB(g) | a@eA, bE B, geat+b+K} 
<min{rap(g)|aeA,be B,geatb4+K} 


=min{rap(g)|ge A+B4+K}=min{raes(g)|ge A+B}. 


Thus it suffices to prove the first inequality. We may assume that |A + B| < 
|A|+ |B|, and then |A+ B| =|A+ K|+|B+K|-—|K| by Theorem 4.1.1.4. 
Suppose that ae A, be Bandg€a+b+K. By definition, we have 


T(atK)NA,(b+K)nB (g) = |Ci NC], 


where Cy = (a+ K)NA and C2 = g— [(b)+ K)M B}, and thus we must prove that 


o] 


IC1 A C2| > |A| + |B] —|A+ BI. Since C) UCo Cat K, we obtain 
|C1N C2| = |Ci| + [C2] — |C1 U C2] > |Ci| + |C2| — ja + K| 

(a+ K)N Al +|(6+ K)N Bl —|K| 

a+ K|—|(a+ K)\ Al+|b4+ K|—|(b+ K) \ Bl —- |x| 
K|—|(A+K)\ Al-|(B+ K)\ Bl 

K\|—|A+ K|+|A| -—|B+ K|+|B| =|A] +|B)-—|A+ B]. 


IV 
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Corollary 4.1.3. Let k EN. 
1. Let Ay,..., Ax C G be nonempty subsets. Then 


|Ai +...+ Ag| > |Ar]+...+ [Ax] — (& - 2) 


—min{ra,,...4,(9)|9€ Ar+...+ Ax}. 


2. If S=S,-...+S, € A*(G), then 
[E(S)| > |X(Si)] +... + [2(Se)I- 


Proof. 1. We proceed by induction on k. For k = 1 the assertion is clear. Suppose 
that k > 2. We start with the following assertion. 


A. For every g € Ai +...+ Ax we have 


TAy,....A,(9) > min{ra,,....4,_,(@) |@€ Ay +...+ Ag_i} 
+min{ra,+...44,_1,A,(b) |b€ Ar +... + Ax} —-1. 


Proof of A. If g € Ay +...+ Ax, then we get 


T Ain Ay (O) = MH Ay Ay sO) | OS Agee Agen ta ty (9) 
> min{ra,,....4,_,(a@) |a@€ Ai +...+ Agi} 
-min{r4,+...4A,_1,A, (0) |beE +...+ Ax} 
> min{ra,,....4,_,(@) |a@€ Ar +...+ Axi} 
+ min{ra,+...4A,_1,Ap (0) | bE A, +...4 Ax} ls 


Now the induction hypothesis, Theorem 4.1.2 and A imply that 


|Ai +... + Ag] > |Ar +... + Ag_i| + |Ag| 
—min{ra,4...4A,_1,A,(0) |b Ar+...+ Ag} 
> |Ai|+...+]Ax—a| — (k -3) 
op Ap_1(@) | a € Ar +... + Ap—i} + |As| 
—min{ra,+...+A,_1,4,(b) |b€ Ar+...+ Ag} 
> |Ai| +... +|Ax| — (& — 2) 
A.(9) |g € Art+...+ Ax}. 


Sects 


2. For i € [1,k] we set A; = U(S;) U{0}. Then r4,,....4,(0) = 1, and hence 1. 
implies that 


|=(S)| > |Ar+...+Ag|—1> |Ai|+...+|Ag]—& = |[Z(S1)| +... + |E(S,)]. 
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4.2 On the Erdés—Ginzburg—Ziv constant s(G) and on 
some of its variants 


Definition 4.2.1. Let exp(G) =n. 
1. A sequence S € F(G) is called short (in G) if |S| € [1,n]. 
2. We denote by 7(G) the smallest integer 1 € N with the following property: 


e Every sequence S € F(G) of length |.S| > 1 has a short zero-sum subse- 
quence. 


3. We denote by s(G) the smallest integer | € N with the following property: 


e Every sequence S € F(G) of length |.S| > 1 has a zero-sum subsequence 
T of length |T| =n. 


The invariant s(G) will be called the Erdés—Ginzburg-Ziv constant (EGZ 
constant for short). 


4. We denote by s,;n(G) the smallest integer | € N with the following property: 


e Every sequence S € F(G) of length |S| > / has a nontrivial zero-sum 
subsequence T of length |T|=0 mod n. 


The investigation of these invariants has a long tradition in combinatorial 
number theory as well as in finite geometry. Indeed, the Erdés—Ginzburg—Ziv 
theorem, first proved in 1961 (see [32]) and stating that s(C,) = 2n — 1 (see 
Corollary 4.2.8), is considered as a starting point in zero-sum theory. As already 
pointed out by H. Harborth [94], s(C7) is the smallest integer 1 € N such that ev- 
ery set of | lattice point in an r-dimensional Euclidean space contains n elements 
which have a centroid with integral coordinates. Moreover, if y is the maximal size 
of a cap in AG(r,3), then s(C3) = 2y 4+ 1 (see [28, Section 5] for the connection 
with finite geometry). 

The invariant 7(G) is a crucial tool in the inductive method which roughly 
works as follows: for the investigation of a given sequence S € F(G) proceed in 
the following three steps: 


e Find a suitable subgroup K C G and consider the natural epimorphism 


pe: GG/K. 

e Consider a factorization S = SoS,-...-S, such that |.;| is small and 
y(S;) € B(G/K) for all i € [1, k]. 

e Investigate the sequences T = o(S))-...: a(S.) € F(K) and SoT € F(G). 


Clearly, if S is zero-sum free, then SgT is zero-sum free too. 


The inductive method was already used successfully by J.-E. Olson and P. van 
Emde Boas in the 1960s, and then it was more and more refined by W. Gao and 
many other authors. After having done the necessary preparations in Lemmas 4.2.4 
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and 4.2.5 we will demonstrate the power of this method in Theorems 4.2.10 and 
4.2.12 (the polynomial method — see the article “The polynomial method in addi- 
tive combinatorics” by G. Karolyi in Part III- and coverings by cosets — see [71, 
Chapter 5.6], [128, 102] — are further important methods, which however cannot 
be discussed here). 

Our main result in this Section is Theorem 4.2.10 which gives, for groups G of 
rank r(G) < 2, the precise values of d(G), 7(G) and s(G). For d(G) this was shown 
independently by J.E. Olson and D. Kruyswijk in the late 1960s. The result on 
s(G) is based on C. Reiher’s work [114]. The proof of Theorem 4.2.10, as presented 
here, follows the lines from [71, Theorem 5.8.3]. On our way we show the theorem 
of Erdés—Ginzburg—Ziv (Corollary 4.2.8; for some recent development in the flavor 
of Erdés—Ginzburg—Ziv see [40, 39, 82, 84, 86]). 


Lemma 4.2.2. 
1. We have D(G) < n(G) < s(G) — exp(G) + 1. 
2. Let G=Ch, ®:::®Ch, withr=r(G) andl <nj|---|n,p. If r > 2, then 


m(G) > d*(G) +n. 


Proof. 1. The inequality D(G) < 7(G) follows by Lemma 2.1.2.3 and the very 
definition of 7(G). For the proof of the second inequality let n = exp(G), and 
consider a sequence S € F(G) of length |S| > s(G) —n+ 1. We must prove that 
S has a short zero-sum subsequence. The sequence T = 0"-!S € F(G) satisfies 
|T| > s(G), and therefore there exists a zero-sum subsequence JT’ = 0*S’ of T, 
where k € [0,n—1], S’|S and |T’| =|S’|+k =n. Hence S$’ is a short zero-sum 
subsequence of S. 


2. Let r > 2 and let (e1,...,¢,) be a basis of G such that ord(e;) = n,; for 


alli € [1,7], 
Tr a 
e= > oe and s=ep lle” E€F(G 
i=1 i=1 
We assert that S has no short zero-sum subsequence. Let 


T = e,° Tre’ , where no €[0,ny—1] and nj € [0,n;—1] for all 7 € [1,r], 
i=l 


be a nontrivial zero-sum subsequence of S. Then ng > 1 by Lemma 2.1.3. Since 
0 = o(T) = (ni, + no)er +... + (+ no)er, it follows that ni +n9 = 0 mod n; 
for all 7 € [1,r], and 1 < ni+ no < 2n; — 2 implies ni = n; — no for alli € [1,7]. 
Hence 


rl =no+ ln ni — No) = + Do nN; — No) > Ny = exp(G), 


and thus T is not a short zero-sum sequence of S over G. 


50 Chapter 4. Addition theorems and direct zero-sum problems 


Lemma 4.2.3. Let S € F(G) and n> 2. 


1. If |S| > D(IG@C,) and D(G@C,) < 38n—1, then S has a zero-sum 
subsequence T € B(G) of length |T| € {n,2n}. 
2. Suppose that D(G) < 2n—1, D(G@C,) < 3n—1 and |S|>D(GO@C,). 


Then S has a zero-sum subsequence T € B(G) of length |T| € [1,n]. In 
particular, if n <exp(G), then n(G) < D(G@C,). 


3. If exp(G) =n, then 


D(G) +n-1<spn(G) < min{s(G), D(G @ C,)}. 


Proof. Let G@®C, = G@ (e) with ord(e) = n, so that every h € G@C,, has 
a unique representation h = g + je, where g € G and j € [0,n — 1]. We define 
p:G>GeC, by ¢(g) = g +e for every g € G. 

1. Since y(S') € F(G@ C,) and |y(S)| = |S| > D(G @C,,), S has a sub- 
sequence T with 1 < |T| < D(G@C,) < 3n—1 such that y(T) has sum zero. 
Because 0 = o(y(T)) = o(T) + |Tle € G@ Ch, we obtain that o(T) =0, |T| =0 
mod n, and |T| < 3n—1 implies |T| € {n,2n}. 

2. If |S|>D(G@C,), then by 1. there exists a zero-sum subsequence T' of 
S such that |T| € {n,2n}. If |T| <n, we are done. If |T'| = 2n, then |7'| > D(G) 
implies T = T,T> for some zero-sum subsequences 7), T2 with 1 < |Ti| < |Tal, 
and J; is the desired subsequence of S. 

3. If S € F(G) is a zero-sum free sequence of length |.S| = D(G) — 1, then 
the sequence 0”~!S' has no zero-sum subsequence of length divisible by n. Thus 
D(G) +n —2=|0"-!- S| < s,n(G). By definition we have s,n(G) < s(G). 

In order to verify that spy(G) < D(G @C*,,), let S = i = go: € F(G) with 
1 = D(G @C,). Then the sequence Thies (9 +e) € F(G@C,) has a zero-sum 
subsequence T of length |T| = 0 mod n, and whence the same is true for S. 


Lemma 4.2.4. Let y: G—G_ be a group homomorphism and let k € N. 


1. If S € F(G) and |S| > (k —1) exp(G) + s(G), then S admits a product 
decomposition S = S,-...-S,S", where S1,...,S%,S' € F(G) and, for every 
i€([1,k], y(S;) has sum zero and length |S;| = exp(G). 


2. If S € F(G) and |S| > (k—1) exp(G) + 7(G), then S admits a product 
decomposition S = S)-...-S,S", where $1,...,S%,5" € F(G) and, for every 


i€([1,k], y(S;) has sum zero and length |S;| € [1,exp(G)]. 
Proof. 1. Suppose that for some j € [0,k — 1] we have found a product decom- 
position S = $,-...-$j;5’ where $),...,5;,S’ € F(G) and, for every 7 € [1, j], 


~(S;) has sum zero and length |,$;| = exp(G). Then 


p(S")| = |S'] = |S] — 5 exp(@) = (k-1— J) exp(G) + 8(G) > s(G), 
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and therefore S’ has a subsequence Sj+1 such that y(Sj+1) has sum zero and 


length |.$;41| = exp(G). Now the assertion follows by induction on j. 


2. This is proved in precisely the same way as 1. 
Lemma 4.2.5. Let K CG be a subgroup. 


1. If S € F(G) and |S| > (s(K) — 1l)exp(G/K) +s(G/K), then S has a 
zero-sum subsequence T of length |T| = exp(K) exp(G/K). In particular, if 
exp(G) = exp(K) exp(G/K), then 


s(G) < (s() — 1) exp(G/K) + s(G/K). 


2. If S€F(G) and |S| > (n(K) — 1) exp(G/K)+7(G/K), then S has a zero- 
sum subsequence T of length 1 < |T| < exp(K) exp(G/K). In particular, if 
exp(G) = exp(K’) exp(G/K), then 


mG) < (n(K) — I exp(G/K) + 1(G/K). 


3. d(G) < d(K) exp(G/K) + max{d(G/K),n(G/K) — exp(G/K) — 1}. 


Proof. Let py: G— G/K denote the canonical epimorphism. If K = {0}, then all 
assertions are obvious. Suppose that kK 4 {0}. 

1. Let S € F(G) be a sequence with |S| > (s(iv) — 1) exp(G/K) + s(G/K). 
By Lemma 4.2.4.1, S has a product decomposition S = S;-...-S«K)S", where 
Si,...,Ss(K),S” € F(G) and, for every i € [1,s(K)], y(S;) has sum zero and 
length |S;| = exp(G/K). Then the sequence o(5))-...-o(SxK)) € F(K) has a 
zero-sum subsequence V of length |V| = exp(/‘), say 


V=[f[o(Si), where IC [I,s(K)] and |I| =exp(K). 
iel 


Thus the sequence 


es A cy 


ie] 
is a zero-sum subsequence of S of length |T| = |I| exp(G/K) = exp(Ix) exp(G/K). 
2. This is proved in precisely the same way as 1. 
3. Let S € F(G) be a sequence of length 
|S| > d(K) exp(G/K) + max{d(G/K), n(G/K) — exp(G/K) — 1}. 


We must prove that S$ is not zero-sum free. Since |S| > (d(/) — 1) exp(G/K) + 
n(G/K), Lemma 4.2.4.2 provides us with a product decomposition S = 
Sy-...-SacKyS", where S1,..., Sa K), 5” € F(G) and, for every 7 € [1,d(K)], p(S; 
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has sum zero and length |S;| € [l,exp(G/K)]. Now we obtain |S’| > |S|— 
exp(G/K)d(i) > d(G/K), and therefore S’ has a nontrivial subsequence So such 
that y(So) has sum zero. Hence V = o(So)o(Si) +... - o(SacK)) € F(A), and 
|V| > d(x) implies that V is not zero-sum free. Hence T = 5951 -...+ SacKy is a 
subsequence of S which is not zero-sum free. 


The following result was found independently by several authors. Its history 
is described in [92]. 


Proposition 4.2.6. Let S © F(G) be a sequence of length |S| > |G| and k! = 
max{ord(g) | g € supp(S)}. Then S has a nontrivial zero-sum subsequence T of 
length |T| < min{h(S), k’}. 


Proof. We set k = h(S). If k’ < k, let g € G be such that v,(S) =k. Then T = 
g*“(9) has the desired property. Hence it is sufficient to prove that S' has a zero- 
sum subsequence of T of length |T| € [1,4]. If 0 € supp($), we set T = 0. Thus 
suppose that 0 ¢ supp(S). There exists a decomposition S = S,-...-S,%, where 
Si,...,S% € F(G) are squarefree. For i € [1, k], let B; = supp($;), A; = B; U {0}, 
and assume that S has no zero-sum subsequence as required. This implies that 
rA,,....A4,(0) = 1, and thus Corollary 4.1.3 implies that 


[Aya cit Al > [Aye oh A — = [By .c. + By) 4 = 1G) +11, 


a contradiction. 


Theorem 4.2.7 (Gao). We have 7(G) <|G| and s(G) < |G|+ exp(G) — 1. 


Proof. The first inequality is an immediate consequence of Proposition 4.2.6. In or- 
der to verify the upper bound for s(G), we set n = exp(G) and we must prove that 
every sequence S' € F(G) of length |S| > |G|+ -— 1 has a zero-sum subsequence 
of length n. Thus assume that 


S=gt-...-gf €F(G), 


where |S|>|G|+n—-1, k=k >--->k, >1 and qi,...,g € G are distinct. If 
k > n, then gj is a zero-sum subsequence of length n. Therefore we assume that 
k<n-—1and/> 2, and we consider the sequence 


U = (92-91)? -...- (91-91) € F(G). 


It is sufficient to prove that U has a zero-sum subsequence V such that n — 
k < |V| < n. Indeed, if V = (gg — gi)? +... + (gi — g1)*! is such a zero-sum 
subsequence, where ki € [0, kj] for all 2 € [2,/} andn—-—k<kh+...+k, <n, then 
O<n—(kh}+...+kh)) <k, and the sequence 


T pales hl ge 


ky 
= 91 Tee G) 


is a zero-sum subsequence of S of length n. 
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Since |U| =|S|—k > |G|+n—1-—k > |G| and 7(G) < |GI, it follows that 
U has a short zero-sum subsequence. Let V be a short zero-sum subsequence of U 
of maximal length and assume, contrary to our requirement, that |V| <1—k—-—1. 
If U = VV’, then |V"| = |U| —|V| > (|G/+n—1-—k)-(n—k—-1)=|Gl, and by 
Proposition 4.2.6 it follows that V’ has a zero-sum subsequence V” of length 


1<|V"| < max{v,(V"’) | g € G} < max{v,(U) |g EG} <k. 


Then VV” is a zero-sum subsequence of U of length 


IVi<|VV"| =|VI+|V"| < (n-k-1)+k=n-1, 


a contradiction to the maximality of |V]. 


In the same spirits (using Proposition 4.2.6 and Theorem 4.2.7) W. Gao 
proved that |G| + d(G) is the smallest integer 1 € N such that every sequence 
T € F(G) of length |T| > / has a zero-sum subsequence of length |G (see [42] 
and [71, Proposition 5.7.9]). There is a weighted generalization of this theorem by 
Y. ould Hamidoune [92] (for more of this flavor see [66, 1, 84, 78, 85]). For cyclic 
groups Gao’s Theorem 4.2.7 reduces to the classical result of Erdés—Ginzburg—Ziv. 


Corollary 4.2.8 (Erdés—Ginzburg—Ziv). For every in © N we have 
nM(Cn)=n and s(C,) =2n-1. 
Proof. By Lemma 4.2.2 and Theorem 4.2.7, we obtain 
n=D(Cn) < (Cn) < |Cn| = 0, 
and thus 7(C;,) =n. Again by Lemma 4.2.2 and Theorem 4.2.7 we get 


2n —1=7(C,) + exp(C,) — 1 <s(C,) < |C,| + exp(C,) — 1 = 2n —- 1, 


and thus s(C,) = 2n—1. 
Proposition 4.2.9 (Reiher). For every prime p€P we have s(C,@C;,) < 4p—3. 


Proof. The original proof by C. Reiher (see [114]) is based on the theorem of 
Chevalley-Warning (see [130, Theorem 9.24]). A proof using group algebras may 
be found in [71, Proposition 5.8.1], and for a generalization see [125]. 


Theorem 4.2.10. Let G=C,, ®Cy, with 1 <n, |n2. Then 


S(G) = 2n1 +2n2—3, (G)=2n1+n2-2 and d(G)=n1+ng-2=d"*(G). 


Proof. By Corollaries 4.2.8 and 2.1.4, the result holds for n; = 1. Suppose that 
mn, > 1 and note that exp(G) = nz. By Lemma 2.1.3 we have d*(G) < d(G). Now 
Lemma 4.2.2 implies that 


n(G) > 2ny+ng—-2 and s(G) >(G)+no-—1 > 2n1 + 2n2-38. 
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Thus it remains to show that s(G) < 2n;+2n2—3 and d(G) <ni+ne—2. 

We use induction on exp(G). If p € P and G=C,@C,, then d(G) = 2p—2 
by Theorem 2.2.6, and Proposition 4.2.9 implies s(G) < 4p — 3. 

Assume now that p € P, p|ni, p< ng and set m; = p-'!n; for i € {1,2}. 
Then the assertions are true for the groups pG = C;,, Cn, and G/pG = C,eC>. 
By Lemma 4.2.5.1 we obtain 


s(G) < (s(pG) — 1)p + s(G/pG) < (2m, + 2m2 — 4)p + (4p — 3) = 2n1 + 2nz2 -3, 
and Lemma 4.2.5.3 implies 


d(G) 


IA 


d(pG)p + max{d(G/pG), n(G/pG) — p— 1} 
(my + m2 — 2)p + max{2p 2, (3p — 2) —p—1} =n, +n2—-2. 


The next corollary was first proved in [52, Theorem 6.7]. 


Corollary 4.2.11. Let exp(G) = n. If G is either a p-group or r(G) < 2, then 
Snn(G) = d(G) +n. 


Proof. If G is a p-group, then the assertion follows from Theorem 2.2.6 and from 
Lemma 4.2.3.3. 

Suppose that G = C),, ® Cy, with 1 < n1 | ng. Then Lemma 4.2.3.3 implies 
that d(G) + ng < Snx(G) whence it remains to prove that spy(G) < d(G) + 
ng = ny + 2n2 — 2. If ny = 1, this follows from Theorem 4.2.10 and again from 
Lemma 4.2.3.3. Suppose that n; > 1, and let S € F(G) be a sequence of length 
|S| = n1 + 2ng —2. We have to show that S has a zero-sum subsequence of length 
nz or 2ng. 

Let K=GOC,, = G64 (e) with ord(e) = ng, so that every hE GEC), 
has a unique representation h = g+ je, where g € G and j € [0,2 —1]. We define 
w: G— K by w(g) = g +e for every g € G. Thus it suffices to show that w(S) 
has a nontrivial zero-sum subsequence. We distinguish two cases. 


Case 1: ny = ng. 

We set nm = n, and proceed by induction on n. If n is prime, then G is a p- 
group and the assertion holds. Suppose that n is composite, p a prime divisor of n 
and y: K — K the multiplication by p. Then pG = C;,/,®Cp/p and Ker(y) = C3. 
Since by Theorem 4.2.10, s(pG) = 4(n/p) — 3 and |$| = 3n — 2 > (3p — 4) (n/p) + 
An/p — 3, S admits a product decomposition S = S,-...-S3p—35” such that, for 
all 7 € [1, 3p — 3], y(S;) has sum zero and length |S;| = n/p (see Lemma 4.2.4.1). 
Then |$’| = 38n/p—2 = Sin /pyn(Cn/p®Cn/p), and thus S’ has a subsequence S3p_2 
such that y(S3p-2) has sum zero and length |.53,-2| € {n/p,2n/p}. This implies 
that 


3p—2 
II a(u(S;)) € F(Ker(¢)) . 


i=1 
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Since D(Ker(y)) = 3p— 2, there exists a nonempty subset J C [1, 3p — 2] such that 


S © o(%(Si)) =0 whence [] ¥(5i) 


icl icl 
is a nontrivial zero-sum subsequence of w(.S). 


Case 2: nz > ny4. 

Let m = nj ‘ng and let py: K = Ch, 4 C2, > Cn, ® mCZ, be a map which 
is the identity on the first component and the multiplication by m on the second 
and on the third component whence Ker(y) = Cy, © Cy, and y(G) = Ch, ® Ch,. 
Since s(C,,, ® Cn,) = 4n1 — 3 and |S| = ny + 2n2g —2 > (2m—3)n1 + (4n1 — 3), S 
admits a product decomposition S = $)-...-S2m—25", where for all i € [1, 2m —2], 
(Si) has sum zero and length |.$;| = ,. Then |S’| = 3n, — 2, and since by Case 
1, Snin(Cn, ®Cn,) = 3n1 — 2, the sequence S’ has a subsequence $2,—1 such that 
(p(S2m—1) has sum zero and length |S n—1| € {n1, 21}. This implies that 


2m—1 


II a(#(Si)) € F(Ker(¢)) . 


i=1 


Since D(Ker(y)) = 2m — 1, there exists a nonempty subset I C [1,2m — 1] such 


that 
S/o(#(Si)) =0 whence [[ vs) 


ier tel 


is a nontrivial zero-sum subsequence of w(S). 


We briefly discuss the state of the art concerning groups of higher rank (more 
detailed information can be found in [52]). A conjecture by W. Gao states that 
we always have 7(G) = s(G) — exp(G) + 1. This was recently proved for p-groups 
G, where p is odd and D(G) = 2 exp(G) — 1 (see [125]). C. Elsholtz et al. showed 
that, for all odd n > 3, 


(C8) >8n—7, s(O8)>9n-8, (C4) >19n-18 and s(C4) > 20n-19, 


and it is conjectured that all bounds are sharp (see [29, 28, 27, 113] for recent 
results). 


It is conjectured that, if r(G) = 3 or G = CY with n,r > 3, then d(G) = 
d*(G). On the other hand, for every r > 4 there are infinitely many groups G of 
rank r(G) = r such that d(G) > d*(G) (see [75] and [49, Theorem 3.3]). We end 
with a result (see [15]) providing more groups G with d(G) = d*(G) and whose 
proof demonstrates once more the power of the inductive method (for recent results 
see [6, 4]). 

Theorem 4.2.12. Let G= K @ Crm where k,m € N and K C G is a subgroup 
with exp(K)|m. If d(K ®@ Cy) =d(K)+m-—1 and n(K @Cp) < d(K) + 2m, 
then d(G) =d(Kk)+km-—1. 
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Proof. Clearly, we have d(G) > d(.)+d(Crm) = d(K)+km—1. Now let S € F(G) 
be a sequence of length |.$| = d()-+km. We have to show that S has a nontrivial 
zero-sum subsequence. 

We consider the map y: G — G which maps an element g = h+ a, where 
he K anda € Cym, to h + ka for all g € G. Then Ker(y) = Cy and y(G) & 
K @®Cyp. Since 


ly(S)| = |S| = (kK -2)m+ (d(K)+2m) and (K @Cm) <d(K)+2m, 
Lemma 4.2.4 provides us with a product decomposition 
S=Sy-...+Sp_18", 


where S},...,S,%—-1, 5” € F(G) and, for every i € [1,k], y(S;) has sum zero and 
length |S;| € [1,exp(K © C,,)] = [1,m]. Thus we get 


k-1 
|9"| = |5| — 37 |5;] > |S] - (k-1)m =d(K) +m =D(K @Cn), 


i=l 
and hence S’ has a subsequence S; such that y(S;,) has sum zero. Thus 


k 
[[ os) E F (Ker(y)) , 


i=l 


and there is a nonempty subset J C [1,k] such that [],-;o(S;) has sum zero. 
Hence [];-, 5; is a nontrivial zero-sum subsequence of S. 


Corollary 4.2.13. Let G=K @®Crm where k,meN, p€ P a prime, m a power 
of p and K CG is a p-subgroup with d(K) <m-—1. Then d(G) = d*(G). 


Proof. Since K @ Cj, is a p-group, Theorem 2.2.6 implies that 


d(K ® Om) = d*(K @ Om) = d*(K) + m—1=d(K)+m-1. 


Since exp(’) is a p-power and exp(A’)—1 < d(K) < m—1, it follows that exp(K’) 
divides m. By Lemma 4.2.3 we infer that 


n(K ® Cm) <d(K @C?2,)+1=d(K)+2m-1. 


Thus all assumptions of Theorem 4.2.12 are satisfied and we obtain that 


d(G) = d(K) +km—1=d"(K) +km—1=d*(G). 


Chapter 5 


Inverse zero-sum problems and 
arithmetical consequences 


The investigation of inverse problems has a long tradition in combinatorial number 
theory (see [107, 37]), and more recently it has been promoted by applications in 
the theory of non-unique factorizations. In this chapter we discuss the inverse 
problems associated with the invariants D(G), 7(G) and s(G). More precisely, we 
investigate the structure of sequences of length D(G) — 1 (7(G) — 1 or s(G) — 1, 
respectively) that do not have a zero-sum subsequence (of the required length). 
Recent results on the structure of U(S) for (long) zero-sum free sequences may be 
found in [9, 58, 127, 132, 60). 

We start with cyclic groups, then we deal with groups of the form G = C7, 
and finally we outline some consequences in factorization theory. 


5.1 Cyclic groups 


Clearly, we can rephrase Corollary 2.1.4.1 as follows: Let G be cyclic of order n > 2 
and S € F(G) a sequence of length D(G) — 1 = n(G) — 1. Then S has no (short) 
zero-sum subsequence if and only if S = g"~! for some g € G with ord(g) =n. 

We present a strong structural result on long zero-sum free sequences recently 
achieved by S. Savchev and Fang Chen [116]. Among others, their result settles 
a problem on the index of zero-sum sequences (studied in [16, 46, 112, 18], see 
Corollary 5.1.9) and provides information on multiplicities of elements, a topic 
studied by many authors before (Corollary 5.1.10). 


Definition 5.1.1. 


1. Let g € G be a non-zero element with ord(g) = n < oo. For a sequence 


S=(nig)-...:(mg), wherelENo and n,...,m € [l,n], 
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we define fee oh 
Ny sea TY 
|Sll, = ———_. 
n 


Obviously, S' has sum zero if and only if ||.S'||, € No. 
2. Let S € F(G) be a sequence for which (supp(S)) C G is cyclic. Then we call 


ind(S) = min{||S||, | g € G with (supp(S)) = (g)} € Q>o 


the index of S. 


3. If G is cyclic, then let I(G) denote the smallest integer | € N such that every 
minimal zero-sum sequence S € F(G) of length || > / satisfies ind(S) = 1. 


Lemma 5.1.2. Let G be cyclic and S € F(G). Then 


ind($) = min{||Slly |g €G with supp(S) C (g)} 
= min{||$|lp | 9 € G with G = (g)}. 


Proof. We set |G| =n, 


I, = min{||S\, | g € G with supp(S) C (g)} and 
Iz = min{||S||, | g € G with G = (g)}. 


Let |S| = 1, g © G with ord(g) = m and S = (aig) -...+ (aig) with ay,...,a) € 
[1,m] such that ||.S||, = 1. First we verify that I; = Jz and then we show that 
qi = ind(S). 

1. Obviously, we have Jy < Iz, and it remains to verify the reverse inequality. 
There is an element h € G with (h) = G and 4h = g. Thus we obtain 


S = (a;—h) (a; —h) with hun (1, n], 
m m m m 
n n 
—ayt+...+ =a aj+...+a; 
|Sllh = = ie = [Slo 


and hence Iz < ||S||, = ||S||, =. 

2. Obviously, we have J; < ind(S$'), and it remains to verify the reverse 
inequality. We set (aig,...,aig) = K and pick an a € [l,m] with a|m and 
K = (ag). Then ord(ag) = a~!m. For every i € [1,l] we have aig € (ag) = 


{ag,2ag,...,(a~'m)ag} and hence a; = aa’, with a’, € [1,a~!m]. Thus we obtain 
S = (ajag)-...- (ajag), 
a(a,+...+a)) a, +...4+4a) 
|s],= Wate) atta gy, 


and hence I; = ||$||g = || Slag > ind(S). 
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Definition 5.1.3. A sequence S € F(G) is called 


e smooth if S = (nig)-...-(mig), where 1=|S|EN,g €G,l=m <--- <n, 
n=n+...+m < ord(g) and H(S) = {g,2g,...,ng} (in this case we say 
more precisely that S' is g-smooth). 


e a splittable atom if S = (gi + g2)T for some gi,g2 € G and T € F(G) such 
that S € A(G) and gigeT € A(G). 


Lemma 5.1.4. Let g € G and k,l,m,...,n, € N such that l > k/2 and n = 
m+...tn<k<ord(g). fl<m <--:<m and S = (nig)-...+ (nig), then 
X(S) = {g,29,...,ng}, and S is g-smooth. 


Proof. We start with the following assertion. 


A. For every i € [0,/—1] we have njz1 < 1+n,+...+n;, and in particular we 
have n; = 1. 


Proof of A. Assume to the contrary that there is an i € [0,1 — 1] such that 
N41 > 2+ny+...4+n;. Then for all j € [i+1,]] we have n; > niq1 > 2+i and 
therefore 


k>mt...¢m>i+ (—i(24+%) =21+i(l-i-1)>k, 


a contradiction. 

For every 7 € [1,1] we set S; = (nig)-...- (nig) and assert that 4(S;) = {jg | 
gj € [l,ni+...+ni]}. We proceed by induction on i. For i = 1, this holds since 
n, = 1. If € [1,l—1], then A and the induction hypothesis imply that 


B(Si41) = E(Si) U (negrg + (Z(Si) U {0}) } 
= {i915 €[Lm+...+m)}U {9919 € [rigasmi +... + mi + rigilt 
={jg|j€[L,mt+...+nizi}}. 


Lemma 5.1.5. Let S © F(G) and b € G such that Sb € A*(G) and |5(Sb)| = 
|=(S)| + 1. 


1. We have X(S') = {b, 2b,..., sb} UP,U---UPnp, where s € [1, ord(b) — 2], m € 
No and P,,...,Pm € G/(b) are distinct cosets different from (b). Moreover, 
sb = 0(S) and |X(Sb’)| = |X($b?—1)| +1 for all j € [1, ord(b) — s]. 


2. Ifc€G is such that Sc € A*(G) and |X(Sc)| = |5(S)| +1, then c= b. 


Proof. 1. Since Sb € A*(G), |5(Sb)| = |X(S)|+ 1 and o(S) +b € X(Sb), it follows 
that H(Sb) \ UCS) = {o(S) + b}, and since b € X(Sb) and o(S) 4 0, we obtain 
that b € N(S). Let s € N be maximal such that {b,2b,...,sb} C N(S). Then 
(s+1)b € N(Sb), hence (s+ 1)b = o(S)+6 and sb = o(S). Moreover, Sb € A*(G) 
implies that s + 1 < ord(6). 
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In order to prove that %(S) \ {b,2b,...,sb} is the union of proper cosets of 
) in G, we have to verify that c € U(S) \ {b, 2b,...,sb} implies that c+ b € 
(S) \ {b, 26,..., sb}. Indeed, if ¢ € X(S) \ {b,20,..., sb}, then c+ 6 € U( 50). If 
b € N(S) \ {b, 2b,..., sb}, then c+ b = tb for some ¢t € [1,5 + 1], and thus 

(t — 1)b € {0,b, 2b,..., sb}, a contradiction. Hence it follows that c+ b € 
(S) \ {b,2b,..., sb}. 

If 7 € [1, ord(b) — s], then 


b (Sb?) = {b, 20,...,(s + j)b} UP, U--- UP, = £(S0?-")U {(s + 7)d}, 


and since s + j < ord(b), we obtain |©($b7)| = |5($b7—1)| + 1. 

2. Let c € G be such that Sc € A*(G) and |X(Sc)| = |X(5)| + 1. Then 
R= {c,b+c,2b+c,...,sb+c} Cc X(Sc), and since |R| > 2 we have RNX(S) 4 0. 
Suppose there is some j € [1,m] such that RNP; # 0. Then R C Pj, but 
sb+c=o(S)+c€ X(Sc) \ U(S) and thus sb+ c ¢ P;, a contradiction. Hence it 
follows that RN {b, 2b,...,sb} #0, say rb+c = tb for some r € [0, s] and ¢ € [1, s]. 
Thus we obtain c = (t—r)b and R= {(t—r+4+ )b| Jj € [0,s]}. If t < 1, this 
implies 0 € R, a contradiction. If t > r+ 2, then we obtain {(s + 1)b,(s + 2)b} Cc 
R\ X(S') Cc U(Sc) \ U(S), contradicting |U(Sc)| = |U(S)| + 1. Therefore we get 
t=r+landc=b. 


Lemma 5.1.6. Let G be cyclic of order n > 3, S = SS € A*(G) where |S| = 
1> neh 2<|S;|)=k+1 <1 and|X(S,)| >2k+1. Then there is a decomposition 
So = She with S55 € F(G) andc€ G such that |X(S)| = |5($15%)| + 1. 


Proof. Let t € No be maximal such that there is a decomposition S2 = g,-...-4T, 
where gi,...,9: € Gand T € F(G) are such that 


Z(Sigi-...-93)| = |E(Sigi+...+g3-1)| +2 forall j € [1,¢]. 
Then we have 
e—1 > (55) > PB Gigis...2d |S SOD] A2iS ee 1 +20, 


Therefore it follows that 2t+2 <n — 2k, whence t+ 1 <n/2—k <1l—k and 
|T| = |S|—|Sy|—t =1—(k+1)-t > 0. Let c € supp(T). Since |H(Sigi-...-gec)| = 


[H(Sigi-..--gz)| +1 (by the maximality of t), Lemma 5.1.5 implies that 
N(Sigi:.-.+ gt) = {c,2c,...,sc} UP, U---U Ph, 

where s € [l,ord(c) — 2], m € No and Py,...,Pm € G/(c) are proper cosets. 

If d € supp(c"!T), then (again by the maximality of t) |=(Sigi-...- g:d)| = 

\=(Si9g1----:gt)| +1, and Lemma 5.1.5 implies that d = c. Hence T = c/ for some 

j € [1,ord(c) — s] and $5 =g,-...-g:c!~' fulfills our requirements. 


Lemma 5.1.7. Let G be cyclic of order n > 3, S € A*(G) with X(S) = G°, 
[S|] =1 > #4, a € supp(S) and Sq a maximal a-smooth subsequence of S. If 
Sa #S, then (—o(S))| S718. 
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Proof. Let Sq = (sia)-...+(s,a@), where k, s1,...,8, EN, 1 = 51 < 82 <-++ < Sg, 
§ = 8,+...+8, < ord(a), and assume that S, 4 S. Then S = S,052, where b €E G 
and 52 € F(G), and we have X(.5,b) = Py UP: where P; = U(S,) = {a, 2a,..., sa} 
and P, = b+ (X(S,) U {0}) = {b,b+a,...,b+ sa}. We shall prove that 


A. P/ NP, = 0. 


Proof of A. The assertion is obvious if b € (a). Thus assume that b = ta for 
some t € {l1,ord(a) — 1]. Then %(S,b) = {a,2a,..., sa,ta,(t+1)a,...,(¢+ s)a}. If 
t<s,thent+s >s+1 and S,b is a-smooth, contradicting the maximality of Sy. 
Ift +s > ord(a), then 0 € X(S,6), a contradiction. Hence s < t < ord(a) — s and 
Pom =. 

We apply Lemma 5.1.6 with S; = S,b. Note that 2<k+1=|S,b| < |S|=1 


and 
n—1>  |X(S,6)| = |Pi|+|Po| = 2s+1>2k+1. 


Thus we arrive at a decomposition S2 = S%c for some $4 € F(G) andc EG 
such that |5(S)| = |X($155)| +1 = |G] —1. Since (5) = U($1.5%) U {o(S)} and 
—c € X(9155), it follows that c = —o(S), whence —o(S)|S2| S71S. 


Theorem 5.1.8 (Savchev-Chen). Let G be cyclic of order n > 3. 


1. If S € A*(G) and |S| > ©, then S is g-smooth for some g € G with 
ord(g) =n. 


2. Let U € A(G) be of length |U| > [4] +2. Then ind(U) = 1, and if U is not 
splittable, then U = g” for someg €G. 


Proof. We may suppose that U = goS with |S| =1> neh First we show that S$ 
is g-smooth for some g € G. Then we show ind(U) = 1 and ord(g) =n. 

1. Pick a sequence S’ € A*(G) such that S| S’ and |$’| is maximal. Then 
X(S’) = G* and m = |S’| > |S| > 24+. Let a € supp(S’) and let S, be a 
maximal a-smooth subsequence of 9’. If S$, # S’ and h = —o(S’), then h| S719’ 
by Lemma 5.1.7. Now let S, be a maximal h-smooth subsequence of S’. Then 
h { S;,'S’, since otherwise hS;, would be a longer h-smooth subsequence of S$’. 
Hence again Lemma 5.1.7 implies that S;, = S’. 

In any case S” is smooth, and thus we may assume that S’ = (nig)-...:(Mmg 
and S = (nig)-...-+ (nig), ie eongas eae err oe MLS 
my +...+m <ord(g)<n< 2landl <n, <--- <n. Thus Lemma 5.1.4 (wi 
k = ord(g)) implies that S is g-smooth. 


A 


< 
th 


2. By 1., S = (mig) -...+ (mig) is g-smooth,whence nj,...,n; € N and s = 
my+...+n1 < ord(g). Then —go = o(S') = sg and U = (nog)(nig)-..-- (mig) with 
no = ord(g)—s € Nand hence no+...+n = ord(g). Let m € N with ord(g) = n/m 
and g' € G with mg’ = g. Then U = (mnoq’)-...-(mnjg’) and mno+...+mn =n 
whence ind(U) = 1. Since n = mno +... + mn > m(l +1) > m2E, it follows 
that m=landg=q’. 

If there is some i € [0,1] with n; > 2, say i = 0, then ((no — 1)g)g(nig) +... + 
(nig) € A(G), and hence U is splittable. 
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Corollary 5.1.9 was achieved independently by S. Savchev and F. Chen, and 
by P. Yuan (see [133, Theorem 3.1] and [116, Proposition 10]). 


Corollary 5.1.9. Let G be cyclic of order n > 1. If n € {1,2,3,4,5,7}, then 
I(G) = 1, and otherwise we have \(G) = || +2. 


Proof. If n < 4, it can be seen immediately that I(G) = 1. If n € {5,7}, a longer 
(but straightforward) case distinction shows that again I(G) = 1 holds. Suppose 
that n € Nsg \ {7}, and let g € G with ord(g) = n. Since the sequence 


g > (8g)(2#29)? if nis even, 
3 


g > (2839)2(249) if n is odd 


is a minimal zero-sum sequence with ind(.$) = 2, it follows that I(G) > [4] + 2, 
and hence equality holds by Theorem 5.1.8.2. 


The second statement of Corollary 5.1.10 was first proved by J.D. Bovey, P. 
Erdés and I. Niven [10] and the fourth statement by A. Geroldinger and Y. ould 
Hamidoune [72]. Note that the bounds given in Corollary 5.1.10.4 are attained 
(see [71, Example 5.4.7]). 


Corollary 5.1.10. Let G be cyclic of order n > 3, S € F(G) a zero-sum free 
sequence of length 


1 
ie. 


. For all g € supp(S) we have ord(g) > 3. 
There exists some g € supp(S) with vg(S) > 2|S|—n+1. 
. There exists some g € supp(S) with v,(S) > |S|— 4+. 


fae OS 


There exists some g € supp(S) with ord(g) =n such that 


Vg(S) = i 


if n is odd and vg(S) >3 if n is even. 


Proof. 1. The assertion is clear for odd n. Thus suppose that n = 2m for some 
m > 2. By Theorem 5.1.8, S = (nig)-...+ (nig) for some g € G with ord(g) = n, 
Ll=ny <-+-<m and X(S) = {g,2g9,...,5g} where s =n, +...+m. Assume to 
the contrary that S contains some element of order 2. Then there is an 7 € [1,]] 


with n; = m and hence s =n, +...+n, >1—1+m> 2m, a contradiction to S 
zero-sum free. 
2. We write S in the form S$ = S,-...-S,(gh)'g™—', where k,m € No, 


Le [0,m], g#h, Si,...,S, are squarefree, and |.$;| = 3 for all i € [1, k]. Clearly, 
we have |X(gh)| = 3, and using 1. we obtain that |X(5;)| > 6 for alli € [1,4]. 
By Corollary 4.1.3 it follows that 


n—1>|X(S)| > 6k+31+ (m—1) > 6k + 21+ 2m —v,(8) = 2|S| —v,(S) 
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and therefore v,(S) > 2|S|—n-+1. 

3. and 4. The sequence S$; = (—o(S))S is a minimal zero-sum sequence of 
length |S,| > (n+3)/2. Thus Corollary 5.1.9 implies that ind(.S;) = 1. Thus there 
is an element h € G with ord(h) = n such that 


Sy = (xh)h"(2h)”(azh) -...- (ath), 


where x € [l,n — 1], ah = —o(S), u,v,t € No, v1,..., 24 € [8,n — 1] and #+ut+ 
2u+ (a1 +...+ 24) =n. Clearly, we have 


[S]}=u+v+t and wu+2v+3t=n-—r forsomer EN, 


which implies that 2u + v = 3|S| — (n —r) and hence 


= = 
max{u,v} > |S|- —— > |S|— ae 
If n is odd, then ord(h) = ord(2h) = n and 
-1 5 
max{vn($), van($)} = max{u, v} = |$|- “= > “ 


If n is even, then |.$| > (n/2) + 1 and 


va(S) =u=2|S|—n+tr+t>2+r+t>3. 


Without proof we cite a most recent result by W. Gao et. al. (see [61]). 


Theorem 5.1.11. Let G be cyclic of order n > 3. If S € F(G) is a zero-sum 
free sequence of length 


6n + 28 6|S|-—n+1 
> ———_. 
ip? then h(S) > 7 
Next we consider the inverse problem with respect to the s(G)-invariant. 
The first result in this direction was achieved independently by B. Peterson and 
T. Yuster [109, Theorem 1] and by A. Bialostocki and P. Dierker [7, Lemma 4]. It 
runs as follows. 


Proposition 5.1.12. Let G be cyclic of ordern > 2 and S € F(G) a sequence 
of length |S|=s(G)—1. Then the following statements are equivalent: 


|S| > 


(a) S has no zero-sum subsequence of length n. 
(b) S =(gh)"—! where g,h € G with ord(g —h) =n. 


Proposition 5.1.12 was the starting point for a huge variety of investigations 
(see [11, 34, 12, 43, 62, 8, 131, 63, 95, 65]). We present a recent result, achieved 
by S. Savchev and F. Chen in [117], which characterizes all sequences of length 
greater than or equal to (3n — 1)/2 that have no zero-sum subsequence of length n 
(Theorem 5.1.16). This easily implies Proposition 5.1.12, and moreover the lower 
bound is, in a certain sense, best possible (see Remark 5.1.17). We start with the 
following result of W. Gao (see [41, Theorem 1]). 
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Proposition 5.1.13 (Gao). Let S € F(G) be a sequence of length |S| = |G| +k 
with k € No, and suppose that for every g © G and every subsequence T of S of 
length |T| =k +1 the sequence g+T has a zero-sum subsequence. Then 


Die(S) = () D948). 


gEG 
In particular, if h(S) =vo(S), then “sig\($) = Uyg\(S). 


Proof. We set |G| = n. Let S = aT with h = h(S) and |$| = n+k. Without 
restriction we may suppose that a = 0. Obviously, we have 


Sn($) C () (9+ 5) c X(S). 
gEG 


Hence, for the main statement, it suffices to show that (S$) C X,(S). But this 
inclusion clearly implies the “in particular” statement too. We pick b € H(S) and 
distinguish two cases. 


Case 1: h>n. 

If b = 0, then 0"|.S and 0 = o(0") Cc &,(S). Suppose that b 4 0. Since 
b € X(S), there is a subsequence T’ of T with b = o(T’). Since D(G) < n, we 
may assume that |T’| < n. This implies that T’0”—'7"|| S and b = o(T’0"7!7'l) c 
Yin(S). 

Case 2: h<n-1. 

If b £ 0, then b € X(T). If b = 0, then n+ k—h > k +1, and thus the 
assumption implies that b € &(T). Therefore in both cases we have b € X(T), and 
we assert that there is a subsequence U of T with b = a(U) and |U| € [n — h, n]. 
If this holds, then UO"—!4! | $ and b = o(U0"—!4!) € 5, (S). 

Let U be a subsequence of T of maximal length such that b = o(U). By 
the maximality of |U| it follows that 0 ¢ S(U~'T) and hence |U~'T| < k by 
assumption. This implies that |U| > |T|—k =n—h. If |U| <n, then we are done. 
Suppose that |U| > n. By Proposition 4.2.6, U admits a product decomposition 
U =U,-...-U,U" where all U; € B(G) are of length |U;| < h for i € [1,y] and 
U' € F(G) with n—h < |U'| < n. Since b = o(U) = o(U’), the sequence U’ has 
the required property. 


Although Proposition 5.1.12 is a straightforward consequence of the main 
result 5.1.16, we give a simple independent proof based on Proposition 5.1.13. 


Proof of Proposition 5.1.12. (a) = (b). Let S € F(G) be a sequence of length 
2n — 2 which has no zero-sum subsequence of length n, that is, 0 ¢ %,,(S). For 
every g € G we have |g + S| = 2n — 2 > n, hence 0 € }(g +S) and consequently 
Xn(S) # Ngeq U(9 + S$). By Proposition 5.1.13, there is some g € G and some 
subsequence T of S such that |T| = n—1 and g + T is zero-sum free. Then 
Corollary 2.1.4 implies that g +T = a"~1 and thus T = (a—g)"~'. Let c=a-—g 
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and S$ = c”~1U for some sequence U € F(G). Then —c+ S = 0"-1(-c + U). 
Since —c+ S has no zero-sum subsequence of length n, it follows that —c+ U is 
zero-sum free whence —c + U = d"~! for some d € G with ord(d) = n. Thus it 
follows that S = c”-1(e+d)""1. 

(b) = (a). Since ord(g—h) = n, the shifted sequence —h+S = 0"~!(g—h)”—! 
has no zero-sum subsequence of length n, and hence S has no zero-sum subsequence 
of length n. 


We continue with a simple observation which will be needed frequently in 


what follows. Let g € G with ord(g) =n and S = (njg)-...-+ (nig) where | € No 

and n1,...,m € [1,n]. Then n||S||, =ni +...+1, 
g—-S=((n—n+1)g)-...-((n—m + 1g) 

and 


u l 


nllg— Sllg = Do(n— mi +1) = DO m—ni) + [5]. 
i=1 Liar 

Proposition 5.1.14. Let G_ be cyclic of order n > 3, k € [1,n—1], g € G with 

ord(g) =n and S,5),52 € F(G) such that S = $)So, |S} =n+k—1, ||Sil|g <1 

and ||g — Sally <1. 


1. S has no zero-sum subsequence of length n. 


2k <|Si) <n, k < |S2| <n andb—a>k where a,b € [1,n], (ag)| Si and 
(bg) | So. In particular, gcd($1, $2) = 1. 


3. (i) We have 
Vg(S) + vo(S) > 2k, max{vg(S),vo(S)} >k and 
min{vg(S),vo(S)} > 2k—-n+1. 
(ii) The following statements are equivalent: 
(a) vg(S) + vo(S) = 2k. 


(b) Sy = g??-™*1(29)""1-? and Sp = 074-11 (—g)""1"4 where p,q € 
[((n — 1)/2,n—1] andp+q=n+k-1. 


(iii) The following statements are equivalent: 
(a) ‘maax{v,(S), vo(S)} = k. 


(b) n+k is odd, S; = g*(2g)-*-Y/? and Sz = 0F(—g)-F-V/?, 
4. If kk > 84, then h(S) = max{v,(S), vo($)}. 


Proof. 1. Let S’ = S}S5 be a zero-sum subsequence of S where S} |S; and S4 | So. 
We set 
Si =(aig)-...- (arg) and SS = (big)-...- (bsg), 
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where r,s € No and aj,...,@,,61,...,bs € [1,n]. Since S$” has sum zero, we infer 
that )7j_1 ai = 03-1(n — bj) mod n. Since 0 < D%j_ a < nl|Sillg < nm and 


0< So (n— by) < nllg — Sally — [$2] <n — [Sa] <n, 


j=l 
we infer that r< 0), a = Beal — b;) <n —|S2| and hence |$"| = |S}95| < 
r+ |S2| <n. 

2. Since |$;S2| = n+k—1, |Si| < n]|Sillg < nm and |S2| = |g — S2| < 


n\|g — S2||g <n, we obtain the first two inequalities. We set 
M = max{a € [1,n] | (ag) | Si} + max{n — b+ 1]|b € [1,n], (bg) | So}. 
Then 


2(n — 1) B nllSill + nllg— Salo = M+ (|S1|— 1) + (Sol —1) > M+ ntk-3, 


and hence M < n—k +1. If a,b € [1,n] such that (ag)|S and (bg)|S2, then 
at+tn—b+1<M<n—k-+1 and hence b—a> k. 

3.(i) Since |[.5;||, < 1, we get 0 { S; and thus vo(S) = vo(S2). Similarly, we 
get vg(S) = v,(51). We have 


n—12 nl[Sillg 2 vg(S1) + 2(1S1] — vg(S1)) = 2/51] — vg(S) 


and 
n—12 nl|9 — Sallg 2 vo(S2) + 2(|S2| — vo(S2)) = 2|S2| — vo(S) - 


Adding these two inequalities we obtain 
2(n — 1) = 2|S| — (vg(S) + vo(S)) = 2(n + k — 1) — (vg(S) + vo(S)), — (*) 


and hence vg(5') + vo(S) > 2k. Using 2., we get k < max{v,(S),vo(S)} <n-1 
and thus min{v,(S),vo($)} > 2k—n-+1. 

3.(ii) The implication (b) = (a) is obvious, and hence it suffices to show 
that (a) = (b). 

The equality vg(S) + vo(S) = 2k holds if and only if n — 1 = 2|5;| — v,(S) 
and n — 1 = 2|,$9| — vo($). These conditions imply that $1; = g¥9(51)(2g)v29(51), 
So = gvo(S2)(_g)¥-9(S2) Vq(S1) = 2|Si,—n+1 = 0 and Vo(S2) = 2|So|—n+1 = 0. 
Using 2. we infer that |S;| € [n — 1)/2,n — 1] for i € {1,2}. Now setting p = |5}| 
and q = |S2| we obtain the assertion. 

3.(iii) Again it suffices to show that (a) = (b). Suppose that 
max{v,(S}),vo(S)} = k. Since vg(S) + vo(S) > 2k, it follows that vg(S) = vo(S) = 
k. Thus we have again equality in (*) and in the two previous inequalities, which 
implies the assertion. 
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4. Since vg(S) + vo(S) > 2k and k > 4 >, it follows that 


|g 99-05) S| < |S] - 2k =n—-1—k<k. 


By 3. we have max{v,(S),vo(S)} > k, and thus the assertion follows. 


Lemma 5.1.15. Let g € G with ord(g) =n > 2 and S € F((g)) with 2|5| > n||5|l|q. 
1. vg(S) = 218] —nlSIly. 


2. For every x € [2|S| — n|S|\,,nl|S||,] there is a subsequence S’ of S with 
|S’| > 2|S|—n||S||, and o(S") = 2g. 


Proof. 1. We set S = g¥9\5)(ayg)-...+ (agg) where k € No and ay,...,ax € (2, n]. 
Since 2(vg(S) + &) = 2|S| > n||S||g =vg(S) +a1 +...+ ax, it follows that 


k 
0 < 2|5| — n||S||g = 2|5| — (vg(S) + a1 +... + ax) =vg(S) — } (ai — 2) < vg (5). 
i=1 
2. We start with the following assertion. 
A. Let k € N and 1 = ao,ay,...,a, € N such that a, +...+a; < 2i for all 
€ [1,k]. Then 


k 


{Sra |O4TC (0, A] } = A oa. 


ae v=0 


Proof of A. We proceed by induction on k. If k = 1, then a; < 2, and hence 
the assertion follows. Suppose that k > 2 and that the assertion holds for k — 1. 
Then 


{Sra lO4TC (0, 4] } = {Sra |OATC (0, k—1}U {ax} 


tel tel 


Ufan+ doa |OATC [0,k-1} 


ier 
k-1 k 

= ies a,| U {ax} U [1 +ar,>~ a,| 
v=0 v=0 


Since uae ody = 2k >a, +... +x, we infer that a, < 1+ = ay, and thus 
A follows. 
We set m = 2|S|—nl|S||, and S = g™(aig)-...+ (a)s;-mg) where 1 < a; < 
*+<aisi-m <n. Then a1 +...+ as\-m = n||S||g — m = 2(|S| — m) and hence 


aj+a a, +ag+a ay+...+ag)— 
i 2 1 2-4 2 3 [S| mt 6 


2, = 3 = = ian 
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which implies that a; +...+ a; < 2i for all ¢ € [1,|S|— ml]. Pick x € [2|5| — 
n||S'l|g,2||S||g] = [m, 2|S| — m] and set y = x — (m—1) € [1,2(|S|—m) + 1]. Then 
A implies that the sequence g(a1g) -...- (@js;-mg) has a subsequence S$” with 
a(S”) = yg. Then S’ = g™ 1S” is a subsequence of S with |.$’| > m such that 
a(S’) = 2g. 


Let exp(G) = n and S € F(G). Obviously, S has no zero-sum subsequence 
of length n if and only if —g+ S has no zero-sum subsequence of length n for any 
g € G. Thus the investigation of sequences, that have no zero-sum subsequences 
of length n, can be restricted to those sequences T with h(T) = vo(T). 


Theorem 5.1.16 (Savchev—Chen). Let G be cyclic of ordern > 3 and S € F(G) 
a sequence of length |S| > *4=+. Then the following statements are equivalent: 


(a) S has no zero-sum subsequence of length n and h(S') = vo(S). 


(b) S = SS where S1,52 € F(G) with ||Si\|y <1 and |g — Sal|q <1 for some 
g €G with ord(g) =n. 
Proof. (a) = (b). We set S = 0(5)S’ with S’ € F(G). Then (a) and the “in par- 
ticular” statement of Proposition 5.1.13 imply that for every zero-sum subsequence 
T of S we have |T| < n. In particular, vo(S') <n. 
Let T be a zero-sum subsequence of S$’ of maximal length. Thus U = T~'!S’ is 
zero-sum free, |T'|+h(S) < nand |U| > #44 -(n—1) = 24+. By Theorem 5.1.8.1, 
there is some g € G with ord(g) = n such that U is g-smooth. We set 


T = g\) (big) -...+ (bag), 
where g € No and 0j,...,bg € [2,n — 1]. We continue with the following two 


assertions. 


Al. Let I Cc [1,q] such that p=n—-DO,--(n— b;) € [2, n||U]|,]. Then 


ier 
> pe —nlUllo if pe [2|0| —n]|U lg, n||U lg], 
~ ly if y € [2,2|U|—n|U||,-1], 


and b; > n||U||, for all i € [1, qd]. 
A2. n|[U||o+ jai (n — bj) <n. 
Suppose that A2 holds. We set 


S= GU and Sz = 05) (big) -... + (bag), 


and then clearly S = 5)S2. Since T has sum zero, we get v,(T’) = ja ( — b;) 
mod n. Because S has no zero-sum subsequence of length n, we have v,(T) € 
[(0,n —1], and by A2 we have Yaa bj) <n. Thus v,(T’) = >4_,(n—6;), and 


j=l 
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again by A2 we infer that n||Si||g = vg(Z) + n||U||, <n. Furthermore, it follows 
that 
q 
nllg — Sallg = > o(n — by) + (vo(S) + 4) = vg(T) + h(S) +9 = |T|+h(S) <n. 


j= 


Proof of Al. Note that 2|U|—n||U||g > 2\U| — (nm —1) > 2. 

Let y € [2|U| — n||U]|g,n|U |g] C [2,n — 1]. By Lemma 5.1.15.2 there is a 
subsequence U’ of U with |U’| > 2|U|—n||U ||, and o(U’) = yg = (Soe, bi) g. This 
implies that |I| > |U’| > 2|U|—n||U||,, because |I| < |U"| and replacing |],- (big) 
by U’ would yield a zero-sum subsequence T” of S with |T’| > |T7'], a contradiction 
to the maximality of |T). 

Let vy € [2, 2|U|—n||U||,—1]. By Lemma 5.1.15.1 there is a subsequence U’ = 
g? of U with o(U’) = gg = (Sie, bi) g. As above it follows that |I| > |U’| = ¢. 

Let i € [1,q] and assume to the contrary that 6; < n||U||,. Then 2 < bj = 
n—(n—b;) < n||U||,, which yields a contradiction to the lower bound of |J| for 
I = {i}. 

Proof of A2. If q = 0, then the assertion follows because U is g-smooth. 
Assume to the contrary that q > 1 and n||U||, + )0f_1(n — 6;) > n. Thus there is 
some minimal J C [1,q], say I = [1,m], such that p = n— D0" (n—b;) < n|lU Iq, 
and hence y+ (n — b;) > n||U||, for all 7 € [1,m]. Since b,, > n||U||, by A1, we 
get 


g > n|[Ullg — (r= bm) > n[U lg — (rn — n|[U ||) = 2n||U]1g —n > 2|U]—n > 1. 
If p € [2|U| — n|[U||,, n||U||,], then Al implies m > 2|U|— n||U||, and hence 


<n—(m—1)<n—- QU] —nllU]g—1) = (n—2|0]) + nfo +1, 
a contradiction to 2|\U| >n+ 1. 


Suppose that y € [2,2|U| — n||U||, — 1]. Then Al implies m > y, and since 
n—b; >n|[U||g +1—¢>0 for all 7 € [1, m], we infer that 


n=9+) (n-b;) >¢+m/(n|lU|lg+1-¥¢) 
j=l 
> yet y(n|lUllo+1—y) = 9(nllUll,+2-¢). 


Consider the quadratic function f: R — R, defined by f(x) = x?—(n||U||7+2)r-+n 
for all « € R, and observe that the above inequality states that f(y) > 0. However, 
the maximum value of f in the interval between 2 and 2|U| — n||U||, — 1 equals 
f(2) =n— 2n||U ||, <n —2|U| < 0, a contradiction. 
(b) = (a). This follows from Proposition 5.1.14. 
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Remarks 5.1.17. Let G be cyclic of order n > 3. 

1. Let S € F(G) be a sequence of length n+ —1, with k € [(n+1)/2,n—1] 
that has no zero-sum subsequence of length n, and suppose that h(S) = vo(S). 
Then Theorem 5.1.16 and Proposition 5.1.14 give structural information on S. In 
particular, we get vg(S)+vo(S) > 2k. Thus if k = n—1, we obtain the description 
of S given in Proposition 5.1.12. 


2. We give an example of a sequence S of length |S| = |(3n — 2)/2|, that 
has no zero-sum subsequence of length n, but that does not satisfy the structural 
description given in Theorem 5.1.16.(b). For an element h € G with ord(h) = n, 
where n > 9 for odd n and n > 6 for even n, we set 


g- 0”-1(2h)2-1(3h) if mn is even, 
~ )or-1(2h)"*" (3h)? if nis odd. 


Obviously, S has the asserted length and no zero-sum subsequence of length n. 
Assume to the contrary that there exists an element g € G with ord(g) = n such 
that the condition in Theorem 5.1.16.(b) holds. Then Proposition 5.1.14.4 implies 
that n — 1 = h(S) = max{vg(S),vo(S)}, and hence Sz = 0"~!. Then S,; = S~1S 
and ||.S;||, > 1, a contradiction. 


5.2 Groups of higher rank 


We focus on groups of the form G=C7, with n,r ¢ N and n > 2, and we start 
our discussion with the following two properties. 


Property C. Every sequence S over G of length |S| = 7(G)—1, that has no zero- 
sum subsequence of length in [1,n], has the form $ = T"~! for some sequence 
T over G. 


Property D. Every sequence S over G of length |S| = s(G) — 1, that has no 
zero-sum subsequence of length n, has the form S$ = 7"! for some sequence T 
over G. 


For groups of rank two, Property C was first considered by P. van Emde Boas 
and Property D by W. Gao (see [30, 45], [44, Lemma 4.7]). 

If r = 1, then G has Property D by Proposition 5.1.12. It follows from 
the very definition that C3 satisfies Property D, and a straightforward argument 
shows that C3 satisfies Property D (see [28, Lemma 2.3.3] and the subsequent 
discussion). In [52, Conjecture 7.2] it is conjectured that every group G = C7, 
where r € N and n € Nso, has Property D (see [129, 57]). Groups of rank two will 
be considered in some detail below. 

Following [47, Proposition 2.7] and [64], we work out the relationship between 
Property C and Property D. We need the technical Property D1 for an arbitrary 
group G with exp(G) =n. 
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Property D1. Every sequence S over G of length |S|=s(G)—1 that has no 
zero-sum subsequence of length n satisfies h(S') > [45+]. 


Lemma 5.2.1. Let exp(G) =n and S € F(G). 


1. Ifg € G with vg(S) > [4+] and S has no zero-sum subsequence of length 
n, then S has a subsequence T of length |T| > |S|—n+1 such that —g+T 
has no short zero-sum subsequence. 


2. Ifi € [1, (n+2)/2] and |S$| = (G)+i-1, then S has a zero-sum subsequence 
T of length |T| € [i, n]. 


3. If |S| =7(G) +n—1 and h(S) > [45+], then S has a zero-sum subsequence 
of length n. 


4. If G has Property D1, then s(G) = 7(G) +n—-1. 


Proof. 1. Without restriction we may suppose that g = 0, say S = 0°R with 
v > |%*| and R € F(G). Let U be a zero-sum subsequence of R such that 
|U| < n is maximal. Then, by the maximality of |U]|, either |U| > n/2 or U-!R 
has no short zero-sum subsequence. Since S has no zero-sum subsequence of length 
n, it follows that |U| + v <n. Thus |U| < n/2 and T = U~'!R has no short zero- 
sum subsequence. Since |S| = |Z|+|U| + v and |U|+v < n, we obtain that 
|T| > |S|—n. 


2. We proceed by induction on 7. For 7 = 1, the assertion is clear. Now 
suppose the assertion holds for i € [1,n/2], and we have to show it for i+ 1. Then 
S' has a zero-sum subsequence T} of length |Ti| € [?, n]. If |7,| > 7+ 1, then we are 
done. Otherwise, |T,| = i and |T>'S| > 7(G). Thus T'S has a short zero-sum 
subsequence T). If |T2| > i+1, then we are done. Otherwise, |T>| € [1,7] and TT» 
is a zero-sum subsequence of S of length 1 +7 < |T)To| < 27 < n. 


3. We may suppose that S = 0°R with v > |45+| and RE F(G). Ifv>n, 
then we are done. Suppose that vu < n — 1. Since |R| = n(G) +n—1-v and 
l1<n-—v< (n+ 2)/2, 2. implies that R has a zero-sum subsequence T of length 
|T| € [n — v,n]. Thus 0°—!7!|7| is a zero-sum subsequence of S$ of length n. 

4. Lemma 4.2.2.1 implies that s(G) > n(G)+n—1. Let S € F(G) bea 
sequence of length |.S| = s(G) — 1 that has no zero-sum subsequence of length n. 
By Property D1 we have h(S) > | 75+], and hence 3. implies that s(G)—1 = |S| < 
n(G) +n —2. 


Proposition 5.2.2. Let G=Cy, withr,n > 2. Then the following statements are 
equivalent : 


(a) G has Property D. 
(b) G has Properties C and D1. 
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Proof. (a) = (b). By definition, G has Property D1. To show that G satisfies 
Property C as well, let S € F(G) be a sequence of length 7(G) — 1 which has no 
short zero-sum subsequence. We consider the sequence 


T=o0"'!S. 


If T has a zero-sum subsequence TJ” of length |T’| = n, then T’ = 0*S’ with 
k’ € [0,n — 1] whence S’ is a short zero-sum subsequence of S. Since Property D 
holds, Lemma 5.2.1.4 implies that |T| = (G) — 1+ (n—1) =s(G) — 1. Therefore 
Property D implies that S has the required form. 

(b) = (a). Let S € F(G) be a sequence of length |S| = s(G) — 1 that 
has no zero-sum subsequence of length n. By Property D1, S may be written in 
the form S$ = g'(5)S" where g €G, S’ € F(G) and h(S) > [554]. By Lemma 
5.2.1.1, S has a subsequence T of length |T| > |S|-—n+1 > 7(G) —1 such 
that —g+T has no short zero-sum subsequence. Clearly, we may suppose that 
|T| = n(G) — 1. Since G has Property C, it follows that there are a1,...,a, € G 
such that —g+ T = (a1-...:ax)"~+. Since 0 ¢ {a1,..., ax}, it follows that T'| S’. 
This implies that h($) =n —1 and hence $ = (g(g+a1)-...-(g+ ax)" 


Suppose that Property D holds. Then, by definition, there exists some c(G) € 
N such that s(G) = c(G)(n — 1) +1. For r = 1 we have c(G) = 2 and for r = 2 we 
have c(G) = 4 (see Theorem 4.2.10). In case of higher ranks, bounds for c(G) are 
given by N. Alon and M. Dubiner [2] and then in [100, 29, 28, 27]. 

Property C and Property D are both multiplicative, provided that the 
c(-)-invariants of all involved groups coincide (see [56, Theorem 3.2]). 


Theorem 5.2.3. Let G=C7,,, withm,n,r EN. 
1. If both Cy, and Cy, have Property D and 


s(C’,)-—1 _ s(C7) —1 _ s(CT_,)—1 


m 


m—1 n—1 mn—-1 ”’ 


then G has Property D. 
2. If both Cy, and Cy, have Property C and 


m—-1 n-1 mn-1 ’ 


then G has Property C. 


From now on we restrict our discussion on groups of rank two. For G = 
Cr ® Cy, with n > 2 the following property was first addressed in [49]. 


Property B. Every minimal zero-sum sequence S over G of length |S| = 
D(G) = 2n —1 contains some element with multiplicity n — 1. 
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It is conjectured that every group of the above form satisfies Property B. 
Several equivalent conditions to Property B may be found in [71, Section 5.8}. 
Proposition 5.2.6 shows that if G satisfies one of the Properties B, C or D, then 
the structure of the extremal sequences is completely determined. In order to work 
this out we need some preparations. 


Lemma 5.2.4. Let G=C, ®C, withn >2 and S € F(G). If |S|=3n—3 and 
S has no short zero-sum subsequence, then S has a minimal zero-sum subsequence 
T of length |T| = 2n—1. 


Proof. Suppose that |S| = 3n—3 and that S has no short zero-sum subsequence, 
and set W = 0S € F(G). Then Corollary 4.2.11 implies that W has a zero- 
sum subsequence U of length |U| € {n,2n}, and by our assumption on S we get 
|U| = 2n. If U is a subsequence of S, then D(G’) = 2n — 1 implies that U = U,V, 
where both U; and U2 are nontrivial zero-sum sequences. Therefore, either U; or 
U2 is a short zero-sum subsequence of S$, a contradiction. Therefore, U = 0T with 
|T| = 2n — 1, and since S has no short zero-sum subsequence, it follows that T is 
a minimal zero-sum sequence. 


Theorem 5.2.5. Let G=C,@6C, with n > 2 and let S € A(G) be a minimal 
zero-sum sequence of length |S| = 2n —1. 


1. For every g € supp(S) we have ord(g) =n. 
2. If |supp(S)| = 3, then S contains some element with multiplicity n — 1. 
3. If G has Property B, then G has Property C. 


Proof. 1. See [71, Theorem 5.8.4]. The proof is done by the inductive method. 
2. See {101, Theorem 1]. The proof uses the theory of continued fractions. 
3. By Corollary 4.2.11 this follows from [50, Theorem 6.2]. 


Proposition 5.2.6. Let G=C, ®C, withn > 2 and let S € F(G). 
1. If S has length D(G), then the following statements are equivalent: 


(a) S' is a minimal zero-sum sequence and contains some element with mul- 
tiplicity n — 1. 


(b) There exists a basis (e1,e2) of G and integers 21,...,%n € [0,n— 1] 
with a1 +...+2, =1 mod n such that 


n 
Te (aver + €2) 


2. If S has length (G) —1, then the following statements are equivalent: 


(a) S=T"~! for some T € F(G) and S has no short zero-sum subsequence. 
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(b) There exists a basis (e1,e2) of G and some x€[1,n—1] with ged(a,n) = 
1 such that 


s= (eye2(xeq + €2))"* 


3. If S has length s(G) —1, then the following statements are equivalent: 


(a) S =T"~! for some T € F(G) and S has no zero-sum subsequence of 
length n. 


(b) For every g € supp($) there exists a basis (e1,e2) of G and some 
x € [l,n—1] with gcd(x,n) = 1 such that 
n—-1 
-g+S= (Oeye2(re1 + €2)) 

Proof. In all three items, the implications (b) = (a) are obvious. Thus it remains 
to verify the converse. 

1. Let S = ey"-1g,-...+ Gn, where g1,...,9n € G. Then ord(e,) = n, 
and there exists some € € G such that (e1,é) is a basis of G. For i € [1,n] let 
xi, yi € [(0,n — 1] be such that g; = xe, + ye. Since 


a(S) =(n-1L+tait+...+an)ert+ (yi t...+yn)e=0, 


we obtain that 7, +...+2, =1 mod n, and that B = (yié)-...- (Yné) has sum 
zero. We assert that B is even a minimal zero-sum sequence. Indeed, otherwise 
there exists some @ 4 I ¢ [1,n] such that 


Soy =0 mod n. 


iel 
If k € [0,n — 1] is such that 


+. z,=n—k modn, then e," [[@e + ye) 
ie€l i€l 


has sum zero, a contradiction to S € A(G). Now Corollary 2.1.4.1 implies that 
Y1 =*'+ = Yn = Y, where gcd(y,n) = 1, and we set e2 = yé to complete the proof. 


2. Let S = T"~' be as in 2.(a). By Lemma 5.2.4, S has a minimal zero- 
sum subsequence U of length |U| = 2n — 1. Since 3 = |supp(S)| = |supp(U)|, 
Theorem 5.2.5.2 and item 1. imply that U has a form as given in 1.(b). Thus 
there exists a basis (e1,e2) of G such that T = e1(x1e1 + e2)(a2e1 + e2) with 
0< a <a <n-—1. Clearly, (fi, fo) = (e1,71e1 + e2) is a basis of G and hence 
T = fife(afi + fe) with x € [1,n — 1]. Assume to the contrary that ged(z,n) = 
a> and set n’ = n/a. Then (af; + fo)” oe is a short zero-sum subsequence 
of S, a contradiction. 

3. Let S$ = T"~! be as in 3.(a) and let g € supp($). Then T = gU for some 
U € F(G). Since —g +U"~! has no short zero-sum subsequence, 2. implies that 
—g-+S' has the required form. 
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The argument in Proposition 5.2.6.2 stems from [121]. Moreover, in that pa- 
per Wolfgang A. Schmid established a characterization of the structure of all mini- 
mal zero-sum sequences over Cy, @ Cp, where 1 < m|n2, of length 
D(Cr, ® Cr,) = ni + ng — 1, under the hypothesis that C,, ®@ Cr, has Prop- 
erty B. Analogous results were derived for Properties C and D. 


The next theorem reduces the question whether Property B holds for all 
groups under discussion to groups C,®C;, where p is a prime (see [54]). Property B 
is verified for some small primes in [50, 5]. 


Theorem 5.2.7. Let G=C,@C, with n> 2. If for every prime divisor p of n 
the group Cp ®C, has Property B, then G has Property B. 


Theorem 5.2.8. Let G=C, OC, for some odd prime p and let S € F(G). 


1. If S is a minimal zero-sum sequence of length |S| = D(G), then |supp(S)| € 
[3, p]. 

2. If S is zero-sum free of length D(G) — 1, then each two distinct elements of 
supp(S) are independent. 


3. If S is zero-sum free of length D(G) —1, « > 0 and p sufficiently large, then 
S contains some element g with multiplicity vg(S) > p!/4-©. 


Proof. 1. See [71, Proposition 5.8.5]. Note that for every 7 € [3,p] there is an 
S; € A(G) of length |5;| = D(G) and with |supp(S;)| = 7. 
2. See [71, Corollary 5.6.9]. The proof is based on a covering result. 


3. See [56, Theorem 4.1]. The proof is based on a Theorem of J.A. Dias 
da Silva and Y. ould Hamidoune [21] which runs as follows: If A € F(G) is a 
squarefree sequence and k € [{1,|A|], then 


|2;,(A)| 2 min{p, k(|A] — k) +1}. 


5.3 Arithmetical consequences 


Some simple arithmetical consequences of Property B can be found in [71, 
Chapter 6]. In this Section we restrict our attention to cyclic groups and start 
with a result first proved in [48] and based on Theorem 5.1.8. 


Theorem 5.3.1. Let H be a Krull monoid with cyclic class group G of order 
n > 2 such that every class contains a prime. Then for every k € N we have 
por4i1(H1) =kn+1. 


Proof. By Theorem 1.3.4, it suffices to consider B(G). Assume to the contrary 
that there is some & € N such that pop41(G) > kn + 2. Let k € N be minimal 
with this property whence p2,-1(G) = (k — 1)n+1. Thus there are B € B(G) 
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and U;,...,Uer41,Vi,---,Vp © A(G) with p = pox4i(G), |Ui] = --- > |Uaesil, 
[Vil <--- <|V,| and 


B=U,-...:Uons1 =Vi-...+ Vp. (*) 


We may suppose that |B] is maximal such that («) holds. Since p2,(G) = kn, it 
follows that 0 | B whence |U2,41| > 2. 

Let @ € [0,p] such that [Ve] = 2 and 3 < |Ve41|, and assume that (*) is a 
representation with maximal ¢. Then h(—h) { Ve41-...-Vp for any h € G. Indeed, 
assume to the contrary that there are h € G and distinct i,j € [@+1, e] such that 
h|V; and —h|V;. Then V;V; = h(—hA)V’ with V’ € B(G), and by the maximality 
of p it follows that V’ € A(G). But this contradicts the maximal choice of @. 

Next we prove that @ > 1. If ¢ = 0, then 3p < |B| < (2k + 1)n implies 
p< 3 (2k +1) < kn +1, a contradiction. 

By the maximality of |B] it follows that, for all ¢ € [1,2k +4 1], U; is not 
splittable, and we assert that |U2;| > || +2. Indeed, assume to the contrary that 
[Vox] < [8] +1. Then 


20 <|B| < ((2k - 1)n+2(5 +1) = 2kn +2, 


and hence p < kn + 1, a contradiction. Thus Theorem 5.1.8 implies that U; = g? 
for all i € [1, 2k]. 

Assume to the contrary that there are i, 7 € [1,2k+1] such that U; = g” and 
U; = (-g)”. Then ¢ > n, and after renumbering, if necessary, we may suppose 
that Vj = --- = V, = (—g)g. Since (U;U;)"1B = Vn4i1-...- Vp, it follows that 
(k—1)n+1 = poxi(G) > p—n > (k—1)n+ 2, a contradiction. Thus there are 
no two U;,U; of such a form and hence @ < |U2441|. 

If |Uon41| = |$]+2, then Theorem 5.1.8 implies that U2.41 = 93,4, for some 
gar+1 € G. Since @ > 1, it follows that gox41 € {—g1,.--,—gox}, a contradiction. 
Thus Pm 

|Uor4ail < ee se 


and therefore we obtain that 


pers |B| — 2€ = |B\|+2é = Qhn + |Uon41| + & 


3 3 3 
< an < ae <knte, 


a contradiction. 


Corollary 5.3.2. Let H be a Krull monoid with cyclic class group Gof order 
n >2 such that every class contains a prime. Then for every k © N and every 
LENo we have Vi(H) = [Ax (A), pr(A)), 


ai+j forj € [0,1], 
21+2 forj € [2,n—1], 


Portj(H) =kn+ 7 forg € [0,1] and Xm4;(H) = 
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provided that In+ 7 > 1. 


Proof. As in the proof of Theorem 3.1.3, it suffices to consider the block monoid 
B(G). If n= 2, then B(G) is half-factorial whence for all k € N we have \,(G) = 
k = px(G). Suppose that n > 3, and let k € N. By Theorem 3.1.3 we obtain that 
Vi. (AH) = [An (G), px(G)]. The assertion on p244;(G) follows from Theorem 5.3.1, 
and the assertion on Ain4+;(G@) follows from Corollary 3.1.4. 


Corollary 5.3.3. Let G_ be either cyclic or an elementary 2-group with Davenport 
constant D(G) =n>4. If G’ is a finite abelian group with L(G) = L(G"), then 
GG’. 


Proof. Suppose that £(G') = £(G"). Then Proposition 3.3.1 implies that A(G) = 
A(G’) and px(G) = px(G") for all k € N. By Corollary 2.3.6 it follows that G" is 
either cyclic or an elementary 2-group. Corollary 3.1.5 and Theorem 5.3.1 imply 


that 3 
n _ 
p3(Cn) =n+1< ao =p3(Cy )s 


and thus we obtain that G & G’. 
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Part II 


Sumsets and Structure 


Imre Z. Ruzsa 


Introduction 


This is a somewhat extended version of my course given in the DocCourse in 
Barcelona, Spring 2008. Two students, Itziar Bardaji and Lluis Vena helped me 
to prepare the final version, and here I wish to express my sincere thanks to them. 

The course is devoted to certain aspects of combinatorial number theory, 
or additive combinatorics as it is now often called. This change of terminology 
reflects a shift in the emphasis of problems investigated. First it was mainly infinite 
sequences and finite sets of integers; this naturally led to sets of residues, then sets 
in finite groups, and also sets of lattice points, then sets in general commutative 
groups. (We shall now and then mention results that do not need commutativity, 
but will not pursue this aim forcefully.) 

In classical additive number theory we start with a given set, say of primes, 
and try to understand how an integer can be expressed as a sum of elements of 
this set. In combinatorial (or structural, or inverse) theory we do the opposite: 
Given an additive assumption about a set, say that it has few or many sums, we 
try to understand its structure. (This is not always explicit in the formulation; we 
can equivalently say “if a set has few sums, it has property A” or “if a set has 
property non-A, it has many sums”; we will not attempt uniformity here.) 

Historically, combinatorial additive theory grew out of the classical one. 
Though a few isolated results existed before, the turning point is Schnirelmann’s 
approach to the Goldbach problem. Goldbach’s conjecture asserts that any integer 
greater than 3 can be expressed as a sum of two or three primes, depending on 
parity. Schnirelmann proved the weaker result that there is a bound k so that 
every integer is a sum of at most k primes, or in other words, the primes form 
an additive basis. To this end he established that (very loosely speaking; exact 
formulations will be given in Chapter 3) integers that can be written as a sum 
of two primes have positive density; and every set having positive density is a 
basis. For the Goldbach problem Schnirelmann’s approach was soon superseded 
by Vinogradov’s trigonometric sum method; however, it kindled the interest in 
addition of general sets. 

In the first chapter we consider questions of the following kind. Suppose we 
know the cardinality of a (finite) set and we know also the number of sums of 
pairs. What can we say about the number of differences, or of sums of triples? 
The understanding of such cardinality problems is of paramount importance for 
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understanding the structure. 

First we explain the most important tool, Pliinnecke’s inequality, then two 
further inequalities independent of it. These will be applied to study the connection 
between |A], |A + B| and |A+ kB, with particular emphasis on the case B = A. 

In the second chapter we prove Freiman’s structure theorem on the structure 
of sets with small doubling. In addition to Pliinnecke’s inequality, we introduce 
some basics of Fourier analysis and the important notion of Bohr sets which play 
a significant role in the proof. 

In the third chapter we tell results connecting geometrical position or position 
within a group and cardinality of sumsets. These include Kneser’s theorem and a 
theorem by Freiman relating the cardinality of the sumset with its diameter. The 
second part of the chapter deals with the sumset problem in higher dimensions 
and discusses its connections with geometrical position. The chapter ends with 
Hovanskii’s theorem showing that the growth of the n-fold sum of a finite set is 
polynomial in an abelian semigroup. 

In the fourth chapter we give some results about density. We review the 
results of Schnirelmann and Mann which provide lower bound for the density of a 
sumset in terms of the density of the summands. We also discuss the Erdés result 
which shows that addition of an additive base, even with zero density, increases 
the density of the sumset. We give some examples and Plimnecke’s improvement 
of this result. 

In the fifth chapter we explore some connections with topology and measure. 
While measure is a more sophisticated concept than cardinality of finite sets, the 
results are often simpler and sometimes also easier to prove. Although there are 
several topologies on the set of integers as a discrete set, we will mainly discuss 
the connection of the Bohr topology to additive properties. 

The course contains exercises and problems; the difference between them is 
that an exercise is what I can solve. Some exercises are called a prexercise; this 
means that the solution will be included in the text, just I feel it may benefit the 
reader to meditate on it at that point before (or better, instead) reading the proof. 


Notation 


Let A and B be sets in a (mostly commutative) group. We will call the group 
operation addition and use additive notation. The swmset of these sets is 


A+Bz={at+b:a€A, be B}. 


Similarly 
A-—B={a—b:a€A,be B}= {a+ (-b)}. 


For repeated addition we write 
kA=A+---+A, k times; 


in particular, 1A = A, 0A = {0}. 
The set kA is typically different from 


k-A={ka:ae A}; 


this will appear rarely.! 
We will use Z, = Z/(qZ) to denote the set of residue classes modulo gq. 


1 This should cause no difficulty in a country where ortography distinguishes between -ll- and 
lL. 


Chapter 1 


Cardinality inequalities 


1.1 Introduction 


Let A, B be sets in a group, |A| = m, |B| =n. The cardinality of A+ B can be 
anywhere between max(m,n) and mn. Our aim is to understand the connection 
between this size and the structure of these sets. 


Exercise 1. If A,B C Z, |A| =m, |B| =n, prove that 
|A+ Bl >mt+n-1 


and describe the cases of equality. 


Exercise 2. Given three positive integers m,n, s such that m+n—-—1< 5s < mn, 
find sets A,B C Z such that |A| =m, |B] =n, |A+ Bl = s. 


In this chapter we present some inequalities of the following kind: If a sumset, 
say A+ B, is small (in various senses), then so are some other sums. The most 
frequently applied one of them sounds as follows. 


Theorem 1.1.1. Let A, B be finite sets in a commutative group and write |A| =m, 
|A+ B| =am. For arbitrary non-negative integers k,l we have 


|kB—1B| <a*t'm. 


Observe that there is no a priori assumption on the size of B; however, with 
such assumptions sometimes the conclusion can be strengthened. 
We end this introduction by mentioning some basic ideas. 


(i) Direct product. Assume Aj, Ao, ..., Ax are subsets of a group G' with 
cardinalities of sumsets 


|A;, + As +++ + Ai,,| = N(in,..-, 4m): 
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Let A{,..., Aj, be another collection of sets in another group G’ with corresponding 
values N’(...). If we form the direct products 


B, =A; x A, ={(a,b):a€ A DEB} CGxXG, 
then we have 


|Bi, + Bi, +--+ + Bi, 


SIN Cinch VN Cire ccd 


This explains the multiplicative nature of many of the results — when a quantity 
is estimated in terms of others, this is mostly in the form of a product of powers. 
This method can often be used to build large examples starting from a single one. 
It will be used now and then in the opposite way: We apply a result for a power 
of a small set to get better results for the small set (see Section 1.6). 


(ii) Projection. If we start from sets of integers, the above construction gives 
us sets of integral vectors. This is, however, not an essential difference. If we have 
sets A; C Z¢ and a finite number of sum-cardinalities are prescribed, then we can 
construct sets of integers that behave the same way. Indeed, the linear map 


(@1,---,%q) 2 @y + mag t-+- +m "ag 


will not add any new coincidence between sums if m is large enough. 

This observation will be used without any further mentioning. If we construct 
a set in Z? with certain properties, we shall tacitly realize that a set of integers 
can also be constructed if necessary; a set in several dimensions often exhibits the 
structure more clearly. 


Exercise 3. Extend Exercise 1 to sets in Z". 


On the other hand, if we know that a set is proper d-dimensional, this may 
yield further results. 


Exercise 4. Improve Exercise 1 for sets in Z? that do not lie on a single line. 


(iii) Torsion. The above consideration shows that from our point of view the 
structure of Z* is not richer than that of Z. We can add that no torsion-free group 
produces anything new either. Indeed, let G be a torsion-free group and take a 
finite subset (the union of all finite sets which we want to add). This generates a 
subgroup G’; and, as a finitely generated torsion-free group, G’ is isomorphic to 
Z® for some k. 


Exercise 5. Extend Exercise 1 to sets in any commutative torsion-free group. 


Exercise 6. Extend Exercise 1 to sets in any non-commutative torsion-free group. 
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1.2 Plimnecke’s method 


Pliinnecke [41] developed a graph-theoretic method to estimate the density of 
sumsets A + B, where A has a positive density and B is a basis. I published 
a simplified version of his proof [49, 50]. Other accounts (of my version) were 
published by Malouf [84] and Nathanson [35]. In what follows we adopt Malouf’s 


terminology. 
Pliinnecke observed that the cardinality properties of the sets A, A+ B, 
A+ 2B, ..., are well reflected by the following directed graph. We take h + 1 


copies of the group where these sets are situated, and we build a graph on these 
sets as vertices by connecting anzx€ A+jBtoayEeA+(j+1Bify=x+b 
with some b € B. We call this graph the addition graph. These graphs have certain 
properties which follow from the commutativity of addition, and hence Pliinnecke 
called them commutative; we shall retain this terminology. 

We consider directed graphs G = (V, £), where V is the set of vertices and 
F is that of the edges. If there is an edge from x to y, then we also write x > y. 
A graph is semicommutative if for every collection (a; y; 21, 22,..., 2) of distinct 
vertices such that « — y and y — 2, there are distinct vertices y1,...,y% such 
that «> y; and y; > 2. G is commutative if both G and the graph G obtained by 
reversing the direction of every edge of G are semicommutative. 

Our graphs will be of a special kind we call layered. By an h-layered graph 
we mean a graph with a fixed partition of the set of vertices 


V=VYUYU::-UVv), 


into h+1 disjoint sets (layers) such that every edge goes from some Vj_1 into Vj. 
Exercise 7. If there is no isolated point, then this partition is unique. 


To avoid the separate formulation of certain degenerate cases we do not 
exclude isolated points. 
For X,Y C V, we define the image of X in Y as 


im(X,Y)={y€Y: there is a directed path from some x € X to y}. 


The magnification ratio is defined by 


|im(Z, Y 


w(X,¥) = min { Mi zexzeoh. 


For a layered graph we write 


13 (G) = w(Vo, Vj). 


Now Pliinnecke’s main result can be stated as follows. 
/j 


Theorem 1.2.1 (Plimnecke [41]). In a commutative layered graph i is decreas- 


ing. 
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That is, for 7 < h we have pp, < res J. An obvious (and typically the only 
available) upper estimate for j; is |Vj|/|Vo|. This yields the following corollary (in 
fact, an equivalent assertion). 


Theorem 1.2.2. Let 7 < h be integers and G a commutative layered graph on the 
layers Vo,...,Vn. Write |Vo| = m, |V;| = s. There is an X CV, X #90, such that 


|im(X, Vi)| < (s/m)"/9|X]. 


Exercise 8. Deduce Theorem 1.2.1 from Theorem 1.2.2. 


These fundamental results will be proved in the next three sections. Now we 
mention some important corollaries. 

An application of the above theorem to the addition graph yields the following 
result. 


Theorem 1.2.3. Let 7 < h be integers, A, B sets in a commutative group and write 
|A| =m, |A+j7B|=am. There is an X C A, X #0, such that 


|X + AB] < a*/9|X|. 


It is not true in general that a proper choice for X is A itself. |A+hB| can be 
much larger, it can be greater than m!+©), even if a < 2. X has to be selected 
carefully. For more details on this phenomenon see Section 1.10. 

Since |X + hB| > |hB| and |X| < m, we get the following immediate conse- 
quence. 


Corollary 1.2.4. Let j < h be integers, A, B sets in a commutative group and write 
|A| =m, |A+ jB| =am. We have 


|AB| < a?/Im. 


This is less general than Theorem 1.1.1, which will be proved in Section 1.8. 

In the torsion-free case, using |X + hB| > |X|+ |hB| —1 instead (see Exer- 
cises 1, 5, 6) we obtain the following result, which is stronger for a near to 1 (and 
gives the correct order of magnitude). 


Corollary 1.2.5. Let 7 < h be integers, A, B sets in a torsion-free commutative 
group and write |A| =m, |A+ 7B|=am. We have 


KB) < (a"/7-1)m41. 


Exercise 9. Let A, B be finite sets (in any commutative group), |A| =n, |A+ B] = 
An. Show that there is a set T such that |T| < A and B CT +(A-— A). 


Exercise 10. Let A be a finite set (in any commutative group), |A| = n, |2A|] = 
An. From Pliinnecke’s theorem we know that |kA| < A*n. For fixed this is an 
exponential function of k. Find a bound of the form f(k, A)n, where f(k, A) is, for 
fixed A, a polynomial of k. 
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Prexercise. Let A be a finite set (in any commutative group). Prove that |kA| is, 
for k > ko, actually equal to some polynomial of k (Hovanskii’s theorem). (The 
polynomial and the value of ko depend on the set A.) 


Exercise 11. Let A Cc Z. Show that 
k\(k + 1)A| > (K+ 1)|kA| —1. 


The commutativity of the addition graph requires two assumptions: one is the 
commutativity of addition, the other is that the same set B is added repeatedly. 
Still, an application to different summands and non-commutative operation is 
possible; we will consider this in Sections 1.6 and 1.11. 

Besides the complete addition graph we used above, a more general graph 
may be useful. Given three sets A, B,C we build on them the restricted addition 
graph as follows. The layers will be Vo = A, Vi = (A+ B)\C, Vj = (A+ JB) \ 
(C + (j — 1)B) for 7 > 1. (We can omit this distinction by defining 0B = {0}.) 
Again, there is an edge from an a € V; toay € Vj41 if y = «+b with some 
b € B. The case C = 9 returns the complete addition graph. An important case is 
C = A, where in each stage we get the “new sums”. 


Lemma 1.2.6. The restricted addition graph is commutative. 


Proof. Consider a typical path of length 2, 7 — y — z with x € Vj_1, y € Vj, 
z € Vj41. This means y = +b, 2 = y+)’ with b,b’ © B. We claim that 
x—>at+b! — 2+0b'+b= zis also a path in our graph. To see this we only need to 
check «+0! € V;, that is, 7+b’ € A+jBand «+b! ¢ C+(j—-1)B. The first follows 
from a € V;_1, and the negation of the second would imply z = ++b'+b € C+ 3B, 
which would contradict z € Vj+1. 

We apply this substitution to a collection « — y — 2; to find distinct y; with 
uy; > %, and to a collection x; — y — z to find x; — y; — 2; this is what we 
need to establish commutativity. 


By applying Plinnecke’s Theorem 1.2.1 to this graph we obtain the following. 


Theorem 1.2.7. Let 7 < h be integers, A, B,C sets in a commutative group and 
write |A| = m, |(A+ 9B) \(C+ (jy —1)B)| = am. There is an X C A, X #O, 
such, that 

|(X + AB) \ (C+ (h-1)B)| < a"/9|X|. 


1.3 Magnification and disjoint paths 


In this section we prove the following result. 


Theorem 1.3.1. Let G be a commutative layered graph with layers Vo,...,Vn; |Vo| = 
m. If pn >1, then there are m (vertex)-disjoint paths from Vo to Vj. 
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The outdegree and indegree of a vertex x will be denoted by 
d* (x) = d*(x,G) =|{y:2— y}], 


d(x) =d (a,G) = ty: y > a}}. 


Lemma 1.3.2. In a commutative graph if x — y, then we have 
a*(x) > at(y), (1.3.1) 


d-(a) < d-(y). (1.3.2) 


This is an immediate consequence of the definition of commutativity; we 
formulate it as a lemma to emphasize its importance. 


Definition 1.3.3. Given a graph G = (V, £) and two sets X,Y C V of vertices, the 
channel between them is the graph G(X,Y) = (V, £) defined as follows. We take 
all directed paths starting in X and ending in Y, put all the vertices on these paths 
(including the endpoints) into V and connect two vertices if they are connected 
in G. (It is easily seen that in a layered graph this is the same as putting all the 
vertices on the above-mentioned paths into EF.) 


Lemma 1.3.4. If G is commutative, so is every channel G(X, Y). 


This is again an immediate consequence of the definition. 
We see that the inequalities of Lemma 1.3.2 hold for every channel in a 
commutative graph, and this is the only property we will use. 


Exercise 12. Suppose that a directed graph has the property that inequalities 
(1.3.1) and (1.3.2) hold for every channel in it. Is it necessarily commutative? 


Proof of Theorem 1.3.1. Let r be the maximal number of disjoint paths from Vo 
to V;,. By Menger’s theorem (see, e.g., Ore [38, Ch. 12], or almost any book on 
graph theory), we know that there is a separating set S of cardinality r, that is, a 
set with the property that every path contains a vertex from S. 
For a vertex x € V; we say that 7 is its index, and we denote it as 7 = ind a. 
From the separating sets of cardinality r we select one for which 


Sv ind s (1.3.3) 


ses 
is minimal. We are going to show that 


SEU, (1.3.4) 


Let Q),...,Q, be r disjoint paths from Vo to V;. S' has one element on each Q;, 
say s;. Assume that (1.3.4) fails, and for some j, 1 < 7 < h—1, we have 


ISN V;|=¢q> 0. 
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We may assume that 
SOV; = {51,..., Sq}. 


For 1 <i <q, let x; be the predecessor and y; the successor of s; on ;, so that 
Q,; = (..+; Li, $i, Ya ---)- 
The set 
iS = {x1,. +5 Xqybq41)- Late 


cannot separate Vo and V), because of the minimality of the index sum (1.3.3). 
Consequently, there is a path I from Vo to V), that avoids S$’. It cannot avoid S, 


so it contains some vertex from s1,...,8q, Say 8;. The predecessor x of s; on I is 
a vertex 

xE{L1,...,Lq}- 
Write 


M = 41845205585); MY = toys M~ = yap) 


M=M- Utah, G = GMM). 

We claim that the set of vertices of G’ is M’UMU MT’. To see this, suppose 
that there were a path A from x or from some 2; to some y; that avoids M. In 
this case taking I or Q; from Vo to x or a, then A to y;, then 2; from y; to V, 
we would get a path from Vo to V;, that avoids S, a contradiction. 

Now we have the following chain of inequalities: 


q qd q 
a a (2, G’) 2 > d* (s:, G’) = SS d~ (yi, G') 
i=l i=l i=l 
q q 
> Ea (8i,9') = Sat (ai, G'!) + a (2,G') 
4=1 i=l 
qd 
> ao), 
i=1 


a contradiction. Here the inequalities are applications of Lemma 1.3.2, the equal- 
ities express the fact that both sides are enumerations of the number of edges 
between M and M7, and between M’ and M, respectively. This contradiction 
proves (1.3.4). The separating property of S means that every upward path from 
Vo \ S must end in V;, 1S. There are such paths (unless S' > Vo, and in this case 
we are done), the assumption zp, > 1 means that the number of their possible 
endpoints is at least |Vo \ S|, so we have 


[Va 1 S| > |Vo\ S| = [Vol —|Vo SI, 


therefore 


r= |S|=|VaNS|+|Von S| => |Vo. 
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Corollary 1.3.5. In a commutative graph if un > 1, then uj; >1 forl <j <h. 


Proof. Take a collection of m disjoint paths from Vo to V;. For any X C Vo 
the paths that start from X cross V; in |X| different vertices that all belong to 
im(X, V;). 


This is a particular case of Theorem 1.2.1 that will be used to deduce the 
general case in the next section. 


1.4 Layered product 


Definition 1.4.1. Let G’ = (V’, E’) and G” = (V", E”) be h-layered graphs with 
layers V/ and V,", respectievely Their layered product is the h-layered graph on 
the layers V; = V/ x V;", and two vertices (x’,x”) € V; and (y’,y”) € Visi are 
connected if both 2’ — y/ and 2” — y”. This graph will be denoted by G = G/G”. 
For repeated products with identical factors the usual power notation G” will be 
used. 


Observe that this is a proper subgraph of the usual product of these graphs. 
Lemma 1.4.2. The layered product of commutative graphs is commutative as well. 
This is an immediate consequence of the definitions. 


Lemma 1.4.3. Magnification ratios are multiplicative: If G,G’,G" are h-layered 
graphs with magnification ratios p;, ui, Wl, respectively, and G = G'G",, then ju; = 
pe! for all i. 

Proof. The inequality pu; < pipl’ is obvious: If yi is attained at a subset Z’ C Vo 
and pu’ at Z” CV, then Z = Z' x Z"” C Vo gives the upper bound. 

To prove the reverse inequality first consider a special case: h = 1, G” consists 
of two copies Wo, W, of a set W, and from a vertex w € Wo there is a unique edge 
to the corresponding vertex in W1, consequently p// = 1. 

Take a set 

XCUW=Yyxw. 


X= |) May 


wEew 


We have 


where X,, is the set of those elements of X whose second coordinate is w. We 
obtain 


jim(X,Vi)| = SF fim(Xw, Va) SSF oh Mol = 14 LX 


as desired. 
Now consider the general case. We construct an auxiliary 3-layered graph H 
on the layers 


Uo = Vp x Vol = Vo, Ur = Vj x Vol, Ua = Vj x Vj" = Vj. 
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We connect an (2’,2””) € Up to (y’, x”) € U, (second coordinates equal) if there 
is a path from 2’ to y’ in G’, and we connect (y’, x”) € Ui to (y',y”) € Us (first 
coordinates equal) if there is a path from 2” to y” in G”. Clearly, from (2’, x’) to 
(y',y”) in H if and only if there is one in G, so 


The subgraphs H,, spanned by Up U Uj, and H2, spanned by Uj U U2, fall 
into the particular case treated above, which means 


Hi(H1) = w(Uo, U1) = 15 (G'), wi (He) = w(U1, U2) > 1; (G"). 
Finally we have 
b2(H) = w(Uo, U2) > (Uo, U1) (U1, U2) > py (G'") 45 (G") 


by the previous inequality and this completes the proof of the reverse inequality 
/ tl 


Hi = Hib; 


1.5 The independent addition graph 


We define the independent addition graph Ty», as follows. Take a set B (say, of 
integers), |B| = n, such that all h-fold sums b; +---+ bn, b; € B, are different, 
unless they are rearrangements of each other, and A = {0}, and build the addition 
graph on them. Since |Vo| = 1, the j-th magnification ratio of this graph is clearly 


143 (Znn) = |Vj] = [5B] - 
Exercise 13. Calculate |jB] as a function of j and n. 


Since the number of formal j-fold sums is nJ and a sum occurs at most j! 
times, we have 


= < pj (Inn) = |7B| <n’. (1.5.1) 
We shall also use the inverse of this graph. Here we have 

tin(Znh) = |aBl* 2 n?, 
and for 7 <h 


; \(h = 9) BI 


Hj (Znn) < mB <Aln-J, 


Exercise 14. Find the exact value of 1; (eh Ns 


These graphs will be used in the proof of Pliinnecke’s theorem. 
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Proof of Theorem 1.2.1. We want to prove that pup < a, We know that yj; > 1 
whenever ju, > 1, and this settles the case yu, = 1. 
Take now a graph G with pp, < 1. Consider the layered product G* = G*T,,},. 


If we select k and n so that ; 


then (with the natural notation) we have pj, > 1, hence y; > 1, which then implies 
yan) > 1, 


using the appropriate part of inequality (1.5.1). 
To optimize this take 


»\ L/? = _k 
aaa (ae ‘| Ona eng,” 
The previous inequality gives 
adh -1j/k j/k j/h 
pag nF > oR ui! 


as k > oo. 
Finally assume that ju, > 1. Consider the layered product G* = G*inn- If we 
select k and n so that 
tne > 1, 


then similarly we get yj, 2 1 and hence yj > 1, which then implies 
ushin4 >1, 


using inequality (1.5.1) again. 
Our choice of n is now 


n= [en | , 
and the previous inequality gives 


uj > pi—2/Fpi/k 5 pair 


as k => oo. 


1.6 Different summands 


An application to different summands is less straightforward, however, the case 
j = 1 of Theorem 1.2.3 can be extended in this way as follows (see [49]). 
Theorem 1.6.1. Let A, B,,..., Bn be sets in a commutative group G and write 
|A| =m, |A+ B;| =ajm. There is an X C A, X 40, such that 


|X + By +---+ Brl| < arag---ap|X]. (1.6.1) 
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Proof. Take auxiliary sets T),...,T, C G such that |Z;| = n; (which will be 
specified soon) and all the sums 


ytty +---+th, y A+B, ,+---+Bn, ty €T; 


are distinct. (This may be impossible in a finite group; in this case first embed it 
into an infinite one.) Now apply case 7 = 1 of Theorem 1.2.3 to the sets A and 


B=|J(B +7). 
Observe that 
JA+ Bl S50 |A+ B47] < 55 |A+ Bil (Ti) =m 0 rica. 
We obtain the existence of a set X C A such that 
|X + hB| < |X| (~ noi)" 


On the other hand, X +hBDX+B,4+---+ Bn, +7, +---+ Th, consequently 
we have 


|X +AB| > |X + By +-+-+ Bal ni-++ nn. 


A comparison of these inequalities gives 


h 
IX + Br +--+ Bal < (Sonics) (ma-+-mn) MX. (1.6.2) 


To make this quotient small we put n; = n/a; with suitable n; since the numbers 
a; are rational, this can be achieved with integers. Then inequality (2.1.1) turns 
into 

|X + Bi t-+++Bp| <h" [Jai |X], (1.6.3) 


which is worse than we claimed by a factor h”. 

To remove this factor we consider two 1-layered graphs. The first, say G, is 
built on the sets A and A+ B, +---+ By), in the natural way. The other, say 9’, 
is built similarly from the direct powers 


Ak =Ax..-x A, B*,..., BF 


considered as sets in the k-th direct power of our initial group. Let w and p’ 
be the magnification ratios of these graphs. The previous argument told us that 
pu <h" JT] ai, and the same, when applied to the sets A*, BE instead, gives 


k 
woh (I ay) : 
Now observe that G’ is isomorphic to G*, so py’ = p* by Lemma 1.4.3. The above 
inequality thus reduces to 
hs We II Qj. 


with an arbitrary k. As k > oo, we obtain (1.6.1). 
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The case of general j can also be extended (see the paper by Gyarmati, 
Matolcsi and Ruzsa, in preparation, [19]). 


Theorem 1.6.2. Let j < h be integers, and let A, B,,..., Bn be finite sets in a 
commutative group G. Let K = {1,2,...,h}, and for any IC K put 


By = Bs 
461 
|AJ=m, |A+ Br| =arm. 


Write 
(g-1)!(h—-j)!/(h-1)! 


6=| JJ = (1.6.4) 
LCK,|L|=j 


There exists an X C A, X £0), such that 


|X + Bx| < BIX|. (1.6.5) 


1.7 Plinnecke’s inequality with a large subset 


We show an extension of Theorem 1.2.2 with a bound on the size of the selected 
subset. 


Theorem 1.7.1. Let 7 < h be integers, G a commutative layered graph on the 
layers Vo,...,Vn. Write |Vo| = m, |V;| = s, y = h/j. Let an integer k be given, 
l<k<m. There is an X C Vo, |X| > k, such that 


insars (2) (a) +(e) “088 (a) 


Proof. We use induction on k. The case k = 1 is Theorem 1.2.2. 

Assume we know it for k; we prove it for k + 1. The inductive assumption 
gives us a set X, |X| > k, with a bound on |im(X, V;,)| as given by (1.7.1). We 
want to find a set X’ with |X’| > k+1 and 


4 4 ¥ 

jim(X",Va)| < (=) "+ (=) tet (=) +(\X!|-k-1) (=) . 
m m—1 m—k m—k 

(1.7.2) 

If |X| > k+1, we can put X’ = X. If |X| = k, we apply Theorem 1.2.2 to the 

graph obtained from G by omitting the vertices in X. This yields a set Y C Vo\X 


such that ; 
Ss 
im(Y, < | —— Y 
lim vis (—2E) 


and we put X’= X UY. 
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The following variant will be more comfortable for calculations. 


Theorem 1.7.2. Let 7 < h be integers, G a commutative layered graph on the 
layers Vo,...,Vn. Write |Vo| =m, |V;| = s, y= h/j. Let a real number t be given, 
O0<t<m. There is an X C Vo, |X| >t, such that 


lim(X,Vi)| < = aa ” =) +(\X|—-2) (4). (1.7.3) 
ea \(m—t)y-t my} m—t 

Proof. We apply Theorem 1.7.1 with & = [t] +1. The right side of (1.7.3) can be 

written as s7 i f(x) dx, where f(a) = (m—«2)77 for 0 < « < ¢t, and f(x) = 

(m—t)~7 for t < a < |X|. Since f is increasing, the integralis > f(0)+ f(1)+---+ 

f(|X|—1). This exceeds the right side of (1.7.1) by a termwise comparation. 


We state the consequences of this result for the complete and restricted ad- 
dition graphs. 


Theorem 1.7.3. Let j < h be integers, A, B sets in a commutative group, and 
write |A| =m, |A+jB| = 8, y =h/j. Let a real number t be given, 0<t <m. 
There is an X C A, |X| >t, such that 


s? 1 il Ss m 
OE ee = : 
|X +hB| < - (= =) + (|X| -—¢#) (=) 


Theorem 1.7.4. Let 7 < h be integers, A, B,C sets in a commutative group, and 
write |A| =m, |(A+jB)\(C+ (U-1)B)|=s, y=h/j. Let a real number t be 
given, O0<t<m. There is an X C A, |X| >t, such that 


\(X +AB)\(C+(h-DB) < = (— a 

~ y \(m—t)-! mi} “\m-t) ~ 

We state separately the case 7 = 1, h = 2 which will be applied in what 
follows. 


Corollary 1.7.5. Let A, B be sets in a commutative group and write |A| = m, 
|A+iB| = s. Let a real number t be given, 0 < t < m. There is an X C A, 
|X| >t, such that 


2m 


= t(t-+m) 
+ 2B/< (ixi- on) 


Corollary 1.7.6. Let A, B,C be sets in a commutative group and write |A| =m, 
|(A+B)\C|=s. Let a real number t be given, 0 <t<m. There is an X C A, 
|X| >t such that 


s? t(t +m) 
(X+2B)\ (C+ BI < — (ixi- “™), 


2m 
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Theorem 1.6.1 can also be modified to yield large subsets. 


Theorem 1.7.7. Let A, B,,..., Bp be sets in a commutative group G and write 
|A| =m, |A+ B;| = aym. Let a real number t be given, 0 <t<m. There is an 
X CA, X £0, such that 


1 1 1 (|\X|—2) 
X h 
Pet Bi pest Bal S o1ag-ssanin Gio—e-ws)+ He ; 


7.4) 

The proof follows that of Theorem 1.7.1 with the difference that in the in- 

ductive step we apply Theorem 1.6.1 to the sets A\ X, Bi,..., By. The available 
upper estimate for |(A \ X) + B;| is naturally a;m. 


1.8 Sums and differences 


With Plinnecke’s method one can get various inequalities for cardinalities of sum- 
sets, but it stops to work when differences are also involved (we shall give reasons 
why). 

As far as we know the first inequality connecting sums and differences is due 
to Freiman and Pigaev [12]. They proved that 


At Ay <|4—4) lat are, (1.8.1) 


We prove the following (see [45]). 


Theorem 1.8.1. Let A, Y,Z be finite sets in a (not necessarily commutative) group. 
We have 
|A||Y —Z|<|A-Y||A-— Z|. (1.8.2) 


Prexercise. Try to prove this inequality instead of reading the proof. 


Exercise 15. Let 
A= { (21,-+-128) EF! -¢,> 0,5 a < nh. 


a) Calculate | A]. 
b) What are the elements of A — A? 
c) What are the limits of |A+ A|/|A| and |A — A|/|A| as n — oo for fixed d? 


Proof. We will map the pairs (a,x),a € A,w € Y — Z, into (A—Y) x (A— Z) in 
an injective way. 

List the elements of Y somehow, say yi,..., yx. Now given a pair (a,x), from 
all possible representations of x in the form « = y— z, y € Y, z © Z, select the 
one for which y = y; with minimal i, and map this pair into (a — y,a — z). Take 
another pair (a’, x’) with representation 2’ = y' — z’. If we have 
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then subtracting these equations (carefully in the non-commutative case!) we get 
y—z = y' — 2’. Since both representations are minimal in the above sense, we 
conclude that y = y’, then z = z’ anda=a’. 


Substituting Y = —Y and Z = —Z, we obtain the following version: 
|A||Y¥Y — Z| <|Y + A]|Z+ Al. (1.8.3) 


Inequality (1.8.2) has the following interpretation (me cannot recall who 
made this observation). Define 


Then (1.8.2) can be written as 
AY, Z) < pl¥, A) + p(A, 2), 


a triangle-inequality-like property. p is also symmetric. A marked difference from 
distances is that p(X, X) is typically positive. 


Exercise 16. Show that p(X,Y) > 0, and find the cases of equality. 
Substituting Y = Z = —A in (1.8.2) we obtain the following inequality. 
Corollary 1.8.2. If |A| = m, |2A| < am, then |—A+A| < a?m and |A—A| < a?m. 


The second inequality above follows from the first via replacing A by —A 
and observing that 2(—A) = —(24A). 
We can also substitute Y = Z = —2A to obtain the following inequality. 


Corollary 1.8.3. [f |A] =m, |3A| < am, then |—2A+2A| < a?m. 


The exponent 2 in Corollary 1.8.2 is best possible (though an improvement 
to something like a?/(log a)° is conceivable). This can be seen by considering the 
lattice points inside a d-dimensional simplex 


{(x1,-.-,2a) €R?: 20, m<nl, 


where 24 = a. Denoting the volume of this simplex by v (= n%/d!), the number of 
lattice points is about v, the size of the sumset is about the volume of this simplex 
dilated by 2, that is, 24v, while the size of the difference set is about the volume 
of the difference set of this simplex, which is easily calculated to be Cav. Note 
that for a convex set the volume of the sumset is always 2% times the original; the 
volume of the difference set varies and, by a theorem of C. A. Rogers and G. G. 
Shephard [43], the simplex yields the maximum. 

This example is analyzed in detail by Hennecart, Robert and Yudin [23]; 
they attribute the underlaying idea to Freiman and Pigaev’s above-mentioned 
paper [12]. See also A. Granville’s survey [16, Section 1.5]. 
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One difference from the Pliinnecke inequalities is the non-commutative na- 
ture of the above result. From Corollary 1.2.4 we obtain a similar implication: If 
|A] =m, |A — A| < am, then |2A| < a?m. This fails in non-commutative groups; 
see Section 1.11. 

Another difference is the following. To go to differences one would require 
the case “h = —1” of Theorem 1.2.3, which might be expected to sound as follows: 


“Tf |A] =n, |A+ B| = an, then there is a nonempty X C A such that 
|X — B| < a’|X|, with a’ depending only on a.” 


This is, however, false; we have the following results by Gyarmati, Konyagin 
and Ruzsa [18}. 


and infinitely many m, there 


Theorem 1.8.4. Let a > 2. Then for any c < ve log? 


exist two sets A and B such that |A| =m, |A+ B| < am and for any nonempty 
X CA, one has 


|X — B 


x] > exp (c (log(a/2)) (log m) (log log m)-") : 


Theorem 1.8.5. Let A and B be nonempty and finite subset of some abelian group 
such that |A| =m, |A+ B| <am. Then there exists some nonempty subset X of 
A such that 
|X — Bl 
|x| 
Inequality (1.8.2) together with Pliinnecke’s can be used to deduce the basic 
Theorem 1.1.1, which is sufficient for most of the applications ([52], Lemma 3.3) 
and which we repeat below. 


< aexp (2 (log a) (log ™)) ‘ (1.8.4) 


Theorem 1.8.6. Let A, B be finite sets in a commutative group and write |A| =m, 
|A+ B|] =am. For arbitrary non-negative integers k,l we have 


|kB —1B| < a**'m. (1.8.5) 


Proof. By symmetry we may assume k < J. Assume also k > 1, since the case k = 0 
is contained in Corollary 1.2.4. An application of Theorem 1.2.3 with 7 =1,h=k 
gives us a set X C A such that 


|X + kB] < a* |X]. 


Another application with 7 = k, h =1 and X in the place of A gives a set X’ C X 
such that 
|X’ +1B| < a! |X’. 


Now apply Theorem 1.8.2 to the sets —X’, kB and /B to obtain 


|X’||kB —1B| <|X'+ kB| |X’ +1B| < okt" |x" |X|. 


Now we divide by |X’| and use |X| < m to get inequality (1.8.5). 
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The sum-sum analogue of Theorem 1.8.1 can be deduced from Plinnecke’s 
inequality. 
Theorem 1.8.7. In any commutative group we have 
|A|JY+Z|<|A+Y||A+ Z|. (1.8.6) 
Proof. Indeed, applying Theorem 1.6.1 we get a set X C A such that 


|A+Y||A+2| 
AJ Al? 


|IX+Y+2|< |X| 


and to obtain (1.8.6) we just have to use |X +Y¥4+2Z|>|Y+2Z| and |X| < |A|. 


Exercise 17. Prove Freiman and Pigaev’s inequality (1.8.1). 


1.9 Double and triple sums 


We present an inequality which sometimes nicely complements Pliinnecke’s in- 
equality. 


Theorem 1.9.1. Let X,Y, Z be finite sets in a commutative group. We have 
[X+Y4+2Z)? <|X+Y||¥ + 2Z||X 4+ Z|. (1.9.1) 


This inequality may be extended to the non-commutative case as follows. 


Theorem 1.9.2. Let X,Y, Z be finite sets in a not necessarily commutative group. 
We have 
JX+Y + Z)? <|X+Y||¥ + Z| max|X + y + Z|. (1.9.2) 
ye 


Proof. We use induction on |Y]|. For |Y| = 1, (1.9.2) reduces to the obvious in- 
equality 
IX +y+ Z| <|X||ZI. 


Assume now that we know (1.9.2) for smaller sets. Fix y as the element of Y 
which maximizes |X + y+ Z|. Write 


IX+y+Zl=mY\ {ye =’, 


(X+V+Z)\(X4+Y'+Z)| =a,|(X+Y)\(X+Y’)| =), |(Y+Z)\ (V+ Z)| =c. 


With these notations, (1.9.2) can be rewritten as 
(IX +¥'+ Z| +a)? <m(|X +Y'|+))(\¥' + Z| +0). (1.9.3) 
We shall obtain (1.9.3) as the sum of the following three inequalities: 


[ee ae |r eg, (1.9.4) 
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2a|X + Y'+ Z| < m(cl|X + Y'| +b/Y' + Z)), (1.9.5) 
a? < mbe. (1.9.6) 


Of these inequalities (1.9.4) follows from the induction hypothesis. 

Clearly, every element of (X + Y + Z)\(X+Y'+Z) is of the form e+ y+z 
with « € X, z € Z, hence a < m. We can map this set into the Cartesian product 
of (X+Y)\(X+Y’") and (Y + Z)\(¥’+ Z) by mapping a typical element «+ y+ z 
into the pair (a + y,y + z). This pair determines x + y + z uniquely and clearly 
x+y ¢X+Y’' as otherwise we would have x+y+z2¢€X+Y' + Z; similarly 
yt+z¢Y'+Z. This mapping shows that a < bc. The product of these inequalities 
gives (1.9.6). 

By multiplying inequalities (1.9.4) and (1.9.6) and taking the square root we 


obtain 
a|X + Y'+ Z| < my/be|X + Y"\|Y’ + Z|; 


(1.9.5) now follows from the arithmetic-geometric mean inequality. 


In the commutative case this inequality can be extended to more than three 
sets as follows (see Gyarmati, Matolcsi and Ruzsa [20]). 


Theorem 1.9.3. Let A,,..., Ax be finite, nonempty sets in an arbitrary commuta- 
tive semigroup. Put 


S=A,+--:-+ Ar, 
S;, = Ar t---+ Aja + Agi +--+ + Ag. 
We have 


alte 
k—-1 


k 
[S| < (I1is') (1.9.7) 


Curiously, one of the arguments relies on invertibility, the other on commuta- 
tivity, so we do not have any result for non-commutative semigroups. Neither could 
we extend the above non-commutative argument for more than three summands, 
and hence the following question remains open. 


Problem 1.9.4. Let Aj,,...,A, be finite, nonempty sets in an arbitrary non- 
commutative group. Put 
S=A,+-:-+ Ar, 


mi = max|Ay +--+ Aja tat Aisa +--+ + Ab. 
acA; 


Is it true that 


k 4 
IS|< (1I-.) ? (1.9.8) 
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We finish this section by a meditation on the sizes of 2A and 3A. 

Write |A] = m, |2A| = n. Corollary 1.2.4 implies |3.4| < n3/m?, and The- 
orem 1.9.1 implies |3A| < n°/?. The first is better for n < m4/3, the second for 
larger values. The two together describe the maximal possible value of |3.A| up to 
a constant. 


Theorem 1.9.5. Let m,n be positive integers satisfying m <n < m?. There is a 
set A of integers such that |A| xm, |2A| x n and 


3A] < min (n° /m2, n®/?) . 
Proof. We construct A in Z3. Take two integers k,/ such that k <1 < k® and put 
Ai ={(2,y,2)7 0< 2,y,2~< A}, 


Az = {(#,0,0), (0, 2,0), (0,0,4): 0S a < TJ}, 


and A= A U Ao. 

We have m = |A| = k? + 3(1 — k) x k°, so the proper choice is k ~ m/3, 
Further 2A = 2A; U(A; + Ag) U2A2. The cardinality of the parts is of order k°, 
k?l and I°, respectively. The first is always smaller than the second, hence 


n = |2A| x max(k?l, 1”); 
the threshold of behavior is at | = k?. Hence the proper choice of | is 


L~ min(Vn,n/m?/3) 


and the claim follows from the fact that |3A| > |3A2| > U°. 


1.10 A+Band A+2B 


In this section we consider the following problem. Let |A| = m, |A + B] = am. 
How large can |A + 2B| be? In the case B = A the answer was given at the end 
of the last section. A similar bound can be found by Pliimnecke’s method if A and 
B are about the same size. Without any assumption on B, however, the situation 
changes. 

An application of Theorem 1.9.1 immediately yields 


|A+ 2B] <|A+ Bl [2B); (1.10.1) 


this inequality was already proved differently in [58, Theorem 7.2]. To estimate 
|2B| we can use Corollary 1.2.4 to obtain |2B] < a?m; combined with (1.10.1) we 
get 

|A + 2B < a?m?/?, 
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In [58, Theorem 7.1], examples are given (for every rational a and infinitely many 
m) such that 


2 
|A+2B| > (>) m3/2, (1.10.2) 


These results describe the order of magnitude for fixed a > 1 unless a is near to 1. 
We now explore what happens for small values of a. In the extremal case 
a=1 clearly also A+2B =m. The transition is somewhat less clear. 


Theorem 1.10.1. Let A,B be finite sets in a commutative group G, |A| = m, 
|A+ B]}=am,1<a<2. We have 


3 
|A+2B] <am+ 5 (a — Imy/|28), (1.10.3) 
consequently 
|A + 2B] < am+3(a—1)m3/?; (1.10.4) 


if G is torsion-free, then 
|A + 2B] < am +3(a— 1)9/?m3/?. (1.10.5) 


Proof. We apply Corollary 1.7.6 with the choice C = A+), where 6 is an arbitrary 
element of B. The s in the hypothesis will be 


s=|(A+ B)\(A+6)| =(a—-1)m, 
and we obtain (for every 0 < t < m) the existence of an X C A, |X| > ¢ such that 


etm) 


(x +28) \ (C+ Bs (|x 


Since |C + B| = |A+ B| = am, this implies 


(X +2B)| <am+ 2 ([xj- 


For A \ X we use an obvious estimate: 
\(A\ X) + 2B] < |A\ X|[2B] = (m — |X])|2B], 


and sum the last two inequalities to get 


a s? t(t+m) 
A+2B)|< —, — [2B] } |x 2B| — -———_, ———_.. _ (1.10. 
(A+2B)| <am+ (2 — [2a)) [x|+mi2B|-- =. 1.106) 
We choose ¢ so that the coefficient of |X| vanishes; that is, 
Pe 
5 = [2B]. (1.10.7) 


(m—#) 
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Such a t exists in the interval (0,m) as long as |2B| > s?/m? = (a — 1)?, which 
certainly holds under our assumption that a < 2. (We do not really need this 
restriction; however, for a > 2 this estimate is weaker than (1.10.1), due to the 
factor 3/2.) With this choice, (1.10.6) becomes 


|(A+2B)| < am+ |2B| (m- ern) 


(m — t)(2m + t) 
2m 2m 


) =am+|2B| . (1.10.8) 


We estimate 2m +t by 3m, and we express m — t by (1.10.7): 


8 (a—1)m 


\/|2B| [2B] — 


After these substitutions (1.10.8) becomes (1.10.3). 
To deduce (1.10.4) we use Corollary 1.2.4 and a < 2. 
To deduce (1.10.5) we use Corollary 1.2.5: In a torsion-free group 


m—-t= 


[2B] <1+4 (a? —1)m < 4(a—1)m, 


since a= |A+ B|/m >1+1/m, and put this into (1.10.3). 


We remark that the summand am in these estimates can actually be the main 
term, as a may be as small as 1 + O(1/m). In the general estimate (1.10.4), the 
threshold is 1+ O(m~1/?), in the torsion-free estimate (1.10.5), it is 1+ O(m7~/8). 

Still there is a gap between the exponent 2 of a — 1 in the example (1.10.2) 
and 3/2 in the upper estimate (1.10.5). We now show by an example that the 
exponent 1 of a —1 for general groups in (1.10.4) is exact. Take a group G which 
has two k-element subgroups Hy, H2 such that Hi H2 = {0}. Write H = H+ Hp» 
and let 


A= HU {ay,...,a¢}, B= H,U Hao, 


where aj,...,a@; lie in different nonzero cosets of H. Observe that 2B = H. We 
have 


m=|A| =k +t, 
am =|A+B] =k? + 42k —1), 


2t(k —1 
aa 2D) 
m 


|A+ 2B] = (¢+ Ik? = am+ (a —1)(k— 1)m/2. 


Since k — 1 ~ \/m as long as t = o(k?) (and in the interesting case t = O(k)), the 
only difference from the upper estimate (1.10.4) is a factor of 6. 
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1.11 On the non-commutative case 


Our attention was focused on commutative groups, with special emphasis on ite- 
gers. At several places, namely at Theorems 1.8.1 and 1.9.2, we mentioned the 
possibility of a non-commutative extension. We now explore the limits of this 
extension. 

First we collect some examples that show how certain attempts of extension 
fail. These examples use a free group, which is “very non-commutative”; it is 
possible that for groups “nearer” to commutative ones in some sense, some results 
can be extended. 

First recall some results that did not require commutativity. Thoerem 1.8.1 
told us that 

|A||Y —Z|<|A-Y||A-— Z|. (1.11.1) 


This had the following consequences (Corollary 1.8.2): If |A] = m, |2A|] < am, 
then |— A+ A| < a?m and |A — A| < a?m. 

We first show that the two cases in the above corollary are not superfluous, 
in a non-commutative group, | — A+ A| and |A — A| can be very different (of 
course, without the assumption on 2A). 

Indeed, take a free group generated by the elements a,b and put 


A={iat+b:1<i<m}U fia: 1<i< mb}. 
Then |A| = 2m and 


—A= {-b-ja:1<j<m}U{-ja:1< 7 < mb}. 


Here A— A contains the 2m? different elements ia + b — ja, while 


-A+A={(i-—Js)a}U{(i- gla t+ b} U {-b4 (i — g)a} U {-b+ (@— s)at dB}, 


altogether 4m elements. 

So if the sumset is small, both difference sets are small without commutativ- 
ity. In the commutative case from Corollary 1.2.4 we obtain a similar implication: 
If |A| = m, |A — A] < am, then |2A| < a?m. This also fails in non-commutative 
groups. As above, take a free group with generators a,b and put 


A= {ia+b:1<i< mb}. 


Then both difference sets A— A and —A+A have 2m—1 elements, while |2A] = m?. 
Between double and triple sums we had the following inequality without 
commutativity (Theorem 1.9.2): 


JX4+ V4 Z)? <|X+Y||¥ + Z| max|X + y + Z|. (1412) 
ye 
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We show by an example that the maximum cannot be omitted and cannot 
even be replaced by an average, even in the case of identical sets. As before, take 
a free group with generators a,b and put 


X=Y =Z= {a,2a,...,na,b}. 


We have |X| = n+ 1, |2X|=4n and |3X| > n? since all the elements ia + b+ ja, 
1<i,j <n, are distinct. From the n+ 1 sets X +y+ X, y € X, only one is of 
size n?, namely the one with y = ), all the others have O(n) elements. 

For a constrast, by applying Corollary 1.2.4, with similar values of |X| and 
|2X| in a commutative group we would have |3X| < 43n. 

These examples suggest that commutativity is not only an assumption heay- 
ily used in Pliinnecke’s method, but a typical result will fail without it. The last 
example suggests a possible non-commutative replacement. 


Problem 1.11.1 (A non-commutative Pliinnecke?). Theorems 1.9.1 and 1.9.2 sug- 
gest a way to find non-commutative analogues of inequalities that, for commutative 
groups, were proved by Pliimnecke’s method. We formulate the simplest possible 
of them. Let A, B be finite sets in a non-commutative group and define a by 


max |A + b+ Bl) =alAl. 
Must there exist a nonempty X C A such that 
|X + 2B| <a'|X| 
with an a’ depending only on a? 


We rather expect a negative answer. 
However, Pliinnecke’s method can be modified to handle some non-commu- 
tative situations. We give a simple example of this. 


Theorem 1.11.2. Let A, B,, Bz be sets in a (typically non-commutative group) G 
and write |A| =m, |B, + A] = aim, |A+ Bo2| = agm. There is an X C A, X #9, 
such that 

|B, +X + Bo| < ayag|X]. (1.11.3) 


Proof. We take four copies of G and build a 2-layered graph on them. Vp contains 
the set A in one copy, V; contains the sets B; + A and A+ By in different copies, 
and V2 contains B, + A+ Bo; edges are drawn in the natural way. 

We claim that this graph is commutative. Indeed, take vertices such that 
ry 2%,i=1,...,k. The edge x > y can go to either By + A or A+ Bo; 
assume the first, the other is similar. Then x € A, y = b+ x with some b € B, and 
Zz, =b+a+c with c; € By. Then with y; = «+c; we have x — y; — 2; observe 
that these replacing vertices are in the other half of V; than the original one. 

The other side of commutativity goes similarly. If we have x; — y — z, and 
y € B,+A, then there are elements b; € B, such that b; +a”; = y, and c € Bz such 
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that z = y+c. The replacing edges are again x; ~ 4; +c bj +4; +c=ytco=2 
in the other half of the graph. 

Note that this was based on a special kind of commutativity: adding an 
element from the left and adding another from the right commute — this property 
bears the name “associativity” . 

Applying Pliinnecke’s graph Theorem 1.2.1 to this graph we obtain a set 
X C A such that 

|B, + X + Bol < (ay + a2)? |X]. (1.11.4) 


If ay = a2 = 4, this is 4a? rather than the a? claimed in (1.11.3), if they are 
rather different, it can be much worse. We can improve the situation by embedding 
G into a larger group G’ = G x H; x He, where the H; are cyclic groups, |H;| = 
n;, and we identify G with G x {0} x {0}. In G’ we consider the sets A’ = A, 
Bi = B, x H;. We have a’, = a;n;, and an application of (1.11.4) yields an X C A 
such that 


|B +X + BS =nyne2 |By +X + B2| < (ayny + a2n2)” |X| i 
If we select the n; so that ayn, = a2ng, this gives 
|B, + X + By| < daya2 |X | (1.11.5) 


in the general case. 

We can remove the factor 4 like in the previous proof. We take the 1-layered 
graph built on the layers A and B,+A+ Bo. We are interested in the magnification 
ratio w of this graph. We take the similar graph made from the sets A*, BY. This 
graph is the same as the k-th power of the previous graph, thus its magnification 
ratio is wu”. An application of (1.11.5) gives w* < 4(a,a2)*; taking k-th roots and 
making k — oo we obtain (1.11.3). 


We mention, without proof, how this result can be generalized to several 
summands, with an extra condition. 


Definition 1.11.3. A collection of sets B,,..., By, in a (non-commutative) group is 
exocommutative, if for all « € Bi, y € B; with i # j we havex+y=yta. 
Theorem 1.11.4. Let A, By, Bo,..., Be, Ci, C2,...,C) be sets in a (typically non- 
commutative group) G and write |A| =m, |B; + A| =am,i=1,...,h, |A+C;| = 
Gym, j =1,...,1. Assume that both By,..., Bp and Cy,...,C) are exocommuta- 
tive. Then there is an X C A, X #9), such that 


|By ft... t+ Be4+X4+C+...4 Ci] < ar... aK G1... Gi|X]. (1.11.6) 


The moral seems to be that it is hopeless to undestand sets such that 
|2A| < a@|A| in general groups. On the other hand, if we start with an assumption 
on a threefold sum, say |A| = m, |3A] < gam, then an iterated application of The- 
orem 1.8.1 gives estimates for arbitary sum-difference combinations. For instance, 
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putting Y = Z = —2A we get |-2A+ 2A] < a?m, then with Y = Z = A-—2A 
and putting —A into the place of A we get an estimate for a sixfold sumset and 
so on. It is the step from 2 to 3 which fails in lack of commutativity. 

Finally we add that a weaker conclusion can be drawn from the assumption 
|2A| < am, namely, that there is an A’ C A, |A’| > (1 —¢)m, such that 3A’ and 
hence each kA’ is small. 

To this end we apply an argument like in Section 1.7. Theorem 1.11.2 above 
assures the existence of a nonempty set X such that, if |Z + A] < am and 
|A+ R| < 6m, then |D +X + R| < af|X|. 

Choose an € > 0, let m = |A| and define X; = X. If |X| > (1—€)|A], we are 
done. If this is not the case, we apply Theorem 1.11.2 on A, = A\ X1, with this 
procedure we obtain an Xj € A; with a similar property. If X; U X¢ is still not 
large enough, we continue with the procedure till we get X’ = X,U...U Xj), for 
some fh and such that |X’| > (1—«)m. To bound |L+ X’+ R| we need to estimate 


|L + Aj| 
| Ail 


for all 1 < i < h. Such a bound is alA|/|Ap| < a/e, since |Ap| > €|A] and 
|L + A;| < |L+ Al. Similarly, 


ee ges 
Le 


for all 7. Hence, by adding all the pieces X;, we obtain 
/ a ’ 
|LD+A'+R| < iA |. 


We had pay an eé? price to get |A’| > (1 — €) |A|; this can be somewhat improved 
with a more involved argument like in Section 1.7. 


Chapter 2 


Structure of sets with few sums 


2.1 Introduction 


We want to describe sets that have few sums. If |A] = m, then clearly |A+A| > m 
in every group (with equality for cosets), which can be improved to 2m — 1 for 
sets of integers (or torsion-free groups in general). What can we say if we know 
that |A + A| < am, where a is constant or grows slowly as n — oo? That is, we 
are looking for statements of the form 


|A| =m, |A+ A] < am => (...). 


Such a condition (...) is adequate, if this implication can be reversed to some 
degree; that is, there is an implication in the other direction 


(...) => |A+ A] <a’m, 


with a’ = a’(a) depending only on a and not on m or other properties of the set. 
Among such results we can distinguish on two grounds. First, the smaller the 
value of a’, the better the description; next, subjectively, the more we learn on 
the structure of the set, the happier we are. 
As an example, consider the following implications (see Chapter 1, Sec- 
tion 1.8): 
|AJ =m, |A+ A] <am=—> |A- A] < a?m 


and 
|A| =m, |A— A| <am => |A+ A| < a2m. 


If we combine both expressions we get that 


|A+ A| <am => |A— A] < ae?m = |A+ Al < a4, a! = 0%, 
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so this is an adequate description with a very good value of a’, but it tells little 
about the structure of A and it is not surprising. Indeed, 


a+b=c+d a—c=d-b, 


so a coincidence between sums corresponds to a coincidence between differences. 
In particular, this shows that |A+ A| attains its maximal value m(m+1)/2 exactly 
when |A— A| attains its maximal value m(m—1)+1. (Such sets, with no nontrivial 
coincidence between sums or differences, are often called Sidon sets.) 

There is a similar connection between minimal values of these quantities. For 
sets of integers, the minimal value of both |A + A| and |A — A| is 2m — 1, and 
equality occurs only for arithmetic progressions. 

Still, the connection here is less obvious than it looks. We illustrate this by 
the case of near-maximal values. Suppose that |A + A| > «m?; does it follow that 
|A — A| > «’m? with some x’ depending on «? The answer is negative in a rather 
strong way: |A + A| > m?/2—m?~° and |A — A| < m?~° can happen with some 
constant 5 > 0. Similarly, |A — A| > m?/2 — m?-° and |A + A| < m?~° is also 
possible [54]. 

A set of integers with a minimal sumset (|A + A| = 2m — 1) is necessarily 
an arithmetic progression. This easy result exhibits some stability. A set with a 
nearly minimal sumset is almost an arithmetic progression, as the following result 
shows. 


Theorem 2.1.1 (G. Freiman [11]). Jf A CN, |A] =m, |A+ A] < 3m —4, then A 
is contained in an arithmetic progression of length <|A+ A|—m+1<2m-—3. 


The proof is given in the next chapter. 
Beyond 3m, however, a single arithmetic progression is insufficient, as the 
following example shows. Take 
A= {1,...,m/2}U{t+1,...,t+m/2}. 
Graphically the set looks like: 


We have |A + A] = 3m — 3, and A cannot be covered by a progression shorter 
than t+ m/2. The reason is that this set has a hidden two-dimensional structure 
as depicted below: 


These sets are not isomorphic algebraically, but they behave analogously regard- 
ing the coincidence of sums. To describe such sets we need multi-dimensional or 
generalized arithmetic progressions. 
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Definition 2.1.2. Let q,...,q¢q and a be elements of an arbitrary commutative 
group, l1,...,la positive integers. A d-dimensional generalized arithmetic progres- 
sion is a set of the form 


P=P(q,...,da;h,...,laa) = {ataig +--+ caqa:0< aj, <i} (2.1.1) 


(a projection of a cube). More exactly, we think of it as a set together with a fixed 
representation in the form (2.1.1); this representation is in general not unique. We 
call d the dimension of P, and by its size we mean the quantity 


d 


Pl =[[@+, 


i=1 


which is the same as the number of elements if all sums in (2.1.1) are distinct. In 
this case we say that P is proper. 


Exercise 18. If P is a d-dimensional progression, then 
|2P| < 2¢|P| < 2°|| PI. 


The principal result sounds as follows. 


Theorem 2.1.3 (G. Freiman [11]). Jf A Cc Z, |A] = n, |A+ A| < an, then A is 
contained in a generalized arithmetic progression of dimension < d(a) and size 
< s(a)n. 


This is an adequate description with the simplest possible structure: If A C P, 
then 
|A+ A] <|P+P| < 24||Pl| < 2¢sn, 


a! = 2%) s(a), 
More generally, we have 
|kA| < k*||PI]. 


This shows that this dimension is closely connected with the rate of growth of 
|k.A| as a function of k. 

For a comprehensive account of this theory up to 1996, see Nathanson’s 
book [35]. 

Three basic questions arise here: 


1) to find good bounds for d(a), s(a); 
2) is this the “real” form? 


3) how to extend this from Z to other groups. 
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Bounds: Due to works by the author [52, 55], Y. Bilu [2], M. C. Chang [5] we know 
that d < a (best possible) and s < e®’. It is also known that a bound for s must 
be >> 2°; probably the proper order is e°*. 


The real form: Probably a flexible form (several covering sets, projections of lattice 
points in more general convex bodies) would give better bounds for a’. 


Other groups. For sets situated in Z’ or in general commutative torsion-free 
groups verbatim the same result holds (and later we shall formulate and prove it 
in this setting). 

In groups with torsion a new phenomenon arises, namely any coset has 
|A + A] = |A|. For groups with a strong torsion property this alone suffices to 
characterize sets with small sumsets. 

Recall that the exponent of a group G is the smallest positive integer r such 
that rg = 0 for every g € G. 


Theorem 2.1.4. Let G be a commutative group of exponent r, A C G, |A| =m, 
|A+ A| <am. A is contained in a coset of a subgroup of size < a2r® m. 


We shall start (in the next section) with the proof of this theorem, which is 
simple and highlights some aspects of the case of integers. 


General commutative groups 


In a general commutative group, a set with a small sumset can be covered by a 
combination of the two mentioned structures, cosets and generalized arithmetic 
progressions. 


Theorem 2.1.5 (Green—Ruzsa [17]). Let G be a commutative group, AC G, |A| = 
m, |A+ A] < am. A is contained in a set of the form H + P, where H is a 
subgroup, P is a generalized arithmetic progression, the dimension of P is < d(a) 
and |H||P| < s(a)m. 


For the quantities d, s we have the following bounds: d(a) « a°, s(a) « e®. 


Non-commutative groups 


For general groups, we do not even have a decent conjecture. There is a structure 
theorem for SZ2(R) (Elekes—Kirdly[7]). Roughly speaking, it asserts that a set 
with a small sumset is contained in a few cosets of a commutative subgroup, and 
within a coset we have a generalized arithmetic progression structure. 


2.2 Torsion groups 


In this section we prove Theorem 2.1.4, in a superficially more general form. 
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Theorem 2.2.1. Let r > 2 be an integer, and let G be a commutative group of 
exponent r. Let A C G be a finite set, |A| = m. If there is another set A' C G such 
that |A'| = m and |A+A’| < am (in particular, if |A+A| < am or |A—A| < am), 
then A is contained in a subgroup H of G such that 


|H| < f(r,a)m, 


where ; 
{ra =ar . 


Proof. Let 61, b2,...,6% be a maximal collection of elements such that b; € 2A—A 
and the sets b; — A are all disjoint. We have 


= ACoA 94, 


hence 
@. = 4)| = km < [24-24] < am 


(the last inequality follows from Theorem 1.1.1). This implies k < a4. 
Take an arbitrary « € 2A — A. Since the collection 6,,...,b,% was maximal, 
there must be an 7 such that 


(x — A)N (bi — A) AD, 
that is, 2 — a, = b; — a2 with some aj, ag € A, which means that 
c=b+a,—a2. €b4+(A- A). 


Hence 
2A-AC|J(bi+(A-A)) =B+A-A, (294) 


where B= {by,..., dx}. 
Now we prove that 


jA-AC(j-I)B+A-A (>2) (2.2.2) 


by induction on j. By (2.2.1), this holds for 7 = 2. Now we have 


(j+1I)A-A=(2A—A)4+(j-1)A 


CB+A-—A+(j-1)A by (2.2.1) 
=B+(jA—A) 
CB+(j-1)B+A-A 
=jB+A—-A, 


which provides the inductive step. 
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Let H and I be the subgroups generated by A and B, respectively. By (2.2.2) 
we have 
jA-ACI+(A-A) (2.2.3) 


for every 7. We have also 
GA- 4) =H, (2.2.4) 


which easily follows from the fact that the order of the elements of G is bounded. 
Relations (2.2.3) and (2.2.4) imply that 


Hei (A= A), 
Since J is generated by k elements of order < r each, we have 
lI]<re< re 


consequently 
4A 
|H| < |I||A—A| < a?r® m 


(the estimate for |A — A| follows again from Theorem 1.1.1). 


Remark. Take a group of the form G = Z?”, where Z, is a cyclic group of order r, 
and a set AC G of the form 


A=(a1+G')U---U(a,+G’) 


with a subgroup G’, where the cosets are all disjoint. Here |A] = m = k|G’|, and 
if all the sums a; + a; lie in different cosets of G’, then 


k+1 
IG'|=am, a= uae 


2 


k(k+1 
44a) =Sa+) 


The subgroup generated by A can have as many as r*|G’| elements, hence our 
function , 
f(r, a) = a? r® 


cannot be replaced by anything smaller than 


By recent improvements of the above argument by Green—Ruzsa and then Sanders, 
the above bound is now almost achieved. 


The following conjecture of Katalin Marton would yield a more efficient cov- 
ering in a slightly different form. 


Conjecture 2.2.2. If |A| =n, |A+ A] < an, then there is a subgroup H of G such 
that |H| <n and A is contained in the union of a% cosets of H, where the constant 
c may depend on r but not on n or a. 
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In the most optimistic form c would be 1 + o(1). 
This is equivalent to the following problem, which we think is interesting in 
its own right. 


Conjecture 2.2.3 (Equivalent conjecture). Let G be as above, f : G — Ga function 
such that f(#+y) — f(x) — f(y) assumes at most a distinct values. Then f has a 
decomposition f = g+h, where g is a homomorphism and h assumes < a values. 


The equivalence is meant in a loose sense, the values of c need not be the 
same. (The proof of this equivalence is unpublished.) 


2.3 Freiman isomorphism and small models 


Definition 2.3.1. Let G,, G2 be commutative groups, Ay C G1, Az C Go. We 
say that a mapping y : A; > Ag is a homomorphism of order r in the sense of 
Freiman, or an F;.-homomorphism for short, if for every %1,..-,@r,Y1,---;Yr © At 
(not necessarily distinct), the equation 


Tyr Lab + Lp = Yr + Y2 bo + Yr (2.3.1) 
implies 
p(t1) + plzz) +--+ + (er) = ply) + G(y2) + +--+ V(Yyr). (2.3.2) 


We call y an F,.-isomorphism if it is (1-1) and its inverse is a homomorphism as 
well, that is, (2.3.2) holds if and only if (2.3.1) does. If we say Freiman homomor- 
phism or isomorphism without specifying r, then the first nontrivial case r = 2 is 
meant. 


Any affine linear function is an F,.-isomorphism for every r, and the non- 
degenerate ones are F,.-isomorphisms. 


Prexercise. If one of two F-isomorphic sets contains an /-term arithmetic progres- 
sion, then so does the other. 


Prexercise. If A and B are F,-isomorphic with r = q(k + 1), then kA — 1A and 
kB —1B are F,-isomorphic. 


Prexercise. The F-homomorphic image of a d-dimensional arithmetic progression 
is also a d-dimensional arithmetic progression with the same “lengths” [,,..., la. 


A Freiman isomorphism preserves additive properties up to a point. We show 
that being a generalized arithmetic progression is such a property. 


Lemma 2.3.2. Let G, G’ be commutative groups. If a set P’ C G’ is the homomor- 
phic image of a generalized arithmetical progression P(qi,...,da;li,.--,laj a) C G, 
then there are elements q/,...,q/,a' € G’ such that 


Pl = Pld... sisi... slaa’) (2.3.3) 
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and the homomorphism is given by 
oat tig + +++ + Gaga) = a + 21g, +++ + LaQG. (2.3.4) 
Proof. Define a’ and qj by 


a’ =¢(a), g =¢(at+q) — Ga). 


We prove (2.3.4) by induction on r = a +---+ aq. For r < 1 it is an immediate 
consequence of the definition. Assume that r > 2 and the statement holds for 
every smaller value. Consider an element 


LH M11 +++ Ladd, Cite +@Zg=.7T. 


Since r > 2, either there are subscripts i # j such that x; > 1 and x; > 1, or there 
is a subscript for which x; > 2. In the second case write 7 = i. In both cases the 
sums 

YH 2-2, 2=L—-Uj, U=o—-—Bj,— a; 


are in P, their sums of coefficients are at most r—1 and they satisfy e+u = y+z. 
This implies (x) + o(u) = o(y) + o(2), that is, d(x) = d(y) + (2) — o(w). 
Substituting (2.3.4) for y,z and u into this equation we conclude that (2.3.4) 
holds for x as well, which completes the inductive step. 


Lemma 2.3.3. Let G, G’ be commutative groups, and let A C G, A’ C G" be F,- 
isomorphic sets. Assume that r = r'(k +1) with non-negative integers r',k,l. The 
sets kA —1A and kA! —1A! are F,:-isomorphic. 


Proof. Let ¢ be the isomorphism between A and A’. For an 


cE kA—lA, x=a,+--:+axp—b, —--:-:—-b 
we define naturally 
p(x) = b(a1) +--+ + P(ax) — O(b1) —++- = H(i). 


The facts that this depends only on x and not on the particular representation, 
and that w is an F;,-isomorphism, follow immediately from the definition. 


With this concept we can formulate principle (iii) from the Introduction of 
Chapter 1 exactly. 


Lemma 2.3.4. Let A be a finite set in a torsion-free commutative group, and let r 
be any positive integer. There is a set A’ C Z which is F,.-isomorphic to A. 


The proof, as also outlined there, consists of first applying the structure 
theorem of finitely generated torsion-free groups to reduce the general case to sets 
lying in Z?, and then a suitable projection to go to Z. 

We define the Freiman dimension of a set A C R* as the largest d for which 
there is an isomorphic properly d-dimensional set. 
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Exercise 19. For a set A C Z® the following are equivalent: 
a) its Freiman dimension is d, 
b) every Freiman homomorphism from A to any R* is affine linear. 


The first step towards finding the structure of a set will be to find a Freiman 
isomorphic image, or “model”, which is comfortably sitting in a small group or 
interval. 


Theorem 2.3.5. Let A be a finite set in a torsion-free commutative group, |A| =m, 
r > 2 an integer and |rA—rA| =n. 


(a) For every q > n there exists a set A’ C A, |A'| > m/r which is F,-isomorphic 
to a set T’ of residues modulo q. 


(b) There is a set A* C A, |A*| > m/r?, which is F.-isomorphic to a set T* of 
antegers, 


T* Cc [0,n/r]. 


Proof. In view of the previous lemma we may assume that A C Z. 
The isomorphism in (a) will be given by a function 


y(a) = [fa] (mod q) 


for a suitably chosen real number € € [0,q], and the set A’ will be one of the r sets 
“4 
Ay=fac a: < teaj <2}, A i ere 
r r 


We claim that for a suitable choice of € the restriction of y is an isomorphism on 
each set A;; clearly at least one of them will have > m/r elements. 
This isomorphism means that for arbitrary a1,...,a,,b1,...,b, € Aj the 
congruence 
[Sai] +--+ + [Ear] = [€b1] +--+ + [br] (mod q) (2.3.5) 


should be equivalent to the equality 
ay bes + Gp = by te + Oy. 
First we show that this equality implies 
[far] +--+ + [Sar] = [fbi] +--+ + [€br], 


and a fortiori the congruence (2.3.5) for every €. Indeed, 


Yo (ai) — [66i]) = € SF (ai — bi) — SO ({Eai} — {6bi}). (2.3.6) 


If all the fractional parts are in an interval [u,u+ 1/r), then the absolute value 
of the last sum is < 1. The left side, as an integer with absolute value < 1, must 
be 0. 
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Assume now congruence (2.3.5). The left side of (2.3.6) is a multiple of gq, 
and the right side is of the form €t+ 6, where t € rA—rA and |d| < 1. We want to 
infer t = 0, that is, we try to exclude all possible equalities of the type kq = t+, 
or 


For a given value of t this is a collection of t+ 1 intervals of total length 2. If 
the union of these systems of intervals does not cover [0, gq], we can find a € which 
is not contained in any of them. The number of values of t that we have to take 
into account is (n — 1)/2, since t and —t induce the same collection of excluded 
intervals. Hence a sufficient condition is 2(n — 1)/2 <q, orqg>n. 

To prove part (b), we combine this map y with ~ : Z, — Z, where w is 
the smallest non-negative representation of a residue class. We split the integers 
of the interval [0,¢ — 1] into r almost equal subintervals of type [(i — 1)q/r, i¢/r), 
i=1,...,r. The r-fold sums from a fixed interval lie in an interval of length < gq, 
thus they are incongruent modulo q unless they are equal. This division splits A’ 
into r parts, and any can serve as A*. In this way we can achieve 


|A*] > |Al|/r > m/r?. 


The isomorphic image of A* lies in an interval of type [(¢—1)q/r,iq/r), and a shift 
takes it into [0,q/r]. For q we take the smallest guaranteed value gq = n. 


Exercise 20. Let p be a prime, A C Z,, |A| = n, k a positive integer. Prove that 
if p > k”, then there is at € Z,, t £0, such that |{at/p|| < 1/k for alla € A. 


Exercise 21. Let A CN, |A| = n. Prove that there is a Freiman isomorphic set 
contained in [0,4”]. 


Exercise 22. Show that the bound in the previous exercise cannot be improved 
below 2”~?. 


2.4 Elements of Fourier analysis on groups 


In this section we collect some basic facts about the Fourier transform which 
will be used in the next section. Detailed proofs are not given; instead the main 
statements are split into several exercises, which even the uniniatiated reader may 
try to solve. It is not necessary to solve these exercises to understand the next 
section; the prerequisites are here in the form of definitions and statements, but 
it certainly helps. 

A group will mean a commutative group; a character is a homomorphism 
y:G— Cy, where Cy = {z: |z| = 1} (with multiplication). So if the operation 
in G is denoted additively, then y(x + y) = y(x)y(y). The characters of G form a 
group (under pointwise multiplication). We write mostly [ to denote this group. 
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Its unity is yo = 1, the principal character. We write 7(g) = y(g); it is the inverse, 
and at the same time the pointwise complex conjugate of ¥. 

Characters of a cyclic group Zyg are simple. Indeed, if y is a character and 
y(1) = w, then y(n) = w”. Since 7(¢) = 7(0) = 1, we see that w must be a g-th 
root of unity, say w = e?**/4 with some k, consequently 


+(n) _ earikn/q 
If we restrict our attention to cyclic groups, which is the most important object for 
what follows, then we could just use the above functions and not even mention the 
word “character”. We think, however, that this is the natural way of presentation 
(some reasons are given later). 

The above formula shows that Z, has exactly q characters, moreover they 
also form a cyclic group of order gq. This is not so obvious for other groups. 

We write G; < G to denote that G, is a subgroup of G. 


Exercise 23. Let Gi < G, g © G\Gi, y a character of G,. y can be extended to a 
character of the group G2 generated by Gj U {g}. 


Exercise 24. This 7 above can be extended to a character of G. Consequently, for 
any g € G, g #e (e =unity), there is a character y with y(g) 4 1 (in other words, 
the charaters separate G). 

Exercise 25. The only important property of C; in the above exercises is that it is 
divisible. A group G is divisible if for every g € G and positive integer k, there is 
an h € G such that h* = g. (We use multiplicative notation here for compatibility 
with C,.) Show that the previous exercises hold with the set of homomorphisms 
to any fixed divisible group in the place of C,. 

Exercise 26. Extend the previous three exercises to infinite groups. 

Exercise 27. >) -q7(g) = 0 unless 7 = Yo = 1. Hint: Compare it to )) jeg 7(a9)- 
Exercise 28. )). <p y(g) = 0 unless g = 0. 

Exercise 29. |[| = |G]. Hint: Consider )) cq yer V(9)- 


Exercise 30. For a g € G, we define a character g* of [ by g*(y) = 7(g). The 
mapping g — g* embeds G into [, the group of characters of [. Show that this is 
an isomorphism. 

Exercise 31. The previous exercise fails for infinite groups. In fact, it is wrong for 
each infinite group. 


Exercise 32. If G = G, x Go, then T is isomorphic to TP; x Ta. 
Exercise 33. For finite groups, I is isomorphic to G. 


Exercise 34. The previous exercise also provides a direct access Exercises 29 and 
30. It is of limited value, since this isomorphy is not natural: we cannot find a way 
to define a 1-1 correspondence between G and [’. Try to formulate this observation 
exactly and then prove it. 
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Exercise 35. For functions a, 3: G — C we define a direct product by 


(a, B) = (GI! S~ alg) B(y). 


gEG 


This turns [ into an orthonormal system: For y,7/ € I we have (y,7/) = 0 if 
y# 7, and (7,7) =lify=7/. 


Exercise 36. Every funtion @ on G has a development into a character series 
a=) yer C77: Express the coefficients cy. Find the development of the indicator 
function of an element. 


Definition 2.4.1. Let ~: G— C be a function on the group G. Its Fourier trans- 
form is the function f :T — C defined by 


fy = >> vg)r(9). 


gEG 
The Fourier transform is often denoted by f = ¢. 
For a cyclic group G = Z, the characters are the functions 
ye (n) = e27*/" kf =0,1,...,q—1. 


Consequently, the Fourier transform of a function y is given by 
fo) => een). 
n 


If we identify this character 7, with its subscript k € Z,, we can also say that the 


Fourier transform is 
f= eon), 


which is frequently done when no other group is used. In this booklet we will 
distinguish G and IT, elements and characters, for methodological reasons. 

Given the Fourier transform of a function, we can reconstruct the function 
from it as follows. 


Statement 2.4.2 (Fourier inversion formula). Let y be a function on G and f = 6 
its Fourier transform. We have 


1 
p(x) = iG S> f(17a). 


yer 


Exercise 37. Prove the inversion formula. (Is this a new exercise or an old one?) 


Exercise 38. How does the inversion formula look for the group Z,? 
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Another important fact is the analogue of the Parseval (or Plancherel) iden- 
tity. 


Statement 2.4.3 (Parseval formula). Let y be a function on G and f = @ its 
Fourier transform. We have 


2 2 
Sof? = IE] $5 le@)P’. 
ver sEG 
Exercise 39. Prove the Parseval formula. 


Exercise 40. Let 11, 2 be functions on G, with Fourier transforms f), fo. What 
is the connection between the direct products (y1, 2) and (fi, fo)? 


The case of 0-1-valued functions is of special imporance for us. Let A C G 
be any set, and consider its indicator function 


(x) 1 ifweA, 
Lh) = 
. 0 if2@dA 


Its Fourier transform is 
f=, a) (2.4.1) 
acA 


With an abuse of terminology we shall call this the Fourier transform of the set 
A and denote it by A(7). 


Exercise 41. What does the Parseval formula tell for the Fourier transform of a 
set? 


Exercise 42. What does the inversion formula tell for the Fourier transform of a 
set? 


Exercise 43. If the Fourier transform of a set A is f, what is the transform of the 
set —A? 


Let now A;, Ag be sets in G with Fourier transforms f;, fo. By using the 
definition (2.4.1) and multiplying we obtain 


ANAM = >_ 72), 
2EeG 


where 
r(x) = |{(a1, a2) : a; € Aj,a1 + a2 = z}I, 


the number of representations of x as a sum with summands from our sets. The 
inversion formula now gives 


i 
r(z) = Gq S- filv) folV)7(2), 


ver 
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and in principle this gives a complete description of the sumset. This is the basis 
of the usage of analytic methods in additive number theory (under various names, 
like generating functions, circle method, Hardy—Littlewood method, depending on 
particular appearances). 


Exercise 44. If the Fourier transform of a set A is f, whose transform is | f|?? 
For the next exercises let A be a set of integers, |A| =n and 


A(t) = 5° e?", teR. 
acA 


Exercise 45. What is the connection between this function A of a real variable for 
A CZ and the function A(y) for A C Z,? 


Exercise 46. What is the arithmetical meaning of the integral fo | A(t)|4dt? What 
is its minimal value? 
Exercise 47. What is the maximal value of the integral in the previous exercise, 


and for which sets does it occur? 


Exercise 48. How can one express the number of three-term arithmetical progres- 
sions in A (that is, the number of pairs a,d such that a,a+d,a+ 2d € A) by the 
function A? 


Exercise 49. And what happens if we count only those where d > 0? 


2.5 Bohr sets in sumsets 


Definition 2.5.1. If G is a commutative group, 71,..., 7% are characters of G and 
€; > 0, we write 


B(y1,---, Ve €1,---,€k) ={9 © G: | arg y;(g)| < 2me, for 7 =1,...,k} 


and we call these sets Bohr sets. In particular, if ¢; = --- = €, = €, we shall speak 
of a Bohr (k,¢)-set. (We take the branch of arg that lies in [—7, 7).) 


In locally compact groups these sets form a base for the Bohr topology; we 
shall work with finite groups, but we preserve the name that suggests certain ideas. 

We shall work mainly with the simplest possible cyclic groups Zg. Here a 
typical character is of the form 


(a) = P!4, uw € Ly, 


so arg y(x) = 27||uax/q||, where ||t|| = min({t}, 1 — {t}) denotes the absolute frac- 
tional part of t, its distance from the nearest integer. In these formulas we were 
tacitly cheating a bit; for u,x € Zqg we replaced them by any integer in the cor- 
responding residue class, and though ua/q can have many different values, it is 
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unique modulo one, so the fractional part and the exponential are uniquely deter- 
mined. 
Hence a Bohr set in Z, can be written as 


B(u,..., Ue} €1,---,€k) = {@ € Zq: ||uj;x/q|| < €; for 7 =1,..., k}. 


We shall see in the next section that Bohr sets are rather similar to multi- 
dimensional arithmetic progressions. 


Lemma 2.5.2. Let G be a finite commutative group, |G| = q. Let A be a nonempty 
subset of G and write |A| =m = Gq. The set D=2A—2A (the second difference 
set of A) contains a Bohr (k,¢)-set with some integer k < B~? and e =1/4. 


This is essentially a result of Bogolyubov [3] which he used to study the Bohr 
topology on the integers. 


Proof. Let T denote the group of characters. For y € [ put 


f(y = >> (a). 


acA 


We have 
do IFC)? = ma = Be? 
yer 
(Parseval formula) and f (yo) =m for the principal character yo(= 1). 
Recall that f(y) is the series corresponding to the set —A. Multiplying two 
copies of f and two copies of f we find that 


where r(a) counts the quadruples a, a2, a3,a@4 € A such that a; +a2—a3—a4 = «. 
A Fourier inversion now gives 


r(x) = = 7 f)I¢9(2). 
q yer 


Therefore we have x € D for those elements x for which 


> FO) Po@) $0. (2.5.1) 


yer 


To estimate (2.5.1), we split the characters 7 4 yo into two groups. We put 
those for which |f(7)| > /@q into T; and the rest into Ty. We claim that x € D 
whenever Re (x) > 0 is satisfied for all y € T;. Indeed, we have 


Ye FCDA r(@)| < Be? SO FO)? < B?m?q? = mi, 


yeTe2 yeTe2 
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consequently 


Re > |f(Y)I'r(2) 2 m* + Re D7 FO) Ir(a) = m*— | S0 [FD I*r(@)] > 0. 


yer yEeT2 yeTe2 


The condition Re y(x) > 0 is equivalent to | arg y(g)| < 7/2, thus we have a 
Bohr (k,1/4)-set with k = |[,|. We estimate k. We have 


kam? < S> FOP < SF)? = Be, 


veri yer 


hence k < (q/m)? = 3~? as claimed. 


This theorem used four copies of the set A. A similar result as Theorem 2.5.2 
holds for three sets, even for different ones. 


Theorem 2.5.3. If A,, A2, A3 are subsets of G, a commutative group with |G| = q 
and |A;| > Gig, then, for some t, Ay + Ag + Az D t+ B(1,.--,7%%,7), where k 
andy depend only on the densities (3;. 

The corresponding result for two copies does not hold, not even for the dif- 
ference set A—A. The reason for this is the following. A Bohr set always contains 


a long arithmetic progression. This will be proved in a stronger form in the next 
section. 


Prexercise. A Bohr (k,¢)-set in Z, contains an arithmetical progression of length 
n°, where 6 > 0 depends on k and e. 


However, the set A — A may not contain an arithmetic progression of length 
q, with 6 = 6(3), assuming |A| > Bn. The maximal length of the arithmetic 
progression may be < el v’** On the other hand, it is known that it is > 


1/2-¢ 2 
elosa (Green and Bourgain). 


2.6 Some facts from the geometry of numbers 


We consider sets situated in a Euclidean space R?. 


Definition 2.6.1. A set L C R? is a lattice if it is a discrete subgroup and it is not 
contained in any smaller dimensional subspace. 


Any such lattice is necessarily isomorphic to Z%; that is, there are linearly 
independent vectors €1,...,éq € R®@ such that 


L= {aye, +--+ + xaea: 1; € Zh. 


Definition 2.6.2. A set F C R? is a fundamental domain of this lattice if the sets 
F+2a, x €L, cover R? without overlap (one representant from each coset of L). 
(Sometimes overlaps of boundaries is permitted.) 
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An example is 
P= {xyey +++: + a4Gea:0< a; < I}. 


Exercise 50. Prove that measurable fundamental domains all have the same vol- 
ume. 


On the example of the domain above one can see that this is the absolute 
value of the determinant formed by the vectors e;, which is hence independent of 
the choice of the basis (e;). 


Definition 2.6.3. The common value of volumes of fundamental domains and ab- 
solute value of determinants of matrices formed by integral bases is called the 
determinant of the lattice. 


Exercise 51. If L Cc Z* is a lattice, its determinant is the same as its index in Z4 
as a subgroup. 


Definition 2.6.4. Let Q be a closed neighborhood of 0, and let L be a lattice in R?. 
The successive minima of @ with respect to the lattice are the smallest positive 
numbers 0 < Ay < --- < Aq such that there are linearly independent vectors 
a1,...,a¢ € L, a; € AQ. 

Imagine this as follows. Take a small homothetic image ¢«Q and blow it up 
slowly. First the only lattice point inside is the origin, then at A, another appears. 
As we increase 4, it may happen that the next lattice points are multiples of a1, 
like 2a, at 2\,, but at some point A2 we get another, which is not a multiple of 
the first and so on. 


Exercise 52. Show that the first appearing vectors a; may not form a basis of L. 
We will need the following important theorem of Minkowski. 


Lemma 2.6.5 (Minkowski’s inequality for successive minima.). Let Q be a closed 
neighbourhood of 0, and let L be a lattice in R¢. Let 0 < 1 < ++: < Aq be the 
successive minima of Q with respect to L. We have 

det L 


wang eo 
Are Ad S volQ 


(2.6.1) 


2.7 <A generalized arithmetical progression in a Bohr 
set 


We show that Bohr sets contain large generalized arithmetical progressions. We 
will do this for cyclic groups only; for general groups see Green and Ruzsa [17]. 


Theorem 2.7.1. Let q be a positive integer, u,,...,Uq residues modulo q such that 
(ui, U2,--.,Ua,g) =1, €1,...,€a real numbers satisfying 0 < e; < 1/2. Write 
E Pay att E 
§= 2 (2.7.1) 


dé 
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There are residues v1,...,Va and non-negative integers l,,...,lq such that the set 
P= {vya, +--+ + vara : |xi| < li} (2.7.2) 

satisfies 
PC B(uy,...,Uaj}€1,---,€a); (2.7.3) 


the sums in (2.7.2) are all distinct and 


|P| = |lPll = [[@4 + = [[G + > 6. (2.7.4) 
Proof. Let L be the d-dimensional lattice of integer vectors (x1,...,Zq) satisfying 
U1 =TU4,...,lq =TUa (mod gq) 


with some integer a. This lattice is the union of q translations of the lattice (qZ)4 
(here we need the coprimality condition, otherwise there may be coincidences), 
hence its determinant is q¢~!. 

Let Q be the rectangle determined by |xz;| < ¢;, 7 = 1,...,d, and let 
Ai,---,Aq denote the successive minima of Q with respect to the lattice L. These 
are the smallest positive numbers such that there are linearly independent vectors 
a1,...,da € L, a; € 4;Q. By Minkowski’s inequality (2.6.1) we have 


Ae Agee” ae (2.7.5) 


Write 
ay = (ait, seey id). 


The condition a; € A;Q means that |a;;| < Ai€;. Since a; € L, there are residues 
vu; such that ay = vju; (mod q). These are our v;'s and we put 


_ | 4 
w= [2], 


First we show that P C B. Consider an x € P, x = 4101 +--- + %qvqa. We 


have 
LU; = > LiVjUj = x x;a;,; (mod q), 


consequently 


LUy 
qd 


_ plea 
sp 3ar 
<> 


Ly Ae5 Ey 
= 
q J 


(2.7.6) 


Li Ais 
qd 
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Next we show that these elements are all distinct. If 71,...,%q and y1,..-,Ya 
give the same sum, then with z; = x; — y; we have 


So avi =0 (modq), |z| < 2k. 
Multiplying this congruence by u; we infer that 
> ZQij =0 (mod q) 
for all 7. Moreover, a calculation like above yields 
Sass 


Consequently >° z;a;; = 0 for every j, which means that }> z;a; = 0; by view of 
the linear independence of the vectors a;, z; = 0 for all 7. 


—< Sue; < 2€54q <q. 


Finally we prove (2.7.4). We have 


este Ts a 
hence 
q° q 
[[@+» > ieee 2 gael ed = 09 
by (2.7.5). 
It is easy to see that the result need not hold if (wi1,...,ua,q) > 1; consider, 


for instance, the case gq = r?, d = 1, u; = r. It can be shown that a (d + 1)- 
dimensional arithmetical progression can always be found in B. 


Lemma 2.7.2. Let q be a prime, and let A be a nonempty set of residues modulo 
q with |A| = Gq. There are residues v1,...,Uq and non-negative integers l,...,la 
such that the set 


P= {vya, +--+ + vara : |xi| < li} (2.7.7) 
satisfies PC D=2A—2A, the sums in (2.7.7) are all distinct and 


(Pll = [[@u+0 > [[G+0 > 4 (2.7.8) 
where d < B-? and 
5 = (4d)~4 < (67/4), (2.7.9) 


Proof. This follows from a combination of Lemma 2.5.2 and Theorem 2.7.1. The 
assumption that q is a prime guarantees the coprimality assumption required in 
Theorem 3.1. (??2.7.1??) 
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2.8 Freiman’s theorem 


We prove Freiman’s Theorem 2.1.3 in the following form. 


Theorem 2.8.1. Let A, B be finite sets in a torsion-free commutative group satis- 
fying |A| = |B| =m, |A+B| < am. There are numbers d, s depending only on a 
such that A is contained in a generalized arithmetical progression of dimension at 
most d and size at most sm. 


Since a bound on A+ B immediately gives a bound on 2A, the generalization 
to different sets is not important as long as we do not give bounds for d and s. 
Given a set in a torsion-free group we can find Freiman isomorphic sets in Z, 
however, it is not completely obvious (though not very difficult) to deduce the 
existence of a covering progression from that of an isomorphic image. The form 
above is just the natural one in our treatment. 


Proof. We apply Theorem 2.3.5 for r = 8 and a prime number gq > |rA — rA|. By 
Chebyshev’s theorem we can find such a prime with 


q<2|rA—rA|< 2a!>m:; 


the second inequality follows from Theorem 1.1.1. We obtain a set A’ C A, which 
is Fs-isomorphic to a set T of residues modulo gq, |A’| > m/r = m/8. 

Applying Lemma 2.7.2 we find a d’-dimensional proper arithmetical progres- 
sion P C 2T — 2T of size > 6m, where d’ = d'(a) and 6 = 6(a) > 0 depend only 
on a. 

By Lemma 2.3.3 the Fg-isomorphism between T and A’ induces an F)- 
isomorphism between 2T — 2T and 2A’ — 2A’. The image P’ of P is a proper 
d'-dimensional arithmetical progression by Lemma 2.3.2 and we have P’ c 2A’ — 
2A’ c 2A— 2A. 

Select a maximal collection of elements a,,...,a; € A such that the sets 
P' + a; are pairwise disjoint. We estimate t. Since these sets are all subsets of 
A+ P’ c3A-— 2A, we have 


[3A —2A] — a®m 5 
(<< ee d(a). 
SUPT Sim 0 
For every a € A there is an a; such that 
(a+ P')N(a;+P’) 490. 


Thus there are p,p’ € P’ such that a+ p=a;+p’; that is, a = a; +p’ — p. This 
means that 
AC {ay,...,a:}+P’-P’. (2.8.1) 


Since P’ is a d-dimensional arithmetical progression, so is P’ — P’, and obvi- 


ously 
||P’ — P’|| < 24||P’|| < 27|2A — 2A] < 220m. 
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The set {a1,...,a:} can be covered by the t-dimensional arithmetical progression 
P(ay,...,a¢31,...,1;0). 


Hence the right side of (2.8.1) can be covered by an arithmetical progression of 
dimension d = d' +t and size sm, s = 2%a*. Since both t and d were bounded in 
terms of a, the proof is completed. 


2.9 Arithmetic progressions in sets with small sumset 


We show that sets with small sumset contain long arithmetic progressions. This 
will be a (necessarily) conditional result, depending on our knowledge of arith- 
metic progressions in dense sets. The first such result is again due to Freiman 
[11, Theorem 2.30]. He considered three-term progressions only, since Szemerédi’s 
theorem on long progressions was not yet available. 

Let rx (mn) denote the maximal number of integers that can be selected from 
the interval [1,n] without including a k-term arithmetical progression and write 


wr(n) = n/rp(n). 


Szemerédi’s celebrated theorem [61] tells us that w,(n) — oo for every fixed k. The 
best known estimates are due to Gowers [14, 15] for general k, and to Bourgain 
[4] for k = 3. 


Theorem 2.9.1. Assume that |A| =n and A does not contain any k-term arith- 
metical progression. We have 


|A+A-—A-A|> swe(n)n, (2.9.1) 
|A+B| >= Sgive( nyt] (2.9.2) 


for every set B, 


A+B|> 1/4y (2.9.3) 


sgve(n) 


for every set B such that |B| =n, 


wr(n)/4n, (2.9.4) 


wr(n)'/4n. (2.9.5) 


By Bourgain’s result we have w3(n) >> (logn)!/?-©. Applying this estimate 
we obtain the following version of Freiman’s theorem. 
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Corollary 2.9.2. Assume that |A| = n and A does not contain any three-term 
arithmetical progression. For every constant c < 1/8 and n > no(c) we have 


1 
|A+ B| > gr(logn)* (2.9.6) 
for every set B such that |B| =n, in particular 


|A+ A] > slog n)°, (2.9.7) 


|A— A] > slog n)°. (2.9.8) 


Problem 2.9.3. Can the exponent 1/4 in (2.9.4)—(2.9.5) be improved to 1 or at 
least to 1 — e? 


Proof. Write |A] = n and |2A — 2A] = Bn. We apply the case r = 2 of Theo- 
rem 2.3.5, part (b). We get a set A* C A, |A*| > n/4 which is isomorphic to a set 
T C (0, 6n/2]. By Lemma 2.3.2, T contains no k-term arithmetical progression. 

Since in an interval of length n there can be at most r,(n) integers without 
k-term arithmetical progression and the interval [0,n/2] can be covered by 
[1 + 8/2] such intervals, we have 


n/4<|T| < [1+ 8/2)re(n) < Bre(n), 


therefore 


which is equivalent to (2.9.1). 
To obtain (2.9.2) we apply Theorem 1.1.1 and (2.9.1): 


1 
|A + B| > |BI>/4]2A — 2A]?/4 > ql BD we (ny nM. 


Inequality (2.9.3) is the case |B| = n of (2.9.2), while (2.9.4)—(2.9.5) are the cases 
B=Aand B= -—A of (2.9.3). 


Chapter 3 


Location and sumsets 


3.1 Introduction 


This chapter is about questions of the following kind. Assume we have finite sets 
A, B in a group G. What can we say about A+ B if we know the structure of 
G, or we have some information about how these sets are situated within G? The 
“what” will be in most cases a lower estimate for the cardinality. 

A familiar example is the classical Cauchy—Davenport inequality. 


Theorem 3.1.1. Let p be a prime, A,B C Zp nonempty sets. We have 
|A+ B| > min(|A| + |B] — 1,p). 


Prexercise. Prove the Cauchy—Davenport inequality by comparing |A + B| and 
|A’ + B’| for suitably chosen sets of the form 


A’'=AU(B+t), B’=BN(A-?2). 


For another example consider Freiman’s Theorem 2.1.1: If A Cc Z, |A| =m, 
|A + A] < 3m —4, then A is contained in an arithmetic progression of length 
<|A+A|—m+1<2m-3. 


Definition 3.1.2. The reduced diameter diam A of a set A C Z is the smallest u 
such that A is contained in an arithmetic progression {b,b+q,...,b+ ug}. (Later 
we shall generalize and rename this concept.) 


Now we can formulate Freiman’s theorem equivalently as follows. 


Theorem 3.1.3. For any set A C Z with |A| =m and diam A = u we have 


|2A| > min(m + u,3m — 3). 
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This illustrates that the distinction between “direct” and “inverse” or “struc- 
tural” results is often only a case of style. This chapter will contain results that 
are more naturally expressed in the “direct” form. 

First we consider finite groups, then lattices Z“, and then more general struc- 
tures. 


3.2. The Cauchy—Davenport inequality 


Here we give a proof of Theorem 3.1.1. Several proofs are known, we present a well- 
known one as outlined in the prexercise above, mainly for the sake of presenting 
a method in the simplest form which will be used several times later. 

This is based on two transformations: 

(1) Translation. If we replace A, B by sets A+ x, B+ y, the cardinalities of 
A,B, A+ B remain unchanged. 

(2) Transfusion (elements go from A to B). We replace A, B by A’ = ANB 
and B’ = AUB. This operation does change the cardinalities but preserves their 
sum: 


|A’| + |B’| = |AN B| +|AUB|=|A]4+ |B]. (3.2.1) 


It does not increase the sumset: we have 
Al+B' CAB. (3.2.2) 


This operation yields a new pair of sets if AG Band ANB# 9. 


Proof of Theorem 3.1.1. Write |A] =m, |B] =n. 

We use induction on m. The case m = 1 is obvious. Assume now we know 
the statement for every pair of sets where 1 < |A] < m—1. 

Given a pair of sets A, B with |A| = m, we try to make a transfusion. If we 
get a new pair A’, B’ with 1 < |A’| < m—1, then (4.2.1) and (4.2.2) complete the 
inductive step. If this does not work, we have either A C B or ANB=9. 

Now combine this transfusion with a translation. If it never works, we know 
that for every x we have either A+ aC Bor (A+2)NB=90. 

Take now ay € A— A, y £0; such a y exists if A has at least two elements. 
Start with an x such that (A+2)N BO (any x € B— A). Then A+2 Cc B by 
the above dichotomy, and then (A+2+y)Q B49 again: if y = a’ —a, then 


ataeaty=a+xreEB. 


By repeating this argument we see that all 7,x+y,r+2y,... are in this category. 
This list contains all elements of Z,, that is, always A+ a C B. Hence B = Zp 
and the claim holds again evidently. 


A set is sumfree if it has no three elements such that «+ y = z (so we exclude 
2x = z too; if we do not, the following exercises change only minimally). 
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Exercise 53. What is the size of the largest sumfree subset of [1, n]? 
Exercise 54. What is the size of the largest sumfree subset of Zp, p prime? 
Exercise 55. Every A CN, |A| = 7 has a sumfree subset of cardinality > n/3. 


Exercise 56. Same problem with n/3+ 1 for n sufficiently large. (Bourgain’s the- 
orem, extremely difficult.) 


Exercise 57. The set of positive integers has no partition into finitely many sumfree 
parts. 


3.3 Kneser’s theorem 


We show how to extend the Cauchy—Davenport theorem to composite moduli and 
general commutative groups. A verbatim extension fails, since A+ A= A if A is 
a subgroup. 


Definition 3.3.1. Let S be a nonempty set in a commutative group G. The stabilizer 
or group of periods of S is the set 


stab S = {xe G:xr2+S=S}. 
(This is clearly a subgroup of G.) 
Theorem 3.3.2. Let A, B be finite sets in a commutative group G, S = A+B and 
H=stabS. We have 
|A+ B| >|A+H|+|B+H|-|Al. (3.3.1) 
If (3.3.1) holds with strict inequality, then 
|A+ B|) >|A+HA|+|B+A|> |Al4+ |B]. (3.3.2) 
This clearly implies the Cauchy—Davenport theorem, as in Zp the only pos- 
sibilities are H = {0} or H = Z,. 
Lemma 3.3.3. Let S be a finite set in a group, S = S; US. We have 
|S| + |stab S| > min (|$;| + |stab $;|) . (3.3.3) 


Proof. The claim is obvious if S; = S for either 7, so we assume they are proper 
(and consequently nonempty) subsets. 

Write stab S; = H;, stab S = H. We may also assume that Hyp = H, N Hz = 
{0}, since otherwise every set is a union of cosets of Ho and the claim can be 
reduced to the corresponding claim in the factor group G/Ho. 

Write |H;| = hj. Let H = H, + Ho; clearly |7| = hh». Each coset of Hf is 
the union of hg cosets of Hy, as well as h, cosets of Ho. 
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We can rewrite (3.3.3) as 
|S \ S;| >h; —|H| for some i. (3.3.4) 


We shall see how to find lower estimates for |.S' \ 5j|. 

Consider a typical nonempty intersection of S with a coset of H, say H +2. 
Some of the hz cosets of H, inside it, say k,, are in S,, and some kz of the hy 
cosets of Hz are in Sg. From each coset of H, exactly kz elements are in Sp and 
hy — kg in S'\ So, hence 


|(S.\ S2) 0 (A + x)| = ki (ha — ka) 


and similarly 


If there is a coset of H such that 0 < ky < ho and 0 < ko < hy, then we 
multiply the above equations to obtain 


|S'\ So] |S \ Si] = kike(hi — ko)(ha — ki) 2 (ha — 1)(h2 — 1), 
hence at least one of the inequalities 
|S\ Si] = hi-1 


is true and we are done. 

If there is no such coset, but there is one in which k, = 0 < ko and a different 
one in which kp = 0 < ky, then by using the first coset to estimate S \ S$; and the 
second to estimate S' \ S> we get 


|S \ S2|[S\ Si] > hike, 


stronger than before. 
Finally assume that one of the above possibilities is missing, say the first. In 
this case we claim that S is a union of cosets of H;. We check this on each coset 
of H +. This happens obviously if H +2 C S. If this inclusion fails, then clearly 
ky < ho and ko < hy, so one of them must vanish; we excluded ky = 0 < ko, so 
ko = 0. 
This means H D Hj and then for i = 1 the right side of (3.3.4) is < 0. 


Lemma 3.3.4. Let S be a finite set in a group, S = S,; US2U---US,z. We have 
|S| + |stab S| > min (|S;| + |stab S;]) . (3.3.5) 


This follows from the previous one by an immediate induction. 
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Proof of Kneser’s theorem. Fix a b € B, and consider all possible finite sets 
Ap, By C G with the properties 


be By, AyD A, An + By CA+B, | Ap| + | Bo| = |A| + |B. (3.3.6) 


Such sets do exist, for instance, A, = A, By = B. Fix from among them one for 
which |B,| is minimal. Put 5, = A, + By. We have 


Js =s. 


Indeed, one inclusion follows from the second inclusion in (3.3.6), the other from 
Ap +bC Sp. 
We try to find a pair with smaller |B,| by a transfusion: 


B' = By N(Ap —- 2), A’ = A,U(B, +t). 
To preserve the first condition in (3.3.6) we need b € Ay — t; that is, 
t € Ap — 6b. 


The inclusions and the equality of cardinality sums hold automatically. The mini- 
mality assumption means that each such B’ satisfies B’ = By, that is, By C Ap —t, 
hence By +t C Ay. Forming the union of these inclusions we obtain 


Ay D U (By +t) = Ap + By — bz 
teAp—b 


This can be reformulated as 
By, —6 C stab Ap. 
Clearly stab Sp D stab Ay, so for each b we have 
|Sp| + |stab Sp] > [Sp] + | Bo] > [Ao] + |Bo| = |A] + |B| 
An application of the previous lemma to these sets Sp gives 
|S| + |stab S| > min (|,S,| + |stab S,|) > |A| + |B]. 
If we apply this inequality to the sets A+H and B+H, since A+ H+B+H = A+B 
and stab(A+ H+ B+ H) = H, we obtain (3.3.1). To get inequality (3.3.2) observe 


that each quantity in (3.3.1) is a multiple of |H], so if they are not equal, then the 
left exceeds the right at least by |H]. 


Exercise 58. What is the size of the largest sumfree subset of Z,,, n composite? 
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3.4 Sumsets and diameter, part 1 


In this section we prove Freiman’s Theorem 3.1.3 in a generalized form. 
Translate A so that its minimal element is 0, and divide each element by 
their greatest common divisor. After these operations we can write A as 


A= {ai,...,@m}, a, = 0, am = U 


and we know that 
gcd(a1,..-,@m) =1. 


Under these conditions the claim is |2A] > min(m + u,3m — 3). 

This theorem can be extended to the addition of different sets in several 
ways; we mention two possibilities. In both let A,B C Z, A = {a,...,am}, 
B= {bi,...,bn} with 0= a, <-+++< adm =u, 0=)1 < +++ < bn =. 


Theorem 3.4.1 (Freiman [10]). Jf gcd(ai,...,@m,b1,.-.,bn) =1 and u < v, then 
|A+ B| > min(m+v,m+n-+ min(m,n) — 3). 

Theorem 3.4.2 (Lev and Smeliansky [31]). Jf gcd(bi,...,bn) =1 andu< vv, then 

|A+ B| > min(m + v,n + 2m — 2 — 4), (3.4.1) 


where d=1ifu=v andd=0 ifu<uv. 
Proof. Let A’, B’ be the images of A, B in Z,; we have 


|A’| =m’ =m—6, |B’|=n’=n-1. 


Kneser’s theorem tells us that 


|A’+ B'| > |A'+ H|+|B'+H|—-|A| (3.4.2) 


with H = stab(A’ + B’). Write |H| = ¢. We have q|v (and then H consists exactly 
of the multiples of v/q). The choice of the two possibilities in (3.4.1) depends on 
whether g = v org < v. 

In any case we have 


|A + B| > |A’+ B’| +m. (34.3) 


Indeed, A+ B has at least one element in each residue class of A’ + B’. We can 
exhibit m classes when it has at least two, namely those of a1,...,@m where a; 
and a; + v are those elements if u < v. If u = v, this is only m — 1 classes, but in 
the class of 0 there are three elements, 0, v and 2v. If A’ + B’ = Z,, this gives us 
the required v + m. 

If H is a proper subgroup, we will improve (3.4.3) as follows. Write 


|A’ + H| = kq, |B’ + H| = lq. 
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We have | > 2; indeed, B cannot be in a proper subgroup by the assumption 
gcd(by,...,bn) = 1. 


The set A’ + B’ consists of > k+1—1> k cosets, so there is one free of elements 
of A’. Fix such a coset. If A+ B has t elements with residues in this coset, we can 
improve (3.4.3) to 


|A+ B| >|A'+ B’|+m+4 (t-4q) (3.4.4) 


since in (3.4.3) only the excess in classes of A was counted. 

This coset is the sum of a coset in A’ + H and one in B’ + H. Assume that 
A and B have r and s elements with residues in these classes, respectively. Then 
A+ B has at least r+ s — 1, so (3.4.4) implies 


|A+ B| >|A'+ B]+4mt+r+s—-1-¢. (3.4.5) 


In these classes A’, B’ have at most r and s elements, while A’ + H, B’ + H have 
exactly g, so we have 


|A'+ H| >m'+q-r, |B'+ H| >n'+q-s. 


On substituting this into (3.4.2) and applying (3.4.5) we obtain 


|A+ BB) >m'+n'+m—-1=2m+n—-2-6. 


3.5 The impact function 


Let G be a semigroup (in most cases it will be a commutative group). 


Definition 3.5.1. For a fixed finite set B C G we define its «mpact function by 
Ep(m) = €p(m,G) = min{|A+ B|: Ac G, |A| = m}. 


This is defined for all positive integers if G is infinite, and for m < |G| if G 
is finite. 

This function embodies what can be told about cardinality of sumsets if one 
of the set is unrestricted up to cardinality. The name is a translation of Pliinnecke’s 
“Wirkungsfunktion” , who first studied this concept systematically for density [40]. 

Some of the previous results, like the Cauchy—Davenport inequality, can be 
reformulated with this concept; some, like Lev and Smeliansky’s Theorem 3.4.2 
cannot, since about A other assumptions than its size are also used. 


Exercise 59. Let G be a finite group. Prove the following “sort of concavity” of 
the impact function: For 2 <n < |G|, n+ |G| there is a number 1 <k < n-1 
such that 

&(n—k) + &(n +k) < 2€(n). 
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Exercise 60. Use the previous exercise to deduce the Cauchy—Davenport inequality. 


Exercise 61. (= Exercise 6). Let A, B be finite sets in a (not necessarily commu- 
tative) torsionfree group. Show that 


|A+ Bl >A] +|Bl—-1. 


Exercise 62. In a finite group the graph of the impact function has a certain 
symmetry with respect to the line + y = |G|. Formulate exactly and prove. 


We show that the dependence on G can be omitted. 


Theorem 3.5.2. Let G’ be a commutative group, G a subgroup of G’, and let BCG 
be a finite set. If G is infinite, we have 


£p(m, G’) = Ea(m, G) (3.5.1) 
for all m. If G is finite, say |G| = q, then form=kq+r,0<r<q-—1, we have 
Ep(m, G’) = €x(r,G) + ka. (3.5.2) 


Proof. Take an A C G’, |A| =m, with |A+ B| = €p(m,G’"). Let A = Ay U---UAx 
be its decomposition according to cosets of G. For each 1 <i < k take an element 
x; from the coset containing A; so that the sets A; — x; are pairwise disjoint; this 
is easily done as long as G is infinite. The set 


A’ =| J(4i - 2) 
satisfies A’ C G, |A’| = m and 
JA’ + B] SUA: — 21 + Bl = DUA: + Bl =|A + Bl = Ex(m, 6), 


hence €g(m,G) < €g(m,G"). The inequality in the other direction is obvious. 

In the finite case from all the sets A at which the minimum is attained select 
one for which & is minimal, and with k so fixed min|A;| is minimal. We claim that 
all but one A; are cosets of G; this clearly implies (3.5.2). 

Assume |Ai| <--- < |A,| and A; C G+ a;. We try to replace A;, Az by sets 


Ai = Ai (Ag —y), Ag = (Arty) U Ao 


with suitable y € 2-2, 4+G. 
We claim that this operation does not change the cardinality of A and does 
not increase that of A+ B. Indeed, 


|Aq| + [Ag] = 1A. + y| + [Ag] = [(41 + y) 9 Ao] + |(Ar + y) U Ad] 
= |Ai + y| + |Ao| = |Ai| + |Ao]. 
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Write A; + B=C;, A, + B=C!. Then 
Cr COUN(C2—y), Co = (City) UC2 


and the comparison of cardinalities goes like for A;, Ag. 

If Ag does not fill the complete coset, we can find y so that a prescribed 
element of A, be missing from A} which would give an example with smaller | Aj], 
or smaller k if Ai = 0. 


This proof was adapted from arguments in Chapters 3 and 4 of Pliinnecke’s 
above-mentioned book [40]. 

In view of this result we will omit the ambient group G from the notation 
and write just €g(m) instead. 

Let G be a torsion-free group. Take a finite B C G, and let G’ be the subgroup 
generated by B — B, that is, the smallest subgroup such that B is contained in a 
single coset. Let B’ = B —a with some a € B, so that B’ C G’. The group G’, 
as any finitely generated torsion-free group, is isomorphic to the additive group 
Z4 for some d. Let y : G’ — Z# be such an isomorphism and B” = y(B’). By 
Theorem 3.5.2 we have 


Ep = €p = Epn, 


so when studying the impact function we can restrict our attention to sets in Z4 
that contain the origin and generate the whole lattice; we then study the set “in 
its natural habitat”. 


Definition 3.5.3. Let B be a finite set in a torsion-free group G. By the dimension 
of B we mean the number d defined above, and denote it by dim B. 


Observe that this dimension is not necessarily equal to the geometrical di- 
mension. In the case when B C R* with some k, this is its dimension over the field 
of rationals. 

The reduced diameter makes sense exactly for one-dimensional sets. 


3.6 Estimates for the impact function in one dimension 


We give some estimates that use the diameter and cardinality. 
It is possible to give an estimate using the diameter only. 


Theorem 3.6.1. Let B be a one-dimensional set in a torsion-free commutative 
group, diam B =v > 3. 
(a) For 
(v —1)(v — 2) 
2 


m> 


we have €p(m) =m-+v. 
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os (k — 1)(k — 2) k(k — 1) 
—1 —2 —1 
Sees << 
5) <ms 5} 
with some integer 2<k <v, then Ep(m) >m+k. 
Equality holds for the set B = {0,1,v} CZ. 


For v < 2 we have obviously €g(m) = m + v for all m (such a set cannot be 
anything else than a (v + 1)-term arithmetic progression). 

This will be deduced from the following result, where the cardinality of B is 
also taken into account. 


Theorem 3.6.2. Let B be a one-dimensional set in a torsion-free commutative 
group, diam B = v > 3, |B| =n. Define w by 


n—2 
= i . 6.1 
o= mi 4 |Z een 
For every m we have 
Ww m tw 
> mat | ae | ihe 6. 
go(on) > m-+ min (0, +m (4 + =)) (3.6.2) 


The minimum is attained at one of the integers surrounding ,/2m/w. Unlike 
the previous theorem, typically we do not have examples of equality, and the 
extremal value and the structure of extremal sets are probably complicated. Also 
the value of w depends on divisibility properties of v and n. After the proof we 
give some less exact but simpler corollaries. 


Proof. By Lemma 3.5.2 we may assume that B C Z, its smallest element is 0 and 
it generates Z; then its largest element is just v. 


Lemma 3.6.3. Let B’ be the set of residues of elements of B modulo v. For every 
nonempty X C Zy we have 


|X + B’| > min(|X|+ w,v). (3.6.3) 
Proof. By Kneser’s theorem we have 


|X + B'| > |X + H|+|B’+ A|-|A| 


with some subgroup H of the additive group Z,. Write |H| = d; clearly dlv. If 
d=, we have |X + H| = v and we are ready. Assume d < v. B’ contains 0 and it 
generates Z,,, hence it cannot be contained in H so we have |B’ + H| > 2|H| = 2d. 
This gives the desired bound if d > n— 2. Assume d < n — 2. Since |B’ + H] isa 
multiple of d and it is at least |B’| =n — 1, we obtain 


p's H|>a[s*| =a(1+ >) >dtw. 
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We resume the proof of Theorem 3.6.2. Take a set A C Z, |A| =m. We are 
going to estimate |A + B| from below. 

For j € Z, let u(j) be the number of integers a € A, a= Jj (mod v), and let 
U(j) be the corresponding number for the sumset A + B. We have 


U(j) 2 u(7) + 1 (3.6.4) 


whenever U(j) > 0; this follows by adding the numbers 0,v to each element of A 
in this residue class if u(j) > 0, and holds obviously for u(j) = 0. We also have 


U(j) = u(y — b) (3.6.5) 


for every b € B’. Write 


Inequality (3.6.4) implies 

R(k) D r(k — 1) (k > 2), (3.6.6) 
and inequality (3.6.5) implies 

R(k) D r(k) + B’ (k>1). (3.6.7) 


First case: U(j) > 0 for all 7. In this case by summing (3.6.4) we get 


|A+ Bl =S0UG) > 0+ Sou) =|Al +. 


Second case: there is a j with U(j) = 0. Then we have |R(k)| < v for every k > 0. 
An application of Lemma 3.6.3 to the sets r(k) yields, by view of (3.6.7), 


|R(k)| 2 |r(k)| + w (3.6.8) 


as long as r(k) 4). Let t be the largest integer with r(t) > 0. We have (3.6.8) for 
1<k<t, and (3.6.6) yields 


|R(k)| = |r(k—1)| (3.6.9) 
for all k > 2. Consequently, for 1 << k <t+1 we have 


In(e —1)| + (1 2 ——) ({r(k)| + w). (3.6.10) 


k-1 
IR®)| > 


Indeed, for & = 1 (3.6.10) is identical with (3.6.8), for & = ¢+1 it is identical with 
(3.6.9) and for 2<k <t it is a linear combination of the two. 
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By summing (3.6.10) we obtain 


t+1 
|A+ Bl = 5° |R(k)| > S— |R()| 
k>1 k=1 
Edt (1+7) So irk) = cule (1+7) |Al, 


as claimed in (3.6.2). 


Corollary 3.6.4. With the assumptions and notations of Theorem 3.6.2 we have 


€p(m) > min (mu, (vin + Vapi) ). (3.6.11) 


Proof. This follows from (3.6.2) and the inequality of arithmetic and geometric 
means. 


Proof of Theorem 3.6.1. Parts (a)—(b) of the theorem can be reformulated as fol- 
lows: If Eg(m) < m+k with some k < v, then m < k(k — 1)/2. Theorem 3.6.2 
yields (using only that w > 1) the existence of a positive integer t such that 


m t+l1 
—+—<k 
ak 20-™ 
hence 
t(t¢+1 
m< we —MEEU. 


The right side, as a function of ¢, is increasing up to k — 1/2 and decreasing 
afterwards; the maximal values at integers are assumed at t = k — 1 and k, and 
both are equal to k(k — 1)/2. 

To show the case of equality in case (b), write m = k(k — 1)/2 —1 with 
0<1l<k—2. The set A will contain the integers in the intervals [iv, iv +k—3-% 
for0<i<l—Jland fjiv,iv+k—2-i] forl<i<k—-2. 


In comparison to the results of Section 3.4 observe that they never give an 
increment exceeding 2n, they are, however, better for small values of m. 


Problem 3.6.5. Find a common generalization of Theorems 3.6.2 and 3.4.2. 


3.7 Multi-dimensional sets 


The first result that connects additive properties to geometrical dimension is per- 
haps the following theorem of Freiman. 
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Theorem 3.7.1 (Freiman [11, Lemma 1.14]). Let A C R®@ be a finite set, |A| = m. 
Assume that A is proper d-dimensional, that is, it is not contained in any affine 
hyperplane. Then 

|A+ A| > (d+1)m— a 
Proof. We use induction on m. 

The starting case is m = 2. Then necessarily d = 1 and the claim is |2A] > 3, 
which is indeed true. 

Assume now that the statement is true for m and all possible values of d 
(which are 1 < d < m—1). We prove it for m+ 1. Let A C R¢, |AJ = m+1. 
Consider the convex hull of A, and let a € A be one of its vertices. Put A’ = A\{a}. 
We have |A’| = m, so the statement is true for A’. 

The dimension of A’ may be d or d—1. 

Assume first that this dimension is d. Consider the supporting planes of the 
convex hull A’. Such a plane L intersects conv A’ in one of its sides, whose vertices 
are elements of A’, hence |A’M L| > d, and the rest of A’ is on one side. At least 
one of these planes has the property that a is on the other side. Fix such a plane. 
Then none of the points of a+ (A’M L) is a point of 2A’. Hence 


|2A| > |2A"|} + |A’N L|+1 (the +1 comes from the element 2a) 


Mee atts (atiymt1)- SY ays 


> (d+ 1)m— 


as wanted. 

Consider now the case when the dimension of A’ is d— 1. Then A’ lies on a 
plane L and the point a is outside it, hence the sets 2A’, a+ A’ and {2a} are all 
disjoint and again we obtain 


|2A| > |2A’| + |A’] +1 


(d—1d 
2 


d(d +1) 
2 


>dm— Fm+1=(d+1)(m+1) +d+1. 


This theorem is exact, equality can occur, namely it holds when A is a “long 
simplex”, a set of the form 


Lam = {0, el, 2e1, ote: 1879) (m = djei, €2, €3, sae yGafs (3.7.1) 


In particular, if no assumption is made on the dimension, then the minimal possible 
cardinality of the sumset is 2m — 1, with equality for arithmetic progressions. 
This result can be extended to sums of different sets. This extension is prob- 
lematic from the beginning, namely the assumption “d-dimensional” can be inter- 
preted in different ways. We can stipulate that both sets be d-dimensional, or only 
one, or, in the weakest form, make this assumption on the sumset only. 
An immediate extension of Freiman’s above result goes as follows. 
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Theorem 3.7.2 ([56, Corollary 1.1]). [f A,B C R¢, |A| < |B| and dim(A+ B) = d, 
then we have Affe 
+ 
A+B] > [Bl +ala|— 42). 
We can compare these results to the continuous case. Let A,B be Borel 
sets in R¢; yz will denote the Lebesgue measure. The celebrated Brunn—Minkowski 


inequality asserts that 
nA + B)'/4 > p(A)Y/4 + p(B)'/4, (3.7.2) 


and here equality holds if A and B are homothetic convex sets, and under mild 
and natural assumptions this is the only case of equality. It can also be observed 
that the case A = B is completely obvious here: we have 


(A+ A) > u(2- A) = 2%u(A). 


Also the constant 2¢ is much larger than the constant d+ 1 in Theorem 3.7.1. 
This is necessary, as there are examples of equality, however, one feels that this 
is an exceptional phenomenon and better estimations should hold for “typical” 
sets. A further difference is the asymmetrical nature of the discrete result and the 
symmetry of the continuous one. Finally, when |A| is fixed, Theorem 3.7.2 gives a 
linear increment, while (3.7.2) yields 


(A+ B) > p(B) + du(A)/4u(B)- 74. 


In the next section we tell what can be said if we use cardinality as the 
discrete analogue of measure, and prescribe only the dimension of the sets. Later 
we try to find other spatial properties that may be used to study sumsets. 

The main problems are perhaps the following. What are the best analogues 
of measure and dimension for discrete sets? How should a discrete analogue of the 
Brunn—Minkowski inequality look like? The partial answers explained below also 
suggest questions in the continuous case. Should we be satisfied with the usual 
concepts of measure and dimension for studying the addition of sets? We return 
to this in Chapter 5. 

Mostly our sets will be in a Euclidean space R%, and e1,...,eq will be the 
system of unit vectors. We can think of the dimension dim A of aset A C R@ as the 
dimension of the smallest affine hyperplane containing A, or as in Definition 3.5.3. 


3.8 Results using cardinality and dimension 


We consider finite sets in a Euclidean space R?. 
Put 
Fa(m,n) = min{|A+ B|: |A| =m,|B] =n, dim(A + B) = d}, 
Fi(m,n) = min{|A + B| : |A| = m,|B| =n, dim B = d}, 
Fi (m,n) = min{|A + B|: |A] = m,|B| =n, dim A = dim B = d}. 
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Fy is defined for m+n >d+2, F) forn >d+1 and FY form>d+1,n>d+l. 
Fy and F’’ are obviously symmetric, while F') may not be (and, in fact, we will see 
that for certain values of m,n it is not), and they are connected by the obvious 
inequalities 

Fa(m,n) < Fionn) < FF (oi, 1). 

We determined the behavior of Fy and of F’ for m <n. The more difficult 
problem of describing F“/ and F', for m > n was solved by Gardner and Gronchi 
[13]; we shall quote their results later. 

To describe Fy define another function Gg as follows: 


and for m > n extend it symmetrically, putting Gg(m,n) = Ga(n,m). In other 
words, if n —m > d, then we have 


Ga(m,n) =n+d(m-—1). 
If0 <t=n—-—m™ <d, then for n > d we have 


G<idatn i 
2 


=n(d+1)- 48 a 


Ga(m,n) =n+d(m—1)— 


and forn<d 
(m — 1)(2n — m) 


2 
With this notation we have the following result. 


Ga(m,n) =n+ 


Theorem 3.8.1 ({56, Theorem 1]). For all positive integers m, n and d satisfying 
m+n>d+2 we have 
Fa(m, n) 2 Ga(m, n). 


Theorem 3.7.2 is an immediate consequence. 
Theorem 3.8.1 is typically exact; the next theorem summarizes the cases 
when we have examples of equality. 


Theorem 3.8.2 ([56, Theorem 2]). Assume 1<m<n. We have 
Fa(m,n) = Fy(m,n) = Ga(m,n) 
unless eithern <d+1 orm<n—m<d (in this case n < 2d). 


The construction goes as follows. 

Assume 1 <m<n,n>d+1. Let B bea long simplex, B = Lay as defined 
in (3.7.1). 

If n —m > d, we put 


A = {0e1, 1lei,...,(m— ley}. 
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This set satisfies |A] = m. The set A+ B consists of the vectors ie1, 0 <i < 
n+m—d-—1, and the vectors ie; + e;,0 <1 <m—1,2 <7 <d, consequently 


|A+ B] =n+d(m—1) = Ga(m,n). 
Ifn—m=t<d, write t = d—k and assume k < m. Now A is defined by 
A = {0e1,1e1,...,(m—k)e,} U {e2,..., ex}. 


This set satisfies |A| = m. The set A+B consists of the vectors ie1, 0 < i < 2(n—d), 
the vectors ze; +e;,0 <1 <n—d,2<j <d, finally e;+e;,2<i<k,2<j <d, 
hence 
k(k — 1) 

2 


|A+ B| = 2(n—d) +14 (d—-1)(n—d+1)+d(k—-1) 


d(d+1) t(t+1) 
=n(d+1) a 5 

These constructions cover all pairs m,n except those listed in Theorem 3.8.2. 
Observe that A is also a long simplex of lower dimension. For a few small values 
the exact bounds are yet to be determined. 

We now describe Gardner and Gronchi’s bound [13] for F4(m,n). Informally, 
their main result (Theorem 5.1) asserts that the |A + B| is minimalized when 
B= Lan, a long simplex, and A is as near to the set of points inside a homothetic 
simplex as possible. More exactly, they define (for a fixed value of n) the weight 
of a point # = (a,...,%q) as 


= Ga(m,n). 


XY 
w(x) =~ + at + oa. 


This defines an ordering by writing x < y if either w(x) < w(y) or w(x) = w(y) 
and for some j we have x; > y; and x; = y; for i < 7. 

Let Damn be the collection of the first m vectors with non-negative integer 
coordinates in this ordering. We have Dann = Lan = B, and, more generally, 
Damn = 7B for any integer m such that 


w= to-a("*4) (485%) 


For such values of m we also have 
d 
|A+Bl=|(r+1)B| = m-a(" ) i Gal 


With this notation their result sounds as follows. 


Theorem 3.8.3 (Gardner and Gronchi [13, Theorem 5.1]). Jf A,B Cc R?, |A| =m, 
|B| =n and dim B = d, then we have 
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For m < n this reproves Theorem 3.8.2. For m > n the extremal set Damn 
is also d-dimensional, thus this result also gives the value of FY. 


Corollary 3.8.4. Form >n>d we have 
Fi (m,n) — Fi(m, n) = |Damn a Lan|- 


A formula for the value of this function is given in [13, Section 6]. We quote 
some interesting consequences. 


Theorem 3.8.5 (Gardner and Gronchi [13, Theorem 6.5]). If A,B c R¢, |A| = 
m > |B| =n and dim B = d, then we have 


Theorem 3.8.6 (Gardner and Gronchi [13, Theorem 6.6]). Jf A,B Cc R4, |A| =m, 
|B| =n and dim B = d, then we have 


| 1/d 
|A+ BI/4> miV/44 ( " ) 
This result is as close to the Brunn—Minkowski inequality as we can get by 
using only the cardinality of the summands. 


3.9 The impact function and the hull volume 


Let G be a torsion-free group. Take a finite B C G. At the end of Section 3.5 
we defined a certain “natural image” of B as follows. Let G’ be the subgroup 
generated by B— B and B’ = B—a with some a € B, so that B’ C G’. The group 
G’ is isomorphic to the additive group Z% for some d. Let y : G’ — Z4 be such an 
isomorphism and B” = y(B’). By Theorem 3.5.2 we know 


€B = €p = Epn, 


so when studying the impact function we can restrict our attention to sets in 
Z4 that contain the origin and generate the whole lattice. We used this d as a 
definition for an “intrinsic dimension”. This image has further usages. 


Definition 3.9.1. Let B be a finite set in a torsion-free group G. By the hull volume 
of B we mean the volume of the convex hull of the set B” described above and 
denote it by hv B. 


The set B” is determined up to an automorphism of Z?. These automor- 
phisms are exactly linear maps of determinant +1, hence the hull volume is 
uniquely defined. 
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Theorem 3.9.2. Let B be a finite set in a torsion-free group G, d = dim B, v = 
hv B. We have 
lim |kKB|k~¢ = v. 


A proof can be found in [57, Section 11], though this form is not explicitly 
stated there. An outline is as follows. By using the arguments above we may assume 
that B Cc Z*, 0 € B and B generates Z?. Let B* be the convex hull of B. Then 
kB is contained in k- B*. The number of lattice points in k- B is asymptotically 
u(k- B*) = kv; this yields an upper estimate. To get a lower estimate one proves 
that with some constant p, kB contains all the lattice points inside translate of 
(k — p)- B*; this is Lemma 11.2 of [57]. 

This means that the hull volume can be defined without any reference to con- 
vexity and measure. Later we will show that this definition can even be extended 
to commutative semigroups. 

It turns out that in Z¢, hence in any torsion-free group, the dimension and 
hull volume determine the asymptotic behavior of the impact function. 


Theorem 3.9.3. Let B be a finite set in a torsion-free commutative group G, 
d=dim B, v=hvB. We have 


lim €g(m)/4 — mi/4 = y/4, 


This is the main result (Theorem 3.1) of [57]. In the same paper we announce 
the same result for non-necessarily torsion-free commutative groups without proof 
(Theorem 3.4). In a general semigroup A+ B may consist of a single element, so 
an attempt to an immediate generalization fails. 


Problem 3.9.4. Does the limit lim €g(m)!/4 — m!/¢ exist in general commuta- 
tive semigroups? Is there a condition weaker than cancellativity to guarantee its 
positivity? 


Theorem 3.9.3 can be effectivized as follows (see Theorems 3.2 and 3.3 of 
[57]). 


Theorem 3.9.5. With the notations of the previous theorem, if d>2 andm> v, 
we have 


Ep(m) < m+ do 4m V4 4 ey y2/4n1-2/4, 
En(m) 4 — mld < M4 + eyy2/ty-Wa 
(C1, C2 depend on d). With n = |B| for large m we have 
Ep(m) > m+ del a tt = c3u tt ny) 2, 


€_(m)/4 _— mia > pid _ egy 8 na 2m (2d), 
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Probably the real error terms are much smaller than these estimates. For 
d = 1 we have the obvious inequality €g(m) < m+, with equality for large m 
because the integers €g(m)—m cannot converge to v otherwise. For d = 2 already 
/&B(m) — //m can converge to \/v from both directions. 


Theorem 3.9.6. The impact function of the set B = {0,e1,e2} C Z? satisfies 


VéB(m) — Vm > Vv (3.9.1) 


for all m. 
The impact function of the set B = {0,e1,e2, -(e1 + €2)} C Z? satisfies 


V&B(m) — Vm < Vu (3.9.2) 


for infinitely many m. 


Inequality (3.9.1) was announced in [57] without proof as Theorem 4.1, and 
it is a special case of Gardner and Gronchi’s Theorem 3.8.6. Inequality (3.9.2) is 
Theorem 4.3 of [57]. 

We cannot decide whether there is a set such that \/€e(m) — /m < v/v for 


all m. 


3.10 The impact volume 


Besides cardinality we saw the hull volume as a contender for the title “discrete 
volume”. For both we had something resembling the Brunn—Minkowski inequal- 
ity; for cardinality we had Gardner and Gronchi’s Theorem 3.8.6, which has the 
(necessary) factor d!, and for the hull volume we have Theorem 3.9.3, which only 
holds asymptotically. 

There is an easy way to find a quantity for which the analogue of the Brunn— 
Minkowski inequality holds exactly: we can make it a definition. 


Definition 3.10.1. The d-dimensional impact volume of a set B (in an arbitrarily 


commutative group) is the quantity 


d 
; ee 1/d_ 1/d 
iva(B) = inf, (Eo(m)/4— mM") 


Note that the d above may differ from the dimension of B, in fact, it need not 
be an integer. It seems, however, that the only really interesting case is d = dim B. 
The following statement list some immediate consequences of this definition. 


Statement 3.10.2. Let B be a finite set in a commutative torsion-free group. 


(a) ivg(B) is a decreasing function of d. 
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(b) If |B] =n, then 
ivi(B) =n-1 


and F 
iva(B) < (ni/4 a 1) (3.10.1) 
for every d. 
(c) iva(B) = 0 ford > dim B. 
(d) For every pair A, B of finite sets in the same group and every d we have 
iva(A + B)!/¢ > iva(A)/4 + ivg(B)/4. (3.10.2) 


The price we have to pay for the discrete Brunn—Minkowski inequality (3.10.2) 
is that there is no easy way to compute the impact volume for a general set. We 
have the following estimates. 


Theorem 3.10.3. Let B be a finite set in a commutative torsion-free group, 
dim B = d, |B| =n. We have 


—d 
(5 ) < iva(B) < hvB, (3.10.3) 
with equality in both places if B is a long simplecz. 


The first inequality follows form Theorem 3.8.6 of Gardner and Gronchi, the 
second from Theorem 3.9.3. 


Problem 3.10.4. What is the maximal possible value of iva(B) for n-element 
d-dimensional sets? Is perhaps the bound in (3.10.1) exact? 


We now describe the impact volume for another important class of sets, 
namely cubes. 


Theorem 3.10.5. Let n,,...,nq be positive integers and let 
B= {(a4,.0050a)e Z* 20 < ay < ny}. (3.10.4) 
We have 
iva(B) =hv B=v=n\--- Ng. 


Problem 3.10.6. Is it true that when B is the set of lattice points within a convex 
lattice polytope, then hv B and iva(B) are very near? 


They may differ, as the second example in Theorem 3.9.6 shows. 
We shall deduce Theorem 3.10.5 from the following one. 


Theorem 3.10.7. Let G = G, x Gz be a commutative group represented as the 
direct product of the groups Gy and G2. Let B= B, x Bz CG be a finite set with 
B, CG,, Bo C Go. We have 


iva(B) > iva—-1(B1)ivi (Ba). (3.10.5) 
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Proof. Write ivg(B) = v, iva-1(B1) = v1, ivi(B2) = ve (which is = |Bg|— 1 if Go 
is torsion-free). We want to estimate |A + B| from below for a general set A C G 
with |A| =m. 

First we transform them to some standard form; this will be the procedure 
what Gardner and Gronchi call compression. Let A, be the projection of A to Gj, 
and for an x € A, write 


A(x) = {y € Go: (a, y) € A}. 


Let 
A’ ={(#,i): 2 €A1,1€Z,0<i< |A(x)|-1} 


and 
Bl = {(a,i): 2 € Byi€Z,0<i< wy}. 


We have A’, B’ Cc G’ =G, x Z. 
Lemma 3.10.8. We have 
|A’| = |A], |A’+ B’| < |A+ BI. (3.10.6) 


Proof. The equality is clear. To prove the inequality, write S = A+B, S’ = A’+B’. 
With the obvious notation, we will show that 


|S’(x)| < |S(x)| 
for each x. To this end observe that 


S@)= U A@)+B@"))= U Ale’) + Bo, 


a’+a"=a w’E€ax—By, 
hence 
> i > : : 
|S(@)| = max, |A(a’) + Bal > max, |A(a’)| +02 
Similarly, 
Si@)= VU 4@)4+8@)= U G/A@)| 4-1, 
a’+ae"=ar a’e€x—By 
and so 


|S"(x)| = max. |A(ax’)| + vo. 


a’E€x—B, 


Now we continue the proof of the theorem. Decompose A’ into layers accord- 
ing to the value of the second component; write 


k 
A= (Jb; x {3}, 
1=0 
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where k = max|A(x)|, L; C Gi. Write |Z;| = m;. We have Lp D Ly D-:: D Lx, 
consequently mp > my, >--++ > mg. 

The set S’ is the union of the sets (ZL; + By) x {i+ j},0<t<k,0<j < vp. 
By the above inclusion it is sufficient to consider the D; with the smallest possible 
i; that is, 


k 
S’ = (Lo + Bi) x {0,1,..., v2} U J (zi + By) x {i+ v3}. 
i=1 
We obtain that , 
S"| = v2|Lo + Bal + S>|Li + Bil. (3.10.7) 
i=0 


To estimate the summands we use the (d — 1)-dimensional impact of Bj. 
Recall that by definition this means that 


“4 d—1 
IX + Bil > (xi +P) 


for any set X. We apply this to the sets L; to obtain 


=e a Ve M4 ll . a1 \e1 
\Li + Bil > (mo + of” 2 Vig a 
0 


the second inequality follows from m; < mo. By substituting this into (3.10.7) and 
recalling that 5> m; = m we obtain 


a a \ a1 
|S| > € + =”) (mg +P) . (3.10.8) 


Consider the right side as a function of the real variable mo. By differentiation we 
find that it assumes its minimum at 
1/d( 


Mo = vy ate, 


m/v) 
(This minimum typically is not attained; this mop may be < 1 or > m, and it is 
generally not integer.) Substituting this value of mo into (3.10.8) we obtain the 
desired bound 


d 
|S| > (m4 4 (v102)'/*) ; 
Problem 3.10.9. Does equality always hold in Theorem 3.10.7? 
We expect a negative answer. 


Problem 3.10.10. Can Theorem 3.10.7 be extended to an inequality of the form 


1Vdy+d> (By x Bo) > IVa, (Bi )iva, (Bz)? 
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Proof of Theorem 3.10.5. To prove > we use induction on d. The case d = 1 is 
obvious, and Theorem 3.10.7 provides the inductive step. 
This means that with the cube B defined in (3.10.4) we have 
d 
|A+ Bl] > (14p/4 + v/a) 
Equality can occur for infinitely many values of |A|, namely it holds whenever A 
is also a cube of the form 


A={(x1,...,2¢) € Z4:0 < aj < kn; —1} 


with some integer k; we have |A| = k¢v, |A + B| = (k +1)4v. It may be difficult 
to describe €g(m) for values of m which are not of the form k@v. Possibly an 
argument like Gardner and Gronchi’s for the simplex may work. 

Observe that these special sets A are not homothetic to B; in particular, 
A= B may not yield a case of equality. 


As Theorem 3.10.3 shows, the impact volume can be d! times smaller than 
cardinality. The example we have of this phenomenon, the long simplex, is, how- 
ever, “barely” d-dimensional, and we expect that a better estimates hold for a 
“substantially” d-dimensional set. 


Definition 3.10.11. The thickness 3(B) of a set B C R¢ is the smallest integer k 
with the property that there is a hyperplane P of R@ and 2,...,2% € R@ such 
that BC UL, P+2;. 


Conjecture 3.10.12. For every ¢ > 0 and d there is a k such that for every B C R4 
with 0(B) > k we have ivg(B) > (1 — ¢)|BI. 


This conjecture would yield a discrete Brunn—Minkowski inequality of the 
form 
|A+ Bil! > |Al'/4 + (1 —e) |B" 
assuming a bound on the thickness of B. Such an inequality is true at least in the 
special case A = B. This can be deduced from a result of Freiman ({11, Lemma 
2.12]; see also Bilu [2]), which sounds as follows. If A C R@ and |2A| < (2¢—e)|Al, 
then there is a hyperplane P such that |P A| > 6|A|, with 6 = d(d,e) > 0. 


3.11 Hovanskii’s theorem 


We saw examples where cardinalities of sumsets can behave wildly. We show that, 
in a rather general setting, if we keep on adding the same set persistently, then 
these irregularities fade. 


Theorem 3.11.1. Let A be a finite set in a commutative semigroup G. There is a 
polynomial f and an integer no such that for n > no we have 


InA| = f(n). 
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This theorem is due to Hovanskii [25, 26]. A generalization to the effect 
that |nyAy +---+n,A,| becomes a polynomial if all the n; are large is given by 
Nathanson [36]. Another proof of this theorem was given by Nathanson and Ruzsa 
[37]. Below we give this proof for the case of one variable only. 

Unfortunately there is no way to tell this polynomial (except the leading 
term, see [37]) and the threshold no. 


Proof. We assume that G has a zero element. If it does not, extend it by a new 
element (this is only a notational convenience). 
Let A = {a1,...,@m}. The elements of nA are all sums of the form 


b=5 LjiQi, y t= Nn, 


where the coefficients x; are non-negative integers and Oa; is the zero of G. We 
shall consider these coefficients together in the form of a vector x = (%,...,%m) 
with non-negative integer coordinates. 

Several vectors may induce the same b. From the possible representations we 
shall select the lexicographically first. We write x ~< y and say that x precedes y if 
there is ani, 1 <i <m, such that x] = y1,...,®j-1 = yi-1, ®i < yi. By the rank 
r(x) of a vector we mean the sum of its coordinates. 

We say that a vector x is useless, if there is ay ~ x of the same rank such that 
Yo aja; = > yia;, and we call it useful, if no such y exists. With this terminology, 
|n.A| is the number of useful vectors of rank n. 

Write x < y if x; < y; for each coordinate, andx < y ifx <yandx¥y. If 
x is useless and x < x’, then x’ is also useless. Indeed, take a y of the same rank 
as x, such that }> xja; = > y;a; and y ~ x. Then by adding )> (x — 2;)a; to both 
sides of this equation we find a vector, namely y’ = y + x’ — x, that precedes x’, 
has the same rank and induces the same product. 

We say that z is primitive useless, if it is useless and there is no useless x 
satisfying x < z. Clearly a vector x is useless if and only if there is a primitive 
useless z such that z < x. 

By definition, the primitive useless vectors are all incomparable with respect 
to the relation <. It is a well-known (and easy) fact that any collection of incom- 
parable vectors (with non-negative integer coordinates) must be finite. 


Exercise 63. Prove this finiteness claim. 


Hence there are only finitely many primitive useless vectors, say Z1,...,Zk- 
By the sieve formula we have 


k 


InA| = S°(-1)) S° B(n;t,..., 45), 


j=0 ba yeveyt 


where 
BU Ns 145...05%9) = FAR? 7(X) = 0, * S 2y,,.0.,% > Bi, }. 
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The system of inequalities x > z,, is equivalent to a single inequality x > z, 
where each coordinate of z is the maximum of the corresponding coordinates of 
the vectors z;,. The number of vectors x satisfying x > z and r(x) = n is 0 if 


r(z) > n, and it is equal to the number of vectors of rank n — r(z) otherwise. This 


latter is equal to 
n—r(z)+k—-1 
k-1 : 


a polynomial in n. Hence all the summands B(n;...) are polynomials for large n, 
thus so is |nAl. 


Remark. A corresponding result will not hold without the assumption of com- 
mutativity; indeed, if the elements of A generate a free semigroup, then we have 
|nA| = k”. In a non-commutative semigroup, |nA| need not be monotonically 
increasing. However, we cannot decide the following. 


Problem 3.11.2. Let S be a non-commutative group. Suppose that there are posi- 
tive constants c,C such that |nA| < Cn°. Does it follow that |nA| is a polynomial 
for large n? 


This theorem enables us to define dimension and volume in semigroups in a 
way that is compatible with our notions in Z%. 


Definition 3.11.3. Let B be a finite set in a commutative semigroup, and let vk@ 
be the leading term of the polynomial which coincides with |kB]| for large k. By 
the dimension of B we mean the degree d of this polynomial, and by the hull 
volume we mean the leading coefficient v. 


Chapter 4 


Density 


4.1 Asymptotic and Schnirelmann density 


A finite set is naturally measured by its cardinality. A set of reals is naturally 
measured by its Lebesgue measure (non-measurable sets do exist, just we never 
meet them). There is no similarly universal way to measure and compare infinite 
sets of integers. The most naturally defined one is the asymptotic density. 
For a set A of integers we shall use the same letter to denote its counting 
function 
A(x) = |AN [1,2]. 


We allow A to contain 0 or negative numbers, but they are not taken into account 
in the counting function. 


Definition 4.1.1. The asymptotic density of a set A of integers is defined by 


d(A) = lim A(az)/z, 


zw— Co 


if this limit exists. The lower and upper (asymptotic) densities are the correspond- 
ing lower and upper limits, respectively: 


d(A) =liminf A(x)/a, d(A) =limsup A(z)/z. 


z— oo xwmz—00 


Exercise 64. If d(A) > 0, is there always an A’ C A with d(A’) > 0? 


Exercise 65. If d(A)+d(B) > 1, then A+B contains all but finitely many positive 
integers. 


Exercise 66. Let a,3,y be positive real numbers such that a+ 8 
Construct sets of positive integers such that d(A) = a, d(B) = 6, d(A 
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As we mentioned in the introduction, combinatorial additive theory grew 
out of the classical one, by Schnirelmann’s approach to the Goldbach problem. 
Goldbach’s conjecture asserts that any integer > 3 can be expressed as a sum of 
two or three primes, depending on parity. Schnirelmann proved the weaker result 
that there is a bound & so that every large enough integer is a sum of at most k 
primes. 

The best universe to work with will be the set No of non-negative integers. 


Definition 4.1.2. A set A C No is an additive basis of order h, if hA = No, that is, 
every positive integer can be expressed as a sum of h integers from A. 
A set A C No is an asymptotic basis of order h, if every sufficiently large 
integer can be expressed as a sum of h integers from A, that is, No \ AA is finite. 
The smallest such integer h is called the exact order or exact asymptotic 
order of A, respectively. 


So the proper wording is that the set P of primes forms an asymptotic basis. 
To be a basis, a set must contain 0 and 1. 

To this end Schnirelmann established that integers that can be written as a 
sum of two primes have positive density; and every set having positive density is 
a basis. An exact form of the first claim is simply 


d(2P) > 0, (4.1.1) 


a result which is (in hindsight) not too difficult to prove by sieve methods. Today 
we know that almost all even integers can be written as a sum of two primes, 
hence d(2P) = 1/2. 

To formulate the second claim exactly Schnirelmann introduced a different 
notion of density. 


Definition 4.1.3. The Schnirelmann density of a set A of integers is the number 


o(A) = inf A(n)/n. 


This is a less natural concept than asymptotic density. Asymptotic density 
is translation invariant and it is invariant under the exclusion or inclusion of 
finitely many elements; Schnirelmann density does not have either property, in 
fact, 0(A) =O if 1 ¢ A. 


Exercise 67. o(A) > 0 if and only if 1 € A and d(A) > 0. 


Exercise 68. Let (A) = a. Show the existence of an A’ C A such that o(A’) =a, 
but by omitting any single element the density of the remaining set will be < a. 


Exercise 69. Let B C No = NU {0} and a number a € (0,1) be given, and define 


Bas 
B = inf{o(A + B) : o(A) > a}. 


Show the existence of a set A satisfying o(A) = a, 0(A+ B) = 8. 
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Exercise 70. Show that we have always 
d(A) =supo(A—7n). 
Show that we cannot replace the supremum by maximum. 


Prexercise. If o(A) + o(B) > 1 and0 € A, then A+ BDN. (See Theorem 4.2.2 
below.) 


In these terms Schnirelmann’s result sounds as follows. 
Theorem 4.1.4. [f0 € A and o(A) > 0, then A is a basis. 


This theorem will be proved and an estimate for the order of this basis in 
terms of a(A) will be given in the next sections. 


Exercise 71. How does it follow from (4.1.1) and the theorem above that P is an 
asymptotic basis? 


4.2 Schirelmann’s inequality 


Schnirelmann deduced his Theorem 4.1.4 from the following inequality. 


Theorem 4.2.1. Let A and B be sets of non-negative integers with positive Schnirel- 
mann densities o(A) =a and o(B) = 8, respectively. If0 ¢ AUB, then 


o(A+ B)>at+ GB -aés. (4.2.1) 


Proof. Without restricting generality we can assume 0 € A. Put C = A+ B; we 
are going to estimate C(n) for an arbitrary positive integer n. Let 


Ll=b)<:+-<dbe <n 
be the elements of B in [1,n]. We have k = B(n) > Bn. Since 0 € A, these numbers 
are also in C. Further elements of C are given by 
bi + (AN [I, b2 — by — 1]), b2 + (AN [1, bs — bg — 1]),..., 
be-1 + (An (1, be — be-1 - 1)), be + (An [l,n _ bg]). 


(The last block may be empty if b;, =.) We estimate the number of elements in 
a typical block by 
|AN[1,m]| = A(m) > am. 


(This is also true for m = 0, which may be the case for the last block.) Adding 
these estimates for the blocks above we obtain 


a:((b2 — by — 1) + (b3 bo 1) freee (by, bp-1 1) + (n— bg) = a(n —k). 


Consequently, 


C(n) >k+a(n—k) =an+(1l—a)k > an+ (1—a)6n = (a+ B— af)n. 
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Clearly this inequality also holds in the degenerate case when a = 0, provided 
OE A. 
Prexercise. Construct sets A, B satisfying 0 € A, 0 < o(A),o(B) < 1 and 
o(A+ B) = 0(A) + 0(B) — o(A)o(B). 


Prexercise. Show that for every pair of sets satisfying the previous exercise the 
values of o(A) and o(B) are always rational. 


We can write (4.2.1) in the symmetric form 
1—o0(A+B) < (1—o0(A)) (1-o(B)). 
An iterated application then gives 
1 —o(hA) < (1—0(A))", (4.2.2) 


which will become small but not quite 0. We complement this inequality with the 
following result. 


Theorem 4.2.2. Let A and B be sets of non-negative integers with positive Schnirel- 
mann densities o(A) = a and o(B) = £, respectively. Ifa+ 6 >1 and0€ AUB, 
then A+ BON. 


Proof. Assume 0 € A and take a positive integer n. We want to prove that n € 
A+B. Ifn€ B, we are done, so assume now that n ¢ B. This implies 


B(n —1) = B(n) > Bn. 


Consider the pairs (i,n — i) with 1 <7<mn-—1. In A(n— 1) cases we have i € A, 
and in B(n — 1) cases we have n —i € B. Since 


A(n—1)+ B(n-1) > a(n—-1)4+ Bn >n-1, 


at least once both happen. 


We can now prove Schnirelmann’s theorem on bases. 


Proof of Theorem 4.1.4. Assume that o(A) = a > 0. Take an integer h such that 
(1—a)" < 1/2. Then o(hA) > 1/2 according to (4.2.2), and so 2hA D N by the 
previous theorem. 


The above argument estimates the order of this basis by (log 4)/a. We will 
see that the optimal estimate is 1/a. 


Exercise 72. Given an integer h, construct a set A such that 0 € A, 0(A) = 1/h 
and the exact order of A is h. 
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4.3 Mann’s theorem 


In Schnirelmann’s theorem the role of the sets A, B is asymmetric: one of them 
contains 0 and the other need not. We now show how this inequality can be 
improved under the symmetric condition 0 € AN B, which is also better suited 
for the repeated addition of the same set. 


Theorem 4.3.1 (Mann). Jf0 € AN B, then 
o(A+ B) > min(1,0(A) + o(B)). 
By iteration, if 0 € A, then o(kA) > min(1,ko(A)) and thus, next corollary 
follows. 
Corollary 4.3.2. [f0 € A andcoA=a>0, then A is a basis of order < 1/a. 


Exercise 73. Let a,{,y be positive real numbers such that a+ 6 < y < 
Construct sets of positive integers such that o(A) = a, o(B) =a, 0(A+ B) = 
(See Lepson [30].) 


il 
7. 


This theorem is similar to the Cauchy—Davenport inequality: superadditivity 
save an obstruction, which in our case consists in densities being bounded by 1. 
The proof will also be based on a transfusion method. However, while a transfusion 
preserves the sum of cardinalities, it does typically change the sum of densities. It 
does not change the value of A(n)+ B(n) for any n, and this suggests the following 
approach. 
Definition 4.3.3. The joint (Schnirelmann) density of the sets Aj, ..., Ax is defined 
by 

A oss Ap 
o(Ay,..., Ap) — ame Ant) + + An(n) 


n 


Now Theorem 4.3.1 will follow from the version below. 


Theorem 4.3.4. [f0 € AN B, then 
o(A+ B) > min(1,0(A, B)). 


Formally Schnirelmann density is a limit, a thing related to infinity, but 
it gives information for every A(n); it is perhaps not surprising that the above 
theorem will be proved in a finite setting. 


Theorem 4.3.5. Let 0 <7 <1, let n be a positive integer and let A, B be sets such 
thatO0€ ANB. PutC=A+B. If 


A(k) + B(k) > yk forl<k<n, (4.3.1) 


then 
C(k) > yk forl<k<n. (4.3.2) 
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Exercise 74. Deduce Theorem 4.3.5 from Theorem 4.3.4. 
We present another slight (but useful) generalization. 


Theorem 4.3.6. Let0 <y<1,0<6< 1-7, let n be a positive integer and let 
A, B be sets such thatO0€ ANB. Put C= A+B. If 


A(k) + B(k) > yk —6 forl<k<n, (4.3.3) 


then 
C(k) >yk—6 forl<k<n. (4.3.4) 


The other interesting case is 6 = 1 — +, which can be reformulated as follows. 


Theorem 4.3.7 (Van der Corput [6]). Let 0 < y < 1, let n be a positive integer 
and let A, B be sets such thatO0 € ANB. Put C=A+B. If 


1+ A(k)+ Blk) > y(K+1) forl<k<n, (4.3.5) 


then 
1+ C(k) > y(k+1) forl<k<n. (4.3.6) 


Proof. Suppose the above statement is false; then among the counterexamples 
there is one with the smallest value of n, and with n fixed, with the minimal value 
of B(n). We consider this example now. We may assume that 


A, Bc [0,nJ, 


since omitting the element outside this range does not change the assumptions or 
the conclusion. 

If n = 1, then either 1 € AUB and then C(1) =1> y—04, or 1 ¢ AUB and 
7 = 0, so C(1) = 0 > —6. So assume n > 2. 

If B = {0}, then the statement is obviously true. Assume B has also positive 
elements. 

We try to make a translation-transfusion in the following form: we try to 
replace A, B by 

A’ =AU(B+t), B’=BN(A-t) 


with suitable t. Any such pair of sets satisfies A’ + B’ C A+B. Hence this will 
also be a counterexample, provided it satisfies conditions 0 € AN B and (4.3.3). 
The first is equivalent to t € A; we will return to the second. 

This pair of sets will contradict the minimality assumption if B’ # B; that 
is, 

Big A-t. 

Such values of t do exist, for instance, the maximal element of A has this property. 
From such values of t we choose the minimal one. The minimality of t means that 


acA, a<t=BcA-a=B+aca. (4.3.7) 
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A consequence of (4.3.7) (with a = 0) is 
BCA. 


Another one is 
A(x) = C(x) > ya — 6 for x < t. 


Indeed, (4.3.7) means that any sum of the form b+ a,b € B,a € A, with a < t 
is in A, and this includes all cases when a + 6 < t. Furthermore, restricting the 
inclusion (4.3.7) for a fixed b € B and a < & < t we see that 


b+ (An (0, 2]) c AN [b,b4 a]. 
Comparing the cardinalities we obtain 
A(b+ x2) — A(b—1) > A(a) +1=C(x2)+1>yx-641 (4.3.8) 


for x < t. 
Our aim is to show that 


A'(k) + B'(k) > yk —6 forl<k<n. (4.3.9) 
From the definition of A’, B’ we immediately see that 
A'(k) + B’(k) > A(k) + B(k — 2), 


hence this holds if B(k — t) = B(k), in particular, if t = 0. So we may assume 
that t > 0 and B(k —t) < B(k). This means that there are elements of B in the 
interval (k — t, k]; let b’ be the smallest of them. Write k = b'+2,0<a2 <t. 
We have 
A'(k) + B'(k) > A(k) + B(k — t) = A(k) + B(W! - 1) 


= (A(b! — 1) + B(b’ — 1)) + (A(k) — AW’ — 1). 


A'(k) + B’(k) > (7(0' — 1) +6) + (k- 0) +1-6.) = yk +1-—7—-26 > yk — 5; 


in the last step we need the assumption y+ 6 < 1. 


4.4 Schnirelmann’s theorem revisited 


In Schnirelmann’s Theorem 4.1.4 equality can hold for certain values of a and 
@ (Exercise 4.2). Lepson [30] showed that in Mann’s Theorem 4.3.1 equality can 
hold for any a and ( (Exercise 73 above). 
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By writing 
S(a, 8) = inf{o(A +B): o(A) =a, o(B) = 8, 0€ A} 


and 
M(a, 3) = inf{o(A+ B) : 0(A) =a, o(B) = 8, 0€ ANB}, 


we can restate Schnirelmann’s, Mann’s and Lepson’s results as 
a+ B—a8 < S(a,8) < M(a,8) = min(a + 6,1). (4.4.1) 


Ifa+ 6 > 1, then we have S(a, 3) = M(a, 3) = 1, (Schnirelmann’s Theo- 
rem 4.2.2), thus in both inequalities of (4.4.1) equality can actually occur. 

In this section we give a formula for S(a, 3) and describe the cases of equality 
in inequalities (4.4.1). These results are from Hegedtis—Piroska—Ruzsa [22]. 


Theorem 4.4.1. For all a, @ we have 


oof fom + 18m +1) 
n>0 n+1 


S(a, B) = (4.4.2) 
Definition 4.4.2. Let a, be positive real numbers satisfying a+ @ < 1. We 
call (a, 3) a Schnirelmann pair if S(a,B) = a+ 8—a, and a Mann pair if 


S(a,8)=a+ Bp. 


Theorem 4.4.3. The numbers (a, 3) form a Schnirelmann pair if and only if they 


can be expressed as 


k 1 
al eae er) 


with certain integersn >2 andl<k<n-1. 
Proof of Theorem 4.4.1. Denote the right side of (4.4.2) by y. First we show that 
S(a, 8) > y. Since o(B) > 0, we have 1 € B. Write B’ = B — 1; thus 0 € B’. We 
will apply Theorem 4.3.7 to the sets A, B’; the requirement that both contain 0 is 
hence fulfilled. 

Next we show that the sets A, B’ satisfy (4.3.5). Indeed, by the definition of 
the Schnirelmann density we have A(k) > ak, and since it must be an integer, we 


have 
A(k) > [ak]. 


We have 
B'(k) = |B'O[1,k]| = |B 22,k+1]| = B(k+1)-1> 8(k41)-1, 
and again this is an integer, thus 


BY(k) > [B(k+1)] -1. 
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On adding these inequalities we find that 
1+ A(k) + B’(k) > [ak] + [B(k+1)] > 7(kK +1) 


by the definition of +. 
An application of Theorem 4.3.7 to the sets A,B’ yields that their sum 
C’ = A+ B’ satisfies 
1+C'(n) > y(n+1) 


for all n. 
Since C = A+ B is connected to O’ via C = C’ +1, we conclude that 


C(n) = |CN [1, n]| = |C’N [0,n- 1) =1+C'(n-1)>yn 


for all n, which is equivalent to saying o(C) > 7. 
To show that S(a,@) < y, suppose first that the infimum in the definition 
(1.4) is a minimum, and let n be any integer satisfying 


ey cl ec 
- n+1 , 
Consider the sets 
Ag = {0,1,...,fan]}U{n+1,n+2,...} 
and 
Bo = {1,..., [B8m+1)]}U{n4+ 2,n4+3,...}. 
These sets satisfy 


a(Ao) = fan) >a 
- [a(n + 1)] 
o(Bo) = el > p. 


We can select subsets A C Ap and B C Bo such that o(A) = a, o(B) = @ and 
0 € A. These sets satisfy 


A+BCAo+ Bo = {1,2,...,fan] + [G(n+1)]}U{n+2,...}, 
consequently (by evaluating the counting function at n +1) we find that 


o(A +B) <a(Ao + Bo) < fan] + [8(n + 1)] ay 
n+1 
as wanted. 
Suppose next that the infimum is not attained. In this case we have 
[an] + [B(n + 1)] [an] + [B(n + 1)| 


s = inf ——————_——— _ = lim 


n>0 n+1 n—00 n+1 =a B, 


hence the example of equality in Mann’s theorem serves also as an example for 
S(a, 8) <7. 
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Prof of Theorem 4.4.3. By Theorem 4.4.1, a and @ form a Schnirelmann pair if 
and only if 
-ap Lor] + [(n +1)1 
n>0 n+1 
Since the limit of the left side of (4.4.3) is a+ , in this case there must be an n 


such that 
[an] + [P(n+1)| 
n+1 
Observe that the value of the left side for n = 0 is 1, so we must have n > 1. Write 


[an] =k, [@(n+1)] =. 
We have an < k and G(n +1) <1, hence k £0,140 and 
a<k/n, B<I/(n+1). (4.4.4) 


=a+6- af. (4.4.3) 


=a+6- af. 


By the monotonicity of the function a+ @— a in both variables (in our domain), 
we have 


tp-ape hy tb EL et an) 
Es Pa n+l nntl n+l n(n+1)° 


Since | > 1, the last expression is always < (k +1)/(n+ 1), and equality can hold 
only if 1 = 1 and both inequalities in (4.4.4) hold with equality. This means that 
a=k/nand B=1/(n+1) = 1/(n +1) as claimed. 


We mention, without proof, some results on Mann pairs. 


Theorem 4.4.4. If a and @ form a Mann pair, then they are either both rational 
or both irrational. A pair of rational numbers, say a = p/q, 8 = 1/s, is a Mann 
pair if and only if they satisfy 


{a(1—n)}+{—Bn} > a (4.4.5) 


for every integer 1 <n <l|cm{q,s]. A pair of irrational numbers is a Mann pair if 
and only if there are integers k,l,m such that 


ak+ Bl=m, 0<k<1l/a,0<k-Il<I/a. (4.4.6) 


The description of rational Mann pairs is less satisfactory than that of irra- 
tional ones, though it provides a finite algorithm for each pair of rational numbers. 
The following can be observed. 


Statement 4.4.5. Let a, 3 be rational numbers, and write a/ 3 = a/b with (a,b) = 1. 
If there are integers satisfying (4.4.6), then (a, 3) is a Mann pair. In particular, 
ifa<1/(a+b), then it is a Mann pair. 


The difficulty is that the set P will be a lattice in the rational case, and there 
seems no easy way to decide when a lattice intersects a triangle. 

We note that condition (4.4.6) is not necessary in the rational case. This is 
seen by the examples a = 4/11, 6 = 5/11 or a = 8/65, 6 = 2/13. 
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4.5 Kneser’s theorem, density form 


In the previous sections we discussed addition theorems based on Schnirelmann 
density. An analogous result was found for the more natural concept of asymptotic 
density by Kneser [27]. This is more complicated than the privous ones and its 
proof is difficult. We state it without proof; a proof can be found in Halberstam 
and Roth’s monograph [21]. 


Theorem 4.5.1 (Kneser). Let A and B be sets of positive integers. Either 
d(A + B) 2 d(A) + d(B), 


or there exists positive integers q,k,l such that gq >k+l1-—1 and 

(a) A is contained in k residue classes modulo q, 

(b) B is contained in | residue classes modulo q, 

(c) A+ B is equal tok +1—1 residue classes modulo q except a finite set. 


A density cannot exceed 1; in the above formulation the case when d(A) + 
d(B) > 1 is included as the extremal case q=k=1= 1. 

A typical example of the second case is A = {1,...,k mod q}, the first k 
residue classes modulo g and B = {1,...,1 mod gq}, the first / classes modulo gq. 


Exercise 75. Suppose d(A)+d(B) = 1. Show that A+B has an asymptotic density, 
and find its possible values. 


4.6 Adding a basis: Erdos’ theorem 


The previous results gave estimates for the density of a sumset using the density 
of summands. Sometimes a density increment occurs also when we add a set of 
density 0. The first example of this phenomenon was given by Hinchin in 1933. 
He proved that for the set Q of non-negative squares we have 0(A + Q) > o(A) 
whenever 0 < o(A) < 1. A few years later Erdés proved that every basis has this 
property. In this section we give an account of this result. 


Theorem 4.6.1. Let B C Z be a basis of order k and let AC Z. Then 


o(A) (1 0(A)) 


o(A+ B) > o(A)+ = 


Proof. Write a = 0(A) and let C= A+ B. We are going to estimate C(n). 
We will try to find a b € B with a large proportion of (A+ 6) outside A; this 
will make AU A + 0 large. For that purpose define 


f@) =|(A+#)\ A) OG a]. 
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This function has a subadditivity property. Indeed, we have 


(A+at+y)\AC ((At+aty) \(A4+2)) U ((A+z2)\ A) 
= ((At+y)\ A) +2U ((At+2)\ 4), 


and by comparing the cardinalities we easily find 


fla+y) < fla) + fly). 


Observe that we have f(0) = 0. We are going to calculate the average of f. 
We have 
n—-1 
S> f(t) =l{(a,t):1<a<att<naeAatt¢ A}| 
t=1 
=[{(a,z):l<a<a<n,acA,z ¢ A}| 


by introducing «7 =a+t. 
Since 
{(a,z), l<a<a<n,a€ A, cx €A}bUf{(az), l<a<a<n,acA, ve A} 
={(a,z), l<a<au<n, ae A}, 


and the cardinality of this last set can be expressed by counting {(a,2), 
l<a<a<n, a€ A} over x as )> A(x — 1), we find 


n—1 


S° f(t) =>) A(w@- 1) -{(a,2),a€ Aw € AL <a<aK<n}). 


t=1 

Using the definition of the Schnirelmann density we can conclude that 
A(z — 1) > a(# — 1). As the second part is equal to A(n)(A(n) — 1)/2, we can 
bound > f(t) by 


2 2 


sO 5 gt@=1) _ AMA =1) 


This inequality implies that there exists a to for which this f(to) is large: 


= (“ ) A) -) 


f(to) = 


Since B is a basis of order k, we can write tp = 6; +---+ bx, for some b; € B. 
From the subadditivity property we conclude that f(to) < >> f(b:), consequently 
there is a b = b; for which 


1 al an(n—1)  A(n)(A(n) — 1) 
joys 22 (em ata) 


2 2 
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In particular, as C(n) > A(n) + f(b) for any single b, we get 


Otay S AG 4 (“ 1) _ A(n) (Ae) - ) . 


Since the right-hand side, as a function of A(n), is increasing up to A(n) < k(n — 
1)+1/2, we get a lower estimate by replacing each occurrence of A(n) by its lower 
bound an, and we obtain 


C(n) > an+ saa LL 


1 an(n—1)  an(an —1) 
( 2 2 


k(n — 1) a ae 


As this fact is true for all n, the estimate for the Schnirelmann density follows. 


With a minimal modification of the proof a similar result can be obtained 
for asymptotic lower density. 


Theorem 4.6.2. Let B C Z be an asymptotic basis of order k and let A C Z. Then 


d(A) (1 = (A) 


d(A+ B) > d(A)+ 3k 


4.7 Adding a basis: Plimnecke’s theorem, density form 


If we add a basis of order k to a set of density a > 0, Erdos’ theorem in the 
previous section estimates the density of the sumset essentially by a(1 + 1/(2k)) 
for small values of a. Pliinnecke [41] gave a much stronger estimate, one which 
goes to infinity after division by a as a > co. 


Theorem 4.7.1. Jf A,B C No, 0 € B, then 
o(A +B) >0(A)!“Fo(kB)F. (4.7.1) 


In particular, if kB =No, then o(A+ B) > o(A)-k, 


Exercise 76. Prove that 


(1— a) 


> 
at 
k 


for all a € (0,1), hence Pliinnecke’s inequality is stronger than that of Erdés for 
all possible values of o(A). 


qin tk 


Pliinnecke’s theorem gives us the correct order of magnitude. 


Exercise 77. Construct a basis B of order k, such that, for all a, there exists a set 
1 
A, with o(A) > a, such that o(A+ B) < Ca'~*, for some C > 0. 


180 Chapter 4. Density 


Proof. Before starting the proof we remark that a result which is weaker by a 
constant factor can be easily deduced from the finite Pltinnecke inequality given 
in Chapter 1. Indeed, the case 7 = 1 of Corollary 1.2.4, or the case 1 = 0 of Theorem 
1.1.1 gives us the following. If A, B are finite sets and |A| = m, |A+ B| = am, 
then |kB| < a*m. By substituting a = |A+ B|/|A| and rearranging, this can be 
written as 

|A+ Bl > JA] ?/* |By/*. (4.7.2) 


This is analogous to (4.7.1), just we have cardinality here and density there. 

Let now A, B be infinite sets such that A and kB have positive Schnirelmann 
density. Let C = A+ B; we want to estimate C(n). To this end we apply (4.7.2) 
for the sets 

A’=An (1, [n/2]|, B= BN (0; /2]]. 


We have |A’| > o(A)n/2. Since the set kB’ contains every element of kB up to 
n/2 (and contains 0), we have |kB’| > o(kB)n/2. Now an application of (4.7.2) 
gives 

O(n) > |A' + B'| > oA)! Fo(kB)Fn/2. 


Since this holds for every n, we have a lower estimate for o(A + B), which is half 
of the one claimed in (4.7.1). 

To remove this factor we apply an induction argument like for Mann’s theo- 
rem, and we use Pliinnecke’s method for a trimmed additive graph. 

We write a = o(A), 6 = o(kB), C = A+ B and y = a!~#8%. We want to 
show that C(n) > yn for all n. 

We reformulate this in the following finite form. 

Let n € N. If A(m) > am for all m < n, 0 € B and B,(m) = |kBN [1,m]| 
> 6m for allm EN, then C(m) > ym for all m <n. 

We will proceed by induction on n. Since the case n = 1 is clear, suppose 
that n > 1 and that the claim above has been proved for all n’ < n. Let 


A =A NM (1, n’], 
Ag = AN[n' +1,n]—n' C [l,n—-n’]. 
Observe that Ai(m) > am is satisfied for all m < n’. If, for some n’ < n, it 


also happens that Ag(m) > am for all m < n— 7’, then we apply the induction 
hypothesis for the set pairs A;, B and Ag, B. Since 


CD (A, + B)U(A24+n'+4+ B), 


we get the desired conclusion for C. 
Now consider the case when this does not happen. This means that for all 
n’ <n there is some m <n —n’ such that 


|AN [n’+1,n' + m]| < am. 
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We claim that the above inequality is satisfied for m =n — 7’; Le., 
|AN [n’ +1,n]| < a(n —7’). (4.7.3) 
Put n, =n’. We find mj, such that 
|AN [ng + 1,n1 + m]| < amy. 


If my = n—n’, we are done. If not, we take ng = n’ +m, and obtain m2 
such that 
|AN [ng + 1,n2+ma]| < ame. 


We iterate this process and when it stops, we add all the inequalities to get 
(4.7.3). 

Now we build a restricted addition graph (like described in Section 1.2) as 
follows. It consists of the layers Vo = AN [1,n],Vi = (A+ B)N[1,n],...,Vn = 
(A+hB)N [1,n], with edges going from each x € V;_; to x +b € Vj as usual. 
One can easily check that it is commutative, which allows us to apply Pltnnecke’s 
inequality (Theorem 1.2.1). We use yz; to denote the magnification ratios of this 
graph. This inequality tells us that yw, < pi’. For y we use the obvious estimate 


[1 < C(n)/A(n) to deduce 
k 
igs (S$) (4.7.4) 


Now we find a lower bound for pz. Let X C A be such that |im(X, V,)| = 
[ux |X|, and let n’ + 1 be its first element, so that X C [n’ +1,n]. From (4.7.3) we 
infer that 
IX| < a(n —n!) 


if n’ > 0, while for n’ = 0 we have |X| < A(n). 
We also know that 


|(X +kB)O[1,n]| > \(n'+14+kB) O(n’ +1,n]| > B(n—7’). 


Combining the two inequalities we get 


Now (4.7.4) completes the proof. 


We can easily deduce a similar asymmetric combining lower asymptotic den- 
sity and Schnirelmann density. 


Theorem 4.7.2. Let A,B C Z and let k be a positive integer. We have 


d(A +B) > d(A)!~®o(kB)*. 
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This can be deduced from the previous theorem using the connection between 
lower density and Schnirelmann density as expressed in Exercise 70. 

Let € > 0. To prove this result we find a t such that o(A —t) > d(A —€). 
This implies that 


d(A +B) > o(A+ B—t) > (d(A) — 6)" * o( kB)E. 


The result follows by letting € go to 0. 
The theorem is also true with the lower density everywhere but the proof is 
more involved. 


4.8 Adding the set of squares or primes 


Let Q be the set of squares: Q = {n?,n € No}. They form a basis of order 4, that 
is, 4Q = No. We also know that 3Q contains all numbers except those of the form 
4°(8b — 1), for some a and b. This easily implies that the Schnirelmann density of 
the set of threefold sums of squares is positive: 0(3Q) > 0. 


Exercise 78. Calculate d(3Q) and o(3Q). 


If we have A C Z with o(A) = a, then using Pliinnecke’s density theorems 
from the previous section we see that o(A + Q) > a7, and for small a we can 
improve this to o(A + Q) > ca. This is still not the best possible; the real 
exponent is $. 


Theorem 4.8.1 (Pliinnecke [39]). Let A be a subset of the integers with o(A) =a, 
and @ the set of squares. We have 


o(A+Q) > ca? 


for some absolute constant c > 0. 


To see that this exponent is sharp, set A = {1,q+1,q+2,...}, with a large q. 
This set has Schnirelmann density o(A) = Since up to qg the only elements of 


A+ Q are the integers of the form k? + 1, we easily find that 


1+[Va 1 
o0(A+Q) = —— ~ == Va(A). 
( ) ; Ai (A) 
For asymptotic density the increase is larger, a similar result holds with 
arbitrarily small exponent. 


Theorem 4.8.2 ([47]). For every « > 0 there exists a constant c. depending on e€ 
such that if d(A) = a, then 
d(A+Q) > cat. 
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A good configuration that gives approximately the correct order of magnitude 
is a residue class modulo some gq. Put A = qZ, so that d(A) = ra The sumset 
A+ Q contains the quadratic residues modulo q. If the prime factorization of q is 
d= 1pi---pr, then the number of quadratic residues is 


pitl Petl\ o @ 
5 es 5 DR 
To minimize it we take the product of the first primes. By the prime num- 


ber theorem this will be essentially the primes p; < logg, and their number is 
approximately (log q)/(log log q). So the density of A + Q is approximately 


1 q logg 2log gq 


d(A+Q) SS —-— oS Gee, 


The exponent goes to zero as q grows. 

Let P be the prime numbers, and let P’ = P — 2. It is known that there 
exists a & such that kP’ = No for some k (k = 7?). It is also known that d(2P) = 
1/2, d(3P) = 1 and that every large number can be written as a sum of four 
primes. These give estimates for the density of A+ P by the Pliinnecke inequalities; 
similarly to the case of squares, this is far from the reality. 


Theorem 4.8.3 ([47, 48]). Let A be a subset of integers. There is a positive constant 
c with the following properties (valid for q sufficiently large). 


(a) If o(A) = then o(A+ P’) > — 


— logq’ 


(b) If d(A) =<, then d(A+ P)> 


i —o 
qd — loglog gq’ 


The examples to show that this is the correct order of magnitude are sim- 
ilar to the case of squares. For Schnirelmann density use the same set A = 
{l,q+1,q+ 2,...}. This set has Schnirelmann density (A) = = Since up to 
q the only elements of A+ P’ are neighbors of primes, we find that 


ail 1 
o(4+Q) =D. 


For asymptotic density again we use the multiples of g. The numbers in A+ P 
are sets coprime to q with finitely many exceptions. Then 


d(A+ Pp) = 29 — (.-=)...(1-4) ee: 
q P1 Pk log log q 


if again we take the product of the first primes. 
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4.9 Essential components 


We say that B is an essential component if B is such that o0(A + B) > o(A) for 
every 0 < o(A) <1. 

In the previous sections we met examples of essential components: first sets 
of positive density (theorems of Schnirelmann and Mann), then bases (theorems of 
Erdés and Pliimnecke). The first example of an essential component that is not a 
basis was given by Linnik [32]; this set was too thin to be a basis. Clearly if Bisa 
basis of order k, it must satisfy B(x) > a'/*, hence a set such that B(x) = O(2*) 
for every positive € cannot be a basis. 

The following theorem tells exactly how thin an essential component can be. 


Theorem 4.9.1 ([46]). (a) For every « > 0 there exists an essential component 
with B(n) < c(logn)**©. 


(b) There is no essential component B with B(n) < c(logn)!+°™), 


Chapter 5 


Measure and topology 


5.1 Introduction 


In this chapter we mention some loosely connected things. The common feature is 
that we now leave the safe familiar world of finite sets. Our excursions are in two 
different directions. 

The first is to measures. Measure is a close analogue of cardinality; the same 
questions we asked for finite sets can be formulated for measures of sets of reals, 
or in R¢, or in a more general setting. We already mentioned a classical example, 
the Brunn—Minkowski inequality: For measurable sets in R¢ we have 


w(A+ B)!4 > p(A)4 + p(B)/4, (5.1.1) 


This illustrates some basic differences. While measure is a more sophisticated 
concept than cardinality of a finite sets, the results are often simpler and sometimes 
also easier to prove. 

The second excursion is to topology. We think of the integers as a discrete 
set; however, other topologies on them do exist, and some have a relevance to our 
subject. We will mainly discuss the connection of the Bohr topology to additive 
properties. 


5.2 Raikov’s theorem and generalizations 


A natural analog of adding integers modulo q is the addition of reals modulo 1. 
The analogue of the Cauchy—Davenport inequality is the following theorem, due 
to Raikov [42] from 1939. 

In what follows we consider subsets of [0,1), addition is meant modulo 1. 
Problems of mesurability are not in the focus of our interest, so assume that every 
set mentioned is compact or open. Lebesgue measure is denoted by w. 
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Theorem 5.2.1. For A, BC [0,1) we have 
u(A + B) > min(1, (A) + p(B)). (5.2.1) 
Prexercise. Deduce Raikov’s theorem from the Cauchy—Davenport inequality. 


a) Approximate a general set by a union of intervals. 


b) Take a prime p and compare p(A) to the cardinalites of the sets 
A(z,p)={j € Zp: x+ j/p€ A}. (5.2.2) 


(Naturally j/p and «+ j/p are interpreted modulo 1.) 


Of the two approaches suggested above, a) is more natural but also has more 
cumbersome details. We describe method b). 


Proof. Write A+ B= S. Take a prime p and construct sets of residues from the 
sets A, B,S as described in (5.2.2). For every x,y we have 


S(a,p) > A(a — y,p) + Bly, p). 
An application of the Cauchy—Davenport inequality to these sets now gives 
|S(z,p)| = min(|A(a — y, p)| + |B(y,p)| — 1p). 
We can reformulate this as follows. Either $(x,p) = Zp, or 
|S(x, p)| 2 |A(@@ — y,p)| + |BYy,p)| — 1 (5.2.3) 


for each y. 
The average of such a cardinality is connected to the measure of the set in 
an immediate way: 


| core 
(Why?) By integrating both sides of (5.2.3) with respect to y we obtain 
|S(a,p)| = p(u(A) + (B)) — 1. 
This holds unless $(x,p) = Zp; hence the following inequality always holds: 
|S(x,p)| = min(p(u(A) + #(B)) — 1,7). 
Now integrating this inequality with respect to x and dividing by p we get 


u(A + B) > min(1, u(A) + u(B)) — 1/p. 


As this holds for every prime p, (5.2.1) follows. 
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Raikov’s theorem was generalized by Macbeath [33] for the n-dimensional 
torus, by Shields [60] for connected commutative compact second countable groups, 
by Kneser [28] for commutative locally compact groups and by Kemperman [24] 
for non-compact groups. We state below his result in less than complete generality 
to avoid discussing certain aspects of non-commutative groups and measurability. 

Let G be a locally compact topological group. If G is compact, or commu- 
tative, and in some other cases too, it has an invariant measure p, called Haar 
measure. Invariance means that we have 


w(A +2) = w(x + A) = pA) 


for every measurable set and every « € G. Without any condition, we can only 
claim that there is a right-invariant pu, satisfying u,(A + 2) = u,(A) and a left- 
invariant 4; satisfying f(a + A) = pi(A). If these coincide, that is, an invariant 
Haar measure exists, the group is called unimodular. We shall state the unimodular 
case. Also we restrict our attention to measurable sets. 


Theorem 5.2.2. Let G be a compact, connected group, A,B C G measurable sets 
such that A+ B is also measurable. We have 


y(A +B) > min(u(A) + u(B), u(G)). 


Theorem 5.2.3. Let G be a locally compact, non-compact group which does not 
have any proper compact-open subgroup. Let A,B C G be measurable sets such 
that A+ B is also measurable. We have 


u(A + B) > (A) + p(B). 


5.3 The impact function 


Let G be a group with a Haar measure jz, and B C Ga measurable set. We define 
the impact function of B analogously to the finite situation 


€4(x) = inf{u(A+ B): BC G,u(B) =z}. 


Exercise 79. Let G be the interval [0,1) with addition modulo 1. Prove the con- 
cavity of the impact function: for0<y<a#<landa+y <1 we have 


E(u —y) + &(@ + y) < 2€(2). 
Exercise 80. Use the previous exercise to give another proof of Raikov’s theorem. 
This method also can be extended to every locally compact group. 


Theorem 5.3.1. If G does not have any proper compact-open subgroup, then & is a 
continuous concave function on its whole domain. 
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See [53]; there this result is also applied to deduce Kemperman’s theorems 
from the previous section. 

Another curious property of the impact function is its symmetry. To avoid 
an exception we redefine the impact function at 0 by continuity: 


€(0) = lim (2). 


a2—0t 


Theorem 5.3.2. Assume that G is compact, commutative and connected. The small- 
est value of x for which €(a) = u(G) is x = u(G) —€(0). The graph of E(x) on the 
interval [0, u(G) — €(0)] is symmetric to the line x+y = p(G). 


5.4 Meditation on convexity and dimension 


Let A, B be Borel sets in R¢?. The Brunn—Minkowski inequality (5.1.1) estimates 
(A+ B) in a natural way, with equality if A and B are homothetic convex sets. 
This can be exptessed in terms of the impact function as 


én(a) > (a!/4 + (B)/*)", 


and this is the best possible estimate in terms of j4(B) only. 

To measure the degree of non-convexity, one can try to use the measure of 
the convex hull beside the measure of the set. This is analogous to the hull volume, 
and it is sufficient to describe the asymptotic behavior of €. 


Theorem 5.4.1 ([59, Theorem 1]). For every bounded Borel set B C R¢ of positive 
measure we have 
lim €g(a)'/4 — a4/4 = (conv B)/4, 


a—oo 


This is the continuous analogue of Theorem 3.9.3, and there is an analogue 
to the effective version Theorem, 3.9.5, as well. 
Note that by considering sets homothetic to conv B we immediately obtain 


€p(a)!/¢ < al/4 + p(conv B)4, 


thus we need only to give a lower estimate. This is as follows. 


Theorem 5.4.2 ([59, Theorem 2]). Let 4(B) = 6, u(conv B) = v. We have 
Ep(a)/4 > al/4 4 u¥/4 (1 — e(v/d)'2(vfay/@) , 
€p(a) > at du/4qi-1/4 (1 - e(v/b)"/?(vfa)/ 2) 


with a suitable positive constant c depending on d. 
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If v > 6b, we get a nontrivial improvement over the Brunn—Minkowski in- 
equality for a > ao(b,v). It would be desirable to find an improvement also for 
small values of a, or, even more, to find the best estimate in terms of u(B) and 
po(conv B). 

The exact bound and the structure of the extremal set may be complicated. 
This is already so in the case d = 1, which was solved in [51]. Observe that in one 
dimension j4(conv B) is the diameter of B. 


Theorem 5.4.3 ([51, Theorem 2]). Let B CR, and write (B) = b, u(conv B) = v. 


If 
aS v(u — b) 2 b{v/b}(1— aol 
2b 2 
then Ep(a) = a+v. If (5.4.1) does not hold, then let k be the unique positive 
integer satisfying 


(5.4.1) 


k(k — 1) ae med): 
2 =O 2 
and define 6 by 
a k(k—-1) 
—= ok. 
b 2 = 


We have 
Ep(a) > at (k+6)b, 


and equality holds if B = [0,6|U {v}. 
A set A such that €p(a) = (A+ B) for the above set B is given by 
A= (0, (kK -—1+4+ 6)b] U [v,v + (k — 2+ 6)b] U--- U[(k — lu, (& — 1) + 68]. 


A less exact, but simple and still quite good, lower bound sounds as follows. 


Corollary 5.4.4 ([51, Theorem 1]). Let B C R, and write -(B) = b, (conv B) = v. 


We have 
Ep(a) > min(a +, (Ja +4 V0/2)?). 


A comparison with the two-dimensional Brunn—Minkowski inequality gives 
the following interpretation: Initially a long one-dimensional set B tries to behave 
as if it were a two-dimensional set of area b/2. 

It can be observed that Corollary 5.4.4 is weaker than the obvious inequality 


u(A + B) > (A) + w(B) (5.4.2) 


for small a. For small values of a, Theorem 5.4.3 yields the following improvement 
of (5.4.2). 


Corollary 5.4.5 ([51, Corollary 3.1]). [fa <b, then we have 


(A+ B) > min(2a+ b,a+v). 
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Ifb<a< 3b, then we have 
(A+B) > min(5(a+),a+v). 


Problem 5.4.6. How large must (A+ B) be if (A), uw(B), w(conv A) and 
(conv B) are given? 
What are the minima of j1(A+A) and y(A—A) for fixed j4(A) and pu(conv A)? 


The results above show that for d= 1 (like in the discrete case, but for less 
obvious reasons) the limit relation becomes an equality for a > ao. Again, this is 
no longer the case for d = 2. 

An example of a set B C R?, such that 


Ep(a)/? < al/? 4 yl/? 


will hold for certain arbitrarily large values of a, is as follows. 
Let 0 < c < 1 and let B consist of the square [0,c] x [0,c] and the points 
(0,1), (1,0) and (1,1). Hence b = c? and v = 1. 
For an integer n > 1 put 
n—-1 


A, = [0,n] x JUL +4 x [n,n+qU (J[nn+e x Yi,5+d. 
= a 


Thus A,, consists of a square of side n and 2n + 1 small squares of side c, hence 
p(Ag) =n? + (2n +16. 


We can easily see that A, + B= A,,41. Hence by considering the set A = A, we 
see that for a number a of the form a = n? + (2n + 1)b we have 


Ep(a) < p(An4g1) = (n+ 1)? + Qn+3)b< (Ya+1)’. 
A more detailed calculation leads to 
fala)? <e'* +12 


(for these special values of a). 

If we tried to define an impact volume in the continuous case, we would 
recover the volume, at least for compact sets. Still, the above results and questions 
suggest that ordinary volume is not the best tool to understand additive properties. 
Perhaps one could try to modify the definition of impact volume by requiring 


(A) > u(B). So put 


d 
=. # 1/d___1/d 
iv,.(B) os (é2(a) a ) 


Problem 5.4.7. Find a lower estimate for iv.(B) in terms of j4(B) and p(conv B). 
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5.5 Topologies on integers 


For most of the time we are happy with the integers as a discrete set. However, 
other important topologies do exist on them. An example is the p-adic topology, 
which can be compactified to give us p-adic integers. The Cech—Stone compactifi- 
cation also has applications in combinatorial number theory. 

In what follows we will always use commutative groups (Z and extensions); for 
non-commutative groups the following definitions and claims have to be modified 
a litle. 

Among all topologies we will be interested in those where addition behaves 
nice. We consider two possible interpretations, a stronger and a weaker one. 


Definition 5.5.1. Let G be a group and T a topology on it. We say that (G,T) 
is a topological group, if addition and substraction are continuous in 7; that is, 
f(a,y) = x—y is jointly continuous in both variables. It is a semitopological group, 
if x — y is continuous in each variable separately. 


The weaker condition means two things: First, if U is a neighborhood of 0, 
then so is —U; next, if U is a neighborhood of an element xz, then U +a is a 
neighborhood of x + a. The stronger condition, in addition, requires that for any 
neighborhood U of 0 there is another neighborhood U’ such that U’ — U’ Cc U. 


Exercise 81. Construct a topology on Z which makes it a semitopological group 
but not a topological group. 


When defining a topology on Z, we shall typically proceed as follows. We 
define a basis of neighborhood of 0. Then, to make Z at least a semitopological 
group, we define neighborhoods of other integers by translation; that is, U will be 
a neighborhood of «x if U — x is a neighborhood of 0. In most cases it will be trivial 
that this indeed defines a topology, and we shall not give the easy details. If there 
is a hidden difficulty, we shall point it out. 

A topological group may be complete, which means that every sequence (as- 
suming a countability condition) or every generalized sequence (indexed by a gen- 
eral ordered set, not necessarily by positive integers) which satisfies the Cauchy 
condition must be convergent. 

A topological group can always be completed by assigning a new element (a 
limit) to every (generalized) Cauchy sequence which does not already have one. 
This procedure is used to build p-adic integers. 

If we are lucky, this completion is compact and then we can embed our group 
into a compact group; that is, we can compactify it. 


Exercise 82. Construct a group topology on Z, other than the discrete one, which 
cannot be compactified. 


We can sometimes compare two topologies as follows. 
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Definition 5.5.2. Let J, J’ be two topologies on the same set. We say that T’ is 
finer than T, or T is coarser than T’, if every set which is open in T is also open 
in T’. 


The finest topology of all is the discrete one. The coarsest is the one in which 
only the empty set and the whole space are open, a pretty uninteresting one. 
In what follows we will find the answer to the following questions. 


Question 1. What is the coarsest topology on Z in which all characters are con- 
tinuous? 


Recall that a character is a homomorphism into the circle {z € C: |z| = 1}. 
Now if 7 is a character and y(1) = w = e?™, then necessarily 


—_ e2titn 


y(n) = w 
for all integers. 


Question 2. What is the finest topology on Z which can be compactified to make 
it a compact topological group? 


We shall see that the answer to these questions will be the same, and we 
shall call it the Bohr topology. 

We first answer the first question. 

By the multiplicative property of characters, continuity everywhere is equiv- 
alent to continuity at 0. This means that the following sets must be neighborhoods 
of 0 for each character y and € > 0: 


{n € Z: y(n) — 7(0)| < €}. 
If we express y as y(n) = e?7"", we see that this set is the same as 
{n €Z: |ltn]] < d}, 
where ¢ and 6 are connected by the equation 
e= lens - 1 = 2sin 70. 


If such a set has to be a neighborhood of 0, then so has any finite intersection 
of such sets. We saw similar objects in Section 2.5, which we now repeat. 
Definition 5.5.3. If G is a commutative group, 71,..., 7x are characters of G and 
€; > 0, we write 


By. i Bigs eR) = le € Gs | arg 7;(g)| < 27; for j =1,...,k} 


and call these sets Bohr sets. In particular, if ¢; = --: = €, = €, we shall speak of 
a Bohr (k,¢)-set. (We take the branch of arg that lies in [—7,7).) 
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By view of the above, a Bohr set in Z can also be written as 
B(u1,..., Uk} €1,---,€k) = {2 EZ: |luja|| < e; for 7 =1,...,k}, 


where now the parameters u; are real numbers taken modulo 1. 


Definition 5.5.4. The Bohr topology on a commutative group is the topology in 
which a set is a neighborhood of a point x if and only if it contains a set of the 
form «+ N, where B is a Bohr set. 


Exercise 83. The Bohr sets are open in the Bohr topology. 
Exercise 84. The Bohr topology turns Z into a topological group. 
Exercise 85. This group can be compactified. 


Exercise 86. A sequence is convergent in the Bohr topology only if it is constant 
from a point on. 


5.6 The finest compactification 


Now we answer Question 2 of the previous section. 
Let G be a compact group, and let U be a neighborhood of 0 in G. The 
collection of open sets 


{U+a:r€EG} 


covers G, hence so does a finite subcollection. Hence U has the property that there 
are finitely many elements 71,...,7, € G such that 


Uw +4,;) =G. 


Definition 5.6.1. A set A in a group G is syndetic, if there are finitely many 
elements 21,...,®% € G such that 


(4+ a) =G. 


So a neighborhood of 0 must be syndetic. 


Exercise 87. A set A C Z is syndetic if and only if it is unbounded both from 
above and from below and has bounded gaps; that is, 


A= {...,@ 1,40, 41, @2,...}, @ei1—@p <e 


with some c. 


Exercise 88. Bohr sets are syndetic. 
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Let U be a neighborhood of 0 in any conditionally compact topology (this 
expression means that it has a compactification). We can find an open set U; such 
that U,; — U,; C U. Then, there is an open set Uz such that Uz — Uz C U4, and 
so on. So, U can be a neighborhood of 0 only if there is a chain of syndetic sets 
U,,U2,... such that Ui41 = Uj41 Cc U; for all 7. 

Note that the Bohr sets have this property, because 


B(ay,...,an,€/2) — Blar,...,an,¢/2) C Blay,..., aK, €). 


It is possible to show directly (without any reference to characters) that this 
requirement defines a class of sets which can serve as the basis of a topology, and 
it is indeed conditionally compact. Instead we shall prove that any set with this 
property contains a Bohr set. Moreover, we do not need an infinite chain for this, 
two steps are sufficient. 

Note that for a sequence U,U,,U2,... of sets Uj,U2,... such that Uj, — 
Ui41 C U; we have 


(U2 = U2) = (U2 _ U2) = 2U2 — 2U2 C U. 


So the exact formulation of the above claim sounds as follows. 


Theorem 5.6.2 (Bogolyubov [3]). If A C Z is a syndetic set, then 2A—2A contains 
a Bohr set (in other words, it is a neighborhood of 0 in the Bohr topology). 


This will be proved in a stronger form in the next section. 


5.7 Banach density 


To put Bogolyubov’s theorem into proper perspective we define some new concepts 
of density. 


Definition 5.7.1. The lower and upper Banach densities of a set A of integers are 
defined by 


1 

2 = lie hig 
noo @& nm 
A 1 

d*(A) = lim jag hl ony a al 


n—-co £ n 
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Exercise 89. These limits do exist. 

Exercise 90. Show that for any set A C Z, d,(A) < d(A) < d(A) < d*(A). 
Exercise 91. d,(A) > 0 if and only if A is syndetic. 

Exercise 92. Let P be the set of primes. Show that d*(P) = 0. 


The stronger form of Bogolyubov’s theorem requires only positive upper Ba- 
nach density. 
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Theorem 5.7.2 (Bogolyubov). If d*(A) > 0, then there exist ay,...,an, ande > 0, 
with k and € depending only on d*(A) > 0, such that B(ay,...,a%,€) C2A—2A 


Proof. We split the proof into three steps. 
Step 1 (modular case). It corresponds to Lemma 2.5.2, which we repeat below. 


Lemma 5.7.3. Let G be a finite commutative group, |G| = gq. Let A be a 
nonempty subset of G and write |A| = m = Bq. The set D = 2A—2A 
(the second difference set of A) contains a Bohr (k,¢)-set with some integer 
k<p* ande=1/4, 


Step 2 (finite case). 


Lemma 5.7.4. If A Cc [t,t+ 1], |A| > Gl, then there are ay,...,Q%,€, with 
k,e depending only on 3, such that 2A —2AD B(ay,...,ax%,€)N [l,l]. 


To see this let g > 41 and let A C [t,t + 1]. We denote by A’ C Z, the 
set of residue classes of A modulo gq, which satisfies |A’| > 6’l with 8’ = 3/5. 
Then, by the modular case, there exist k(3),ui1,...,uz and €(3) such that 


This means that for any n such that ||na;|| < ¢, where a; = u;/q, we can find 
@1, 42, 43,a4 € Asuch that n = aj+a2—a3—a4 mod q with |a;+a2—a3—a4| < 
21. If |n| < 21, they can be congruent only if they are equal. So, for all 
n € B(ay,...,a%,€) [l,l] we have n = a1 + ag — ag — a4, which completes 
the second step of the proof. 


2A’ —2A’D {« : |= 
q 


Last step (density case). Let 3 satisfy d*(A) > 6 > 0. Given | € N, we can find 
t such that |AU[t,t+1]| > Gl. The finite case provides a finite collection 
Q1,.--,Q@z,€ such that 2A —2A D B(ay,...,an,€) A [1,1]. Note that k and 
é are fixed, while a1,...,@%, which we can assume to belong to [0, 1], depend 
on l. 


For each 1, we define 
C; = {(o1,...,0%) € [0,1]* : Blar,...,0%,¢) O[-l, ] C 2A — 2A}. 


For all 1, C; is a compact set, nonempty by the previous argument, and 
Cy CC. Then, 


(ao. 
leN 
So there is at least one element (a1,...,a,) in the intersection. This defines 


the Bohr neighborhood in 2A — 2A we were looking for. 
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5.8 The difference set topology 


By Bogolyubov’s theorem, with four copies of A we get a Bohr neighborhood of 
0, namely by forming A+ A— A — A. With some modification three copies also 
suffice. Denote 

k- A= {ka,aé A}. 


Theorem 5.8.1 (Bergelson—Ruzsa [1]). Let A be a set of integers with d*(A) > 0, 
and let r,s,t be integers such thatr +s+t=0. The setr-A+r-A+t-Aisa 
Bohr neighborhood of 0. In particular, the set 2A—2-A = A+A-—2-A is a Bohr 
neighborhood of 0. 


The question whether two copies of A is enough to have a Bohr neighborhood 
inside is difficult, and the answer may depend on the interpretation of density. 


Unsolved problem. If A has positive lower Banach density (d,(A) > 0), is A— A 
a Bohr neighborhood of 0? 


Here we used the strongest assumption with lower Banach density, and in 
Bogolyubov’s theorem the weakest one with upper Banach density was sufficient. 
The medium ones with asymptotic density do not give anything new, for problems 
about the diffence set they behave as lower Banach density. An exact formulation 
is as follows. 


Theorem 5.8.2 ([44]). Assume d*(A) > 0. Then there is an A’ CN such that 
d(A’) >0 and A!— A’ CA—-A. 


However, upper Banach density is different. 


Theorem 5.8.3 (Kriz [29]). There exists an A with d(A) > 0 such that there is no 
A’, with d,(A) > 0 and A’ — A’! C A—A. Consequently, A— A is not a Bohr 
neighborhood of 0. 


The following result guarantees a somewhat weaker property. 


Theorem 5.8.4 (Felner [8, 9]). If d*(A) >0, then there exists a B= B(ay,..., Qn, €) 
such that d((A — A) \ B) =0. 


Unsolved problem. If A has positive upper Banach density, is A— A a neighborhood 
of something? 


So we know that difference sets of sets of positive density are not necessarily 
neighborhoods of 0 in the Bohr topology. They are, however, neighborhoods in 
some topology: we can use them to define a new topology. 


Definition 5.8.5. We say that V C Z is a neighborhood of 0 in the difference set 
topology if there exists a set A with d*(A) > 0 such that A— ACV. V’ is said to 
be a neighborhood of n € Z if V = V’ — n is a neighborhood of 0. 
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Exercise 93. The difference set topology is indeed a topology (not easy!). 
Easier exercise: Formulate what this means using only sets and density, no 
topological concept. 


Exercise 94. Is the difference set topology a group topology? 


Definition 5.8.6. The syndetic difference topology is defined similarly to the dif- 
ference set topology, but now we say that V C Z is a neighborhood of 0 if there 
exists an A with d,(A) > 0 such that A— ACV. 


With these concepts we can reformulate K7yiz’ theorem as the syndetic differ- 
ence topology is different from the difference set topology, and we cannot decide 
whether it is the same as the Bohr topology. 


Definition 5.8.7. The combinatorial difference topology is defined as follows. Let 
Aj,...Ax be subsets of the integers such that Z = U_, Ai, then LU; (Ai — Ai) is 
a neighborhood of 0. 


Exercise 95. The syndetic difference topology and the combinatorial difference 
topology are, indeed, topological spaces. 


Exercise 96. If V is an open set in the syndetic difference topology so is in the 
combinatorial difference topology. Hence the syndetic difference topology and the 
combinatorial difference topology are identical. 


Exercises 


The next collection of exercises is deliberately vague. The number of points is my 
estimate for the difficulty. This naturally depends on expertise; some of them were 
told in the course; then naturally the difficulty turns to 0. 


1) (3 points) Prove the Cauchy—Davenport inequality by comparing |A + B| 
and |A’ + B’| for suitably chosen sets of the form 


A'=AU(B+t), B’=BnN(A-?2). 
In a group G define the impact function of a set A C G by the formula 
€4(n) = min{|A+ B]: BCG,|B] =n}. 


The subscript will be generally omitted. 


2) (2 points) Prove the following “sort of concavity” of the impact function: 
For 2 <n < |G| there is a number 1 < k <n —1 such that 


E(n—k) + €(n +k) < 2€(n). 


3) (2 points) Use the previous exercise to deduce the Cauchy—Davenport 
inequality. 


4) (2 points) Let A,B be finite sets in a (not necessarily commutative) 
torsion-free group. Show that 


|A+ B| > |A]+ |B] -1. 
5) (2 points) In a finite group the graph of the impact function has a certain 
symmetry with respect to the line « + y = |G|. Formulate exactly and prove. 


6) (3 points) Let A,B C Z, be nonempty sets, p prime, and let 


T={a+b:acA,be BabF I}. 
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Prove that 
|Z'| > min(p, |A| + |B] — 3) 
and this is best possible. 
Next come some problems about measure. We take subsets of the interval 
(0,1), addition is meant modulo 1. 4 denotes Lebesgue measure, and we assume 
that every set is measurable (but meditations are welcome about how to use inner 


and outer measure to make things work for every set). We define the impact 
function analogously to the finite situation 


€4(x) = inf{u(A+ B): BC G,u(B) =z}. 


7) (3 points) Prove the concavity of the impact function: For 0<y<a<1 
and x+y <1 we have 


Se —y) + &(@ + y) S 2€(2). 
8) Prove Raikov’s theorem: For A, B C [0,1) we have 
(A+B) > min(1, w(A) + 4(B)). 


a) (1 point) Deduce it from the previous exercise. 

b) (2 points) Use Cauchy—Davenport and approximate a general set by a 
union of intervals. 

c) (2 points) Use Cauchy—Davenport by taking a prime p and comparing 
(A) to the cardinalites of the sets 


A(z,p)={j: 2+ j/pe A}. 


A set is sumfree if it has no three elements such that «+ y = z (so we exclude 
2x = z too; if we do not, the following exercises change only minimally). 


9) (warm-up) What is the size of the largest sumfree subset of [1, n]? 
10) (2 points) What is the size of the largest sumfree subset of Z,, p prime? 


11) (2 points) What is the size of the largest sumfree subset of Zp, n com- 
posite? 


12) (3 points) Every A CN, |A| = n, has a sumfree subset of cardinality 
> n/3. 


13) (10 points) Same problem with n/3-+ 1 for n sufficiently large. 


14) (3 points) The set of positive integers has no partition into finitely many 
sumfree parts. 
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15) (2 points) Let A,B C Z such that |A| > 2, |B] > 2 and |A+ Bi = 
|A|+|B|—1. Show that A, B are arithmetic progressions with a common difference. 


The next collection of exercises is deliberately vague. There are obvious an- 
swers (for instance, |A — A] < n? in the next: 0 point), not obvious but doable 
(1-3 points) and finding the exact bound would be an important new result. 


16) (0-oo points) Let |A] =n and assume that |2A| < an. Find a bound for 
|A — Al. 
17) (0-oo points) Let |A] =n and assume that |2A| < an. Find a bound for 
|3Al. 


18) (0-oo points) Let |A| = and assume that |A — A] < an. Find a bound 
for |2 A]. 


Next come exercises about density. d, d denote lower and upper densities, o 
is the Schnirelmann density. 


19) (1 point) If d(A) + d(B) > 1, then A+ B contains all but finitely many 
positive integers. 


20) (2 points) Suppose d(A)+d(B) = 1. Show that A+ B has an asymptotic 
density, and find its possible values. 


21) (2 points) Show that we have always 
d(A) =supo(A—7n). 


Show that we cannot replace the supremum by maximum. 


22) (1 point) Construct sets A, B satisfying 0 € A, 0 < o(A),o(B) < 1 and 


d 


o(A+ B) = o(A) + o(B) — o(A)o(B). 


23) (3 points) Show that for every pair of sets satisfying the previous exercise 
the values of o(A) and o(B) are always rational. 


24) (2 points) If d(A) > 0, does there necessarily exist a set B C A with 
d(B) > 0? 


25) (2 points) Let a, @,y be positive real numbers such that a+ 6<y< 1. 
Construct sets of positive integers such that d(A) = a, d(B) =a, d(A+ B)=y7. 


26) (2 points) For A C N define 


A,(n) =min|AN|[m4+1,m+n]|, A*(n) = max|AN [m+ 1,m-+n]]. 
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Show that the limits 
d,(A) = lim A,(n)/n, d*(A) = lim A*(n)/n 
always exist. They are called the lower and upper Banach density, respectively, of 
the set A. 
27) (2 points) If d,(A) > 0, is there always an A’ C A, such that d(A’) > 0? 


28) (2 points) Is there a quadratic polynomial f with integer coefficients such 
that every integer has a representation of the form f(x) — f(y) with integer 2, y? 


29) (2 points) Let A Cc Z, |A| =n, and for 1 <k <n let Sy be the set of all 
sums a, +--:+a,, where a; € A and all the k summands a; are distinct. Find the 
minimum of |S;| (for fixed k,n over all sets of n integers) and describe the cases 
of equality. 


30) (2 points) With the notations of the previous exercise show that for 
1<k<n we have 


hold if n is sufficiently large for a given k (perhaps for n > 2k)? 


31) (2 points) With the notations of the previous exercises show that for all 


k we have 
(K+1)Al  n+k 


i oy 


Research problem: Can equality hold for & = 2 and fail for k = 1? (I thought 
I have an example, but cannot find or reconstruct it.) 


32) (2 points) Let X,Y, Z be finite sets in any commutative group. Show that 


|X||¥ — Z| < |X —Y||xX — 2]. 


33) (3 points) Let X,Y, Z be finite sets in any commutative group. Show that 


[X+YV42Z2/? <|X+Y||X+Z||Y 4 Z|. 


34) Let 
A= {(siy. pm leD* ta, 20, >" ae< in} 
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a) (1 point) Calculate | A]. 

b) (1 point) What are the elements of A — A? 

c) (2 points) What are the limits of |A + A|/|A| and |A — A|/|A] as n — oo 
for fixed d? 


The covering index, cov A, of a set A C Z is the smallest integer k (if it 
exists) such that k suitable translations cover N: 


Nc (A+) 


for suitable b,,...,b, € Z. If there is no such k, we say that the covering index is 
infinite. 


35) (1 point) Let A CN, A = {aj,a2,...}, a1 < ag <---. The following are 
equivalent: d,(A) > 0; cov A < 00; aj41 — a; is bounded. 


36) (2 points) Find a set with cov A = 2 and such that an41 — an = 1234 
infinitely often. 


37) (2 points) For a set A of integers let D(A) be the set of positive differences. 
Prove that if d(A) > 1/k with a positive integer k, then cov D(A) < k —1. 


38) (2 points) Show that cov D(A) < cov A. Describe those sets where 
cov D(D(A)) = cov A. Show that if we repeat the operation D starting from a 
set of positive upper density, then in finitely many steps we arrive at the set of 
multiples of some integer. 


Enhanced version (3 points): Describe the cases of equality in the inequality 
cov D(A) < cov A. 


39) (2 points) Given an a € (0,1), what are the possible values of cov A for 
sets such that d,(A) = a? 


40) (2 points) Let o(A) = a. Show the existence of an A’ C A such that 
a(A’) = a, but by omitting any single element the density of the remaining set 
will be < a. 


41) (2 points) Let B C No = NU {0} and let a number a € (0,1) be given, 
and define @ as 
@ =inf{o(A+ B):0(A) > a}. 
Show the existence of a set A satisfying 0(A) = a, 0(A+ B) = £. 
42) (2 points) Let A C R@ be a finite set, |A| = n. Assume that A is proper 


d-dimensional, that is, it is not contained in any affine hyperplane of dimension 


< d. Prove that 
d(d +1) 


2A] > (d+ 1)n - SS 


43) (2 points) Let A, B be finite sets (in any commutative group), |A| = n, 
|A+ B| = An. Show that there is a set T such that |T| < \ and BC T+(A-— A). 
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44) (2 points) Let A be a finite set (in any commutative group), |A| = n, 
|2A| = \n. From Pliinnecke’s theorem we know that |kA| < A*n. For fixed this 
is an exponential function of k. Find a bound of the form f(k, A)n, where f(k, A) 
is, for fixed A, a polynomial of k. 


45) (3 points) Let A be a finite set (in any commutative group). Prove that 
|k.A| is, for k > ko, actually equal to some polynomial of k (Hovanskii’s theorem). 
(The polynomial and the value of kp depend on the set A.) 


46) (2 points) Let A C Z. Show that 


k\(k+1)A| > (K+ 1)|KA|—1. 


47) (3 points) Can the case k = 2 of the previous exercise be generalized to 
different sets as follows: 


2X+Y4+Z|/>|X+Y|4+]/¥4+2|4+|Z+xX|-1? 


This would be an additive counterpart to exercise 33. 
48) (3 points) Can the case k = 2 of exercise 46 be generalized to Z, like the 
Cauchy—Davenport inequality: 


2|3A| > min(3|2A] — 1, 2p)? 


49) (3 points) Prove elementarily (without using Szemerédi’s or van der 
Waerden’s theorem) that whenever d(A) > 0, the set A — A contains arbitrar- 
ily long arithmetical progressions. 


50) (2 points) Prove that the set P of primes has d*(P) = 0. 


For the next exercises let A be a set of integers, |A| =n and 


A(t) = S- e2riat 


acA 


51) (2 points) What is the arithmetical meaning of the integral i |A(t)|4t? 
What is its minimal value? 


52) (3 points) What is the maximal value of the integral in the previous 
exercise, and for which sets does it occur? 


53) (2 points) How can one express the number of three-term arithmetical 
progressions in A (that is, the number of pairs a,d such that a,a+d,a+2d€ A) 
by the function A? 


54) (1 point) And what happens if we count only those where d > 0? 
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Let A, B be sets in commutative groups. A mapping y: A > B is a Freiman 
homomorphism of order k, (F,-homomorphism) if for every a1,...,4%,@,,..-,@ € 
A, such that a1+-+-+a, = a +---+a),, we have y(a1)+---+ (ax) = play) +:--+ 
p(aj,). A Freiman isomorphism is a 1-1 Freiman homomorphism whose inverse is 
also a Freiman homomorphism. If the order is not given, it is understood to be 2. 


55) (1 point) If one of two F-isomorphic sets contains an l-term arithmetic 
progression, then so does the other. 


56) (1 point) If A and B are F,-isomorphic with r = q(k +1), then kA—J1A 
and kB — 1B are F,-isomorphic. 


A d-dimensional arithmetic progression is a set of the form 


P(qi,.--, dai hi,-..,laja) ={ataig +--+ ¢aqq:0< 2; < ii}. 


57) (2 points) The F-homomorphic image of a d-dimensional arithmetic pro- 
gression is also a d-dimensional arithmetic progression with the same “lengths” 
dyjeecgdae 

58) (2 points) Let P be a d-dimensional arithmetic progression. Show that 
|2P| < 2¢|PI. 

59) (1 point) Let p be a prime, A C Z,, |A| = n, k a positive integer. If 
p > n*, then there is a t € Zp, t £0, such that ||at/p|| < 1/k for alla € A. 

60) (3 points) Let A CN, |A| =n. Prove that there is a Freiman isomorphic 


set contained in [0,4"]. 


61) (2 points) Show that the bound in the previous exercise cannot be im- 
proved below 2”~?. 


We define the Freiman dimension of a set A C R* as the largest d for which 
there is an isomorphic properly d-dimensional set. 


62) (2 points) For a set A C Z® the following are equivalent: 
a) its Freiman dimension is d, 
b) every Freiman homomorphism from A to any R* is affine linear. 
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Part III 


Thematic seminars 


Chapter 1 


A survey on additive and 
multiplicative decompositions of 
sumsets and of shifted sets 


Christian Elsholtz 


1.1 Introduction 


Let A and 6 denote sets of integers and let A+ B = {a+b:a€ A,b € B} be the 
sumset and AB = {ab:a€A,b € B} the product set. 

We are interested in the additive and multiplicative structure of particular 
sets of integers S. One way to study its additive structure is to see how large sets 
A and B exist with A+BCS. 

Perhaps one can even decompose the whole set so that there exist two sets 
of integers A and 6 with |A| > 2 and |B] > 2 such that A+ 6 = S holds. A 
measure theoretic argument due to Wirsing [44] shows that most sets S cannot 
be decomposed in that way; (not even in the asymptotic sense of Definition 1.2.2 
below). But, for any particular set S it may be of interest to show that the set 
can indeed not be decomposed. 

The structure of sumsets and product sets is in the focus of current research 
activity; see, for example, Tao and Vu [41]. 

Here we are particularly interested if multiplicatively defined sets can be 
written as sumsets or if a shifted copy of a multiplicatively defined set can also be 
a product set. 

This survey consists of two parts. In the first part we review results which 
show that if A+B or AB +1 is a subset of a multiplicatively defined set, then 
the counting functions on A(N) = Soye4a<y 1 and B(N) cannot be too large. In 
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particular, we give a proof that the set of primes P cannot be written in the form 
AB +c, where |.A|,|8| > 2, even if finitely many exceptions are allowed. 

In the second part we use purely combinatorial counting arguments which 
show that there do exist sets A and B of certain finite sizes, such that A+ BC P, 
for example. 

While the first part introduces sieve methods, the second part is based on 
pigeonhole-principle-type arguments, or extremal graph theory. 


1.2 Part I 


1.2.1. Multiplicative decompositions of sumsets 


In earlier work such as [10, 11, 13], the author studied the question if multiplica- 
tively defined sets can be additively decomposed. We say a set S can be additively 
decomposed if there exist sets A,B with at least two elements each, such that 
A+B=S. 

Let us study two examples. 


Example 1.2.1. Let aZ = {an : n € Z}. Then aZ+ bZ = gcd(a,b)Z. Note that 
ZZ = Z, so that this sumset also has a trivial multiplicative decomposition: 


aZ + bZ = (gcd(a, b)Z) Z. 


If one allows positive integers only, i.e., if one studies aN + bN, then all 
sufficiently large multiples of gcd(a,b) can be represented. So, while aN + bN = 
gcd(a, b)N does not quite hold, it holds apart from finitely many exemptions. This 
suggests the study of asymptotic additive decompositions. 


Definition 1.2.2 (see [37, vol. 1, p. 5]). Let S be a set of positive integers. We 
say that S is asymptotically additively irreducible (or we say that no asymptotic 
additive decomposition exists) if there do not exist two sets of positive integers A 
and B, with at least two elements each, such that for a sufficiently large No 


(A+B) A [No, co] = SN [No, ov]. 
Another example of a set which has an additive and a multiplicative structure 
is the following. 


Example 1.2.3. Let A= {a?: 2 € Z}, B= {2y?: y € Z}. It is well known that n 
can be written in the from n = x? + 2y? if and only if n is zero, or n has a prime 
factorization of the from 


‘jr 83 2; 
| re ns | 
pi prime with pj=1,3 mod 8 qi prime with q;=5,7 mod 8 


where the r,s;,t; are non-negative integers. In other words with C = {n EN: p| 
n => (p= 2 or p=1,3 mod 8)} and D = {n?:: n € Z} we find that A+ B=CD. 
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Note that such a decomposition is not necessarily unique. Let D! = {n?: p|n=> 
p= 5,7 mod 8}, then A+ 8B =CD" also holds. 

Example 1.2.3 comes from the theory of quadratic forms. Observe that A 
and 6 occupy modulo primes pet of the residue classes. The sum of two random 
sets with about half of the residue classes modulo a prime p would usually cover 
all residue classes modulo p. In this example, modulo many primes this is not the 
case, namely if p = 5,7 mod 8, and 2,y 4 0 mod p, then the corresponding sets 
A’ and B’ occupy po of the residue classes, but x? + 2y? 4 0 mod p. Moreover, 


the considered sets are very “large”. This makes the example interesting. 


It may be conjectured that large sumsets that have a multiplicative property 
must come from related examples based on algebraic polynomials. For example, 
Croot and myself formulated the following conjecture: 


Problem 1.2.1. Let AC [1, N] with |A| > N°+. Assume that |A mod p| < 3p, 
for every prime p < N. Must any such A be contained in the set of values of a 
quadratic polynomial, apart from N!/3+¢ exceptions? 

The values of a quadratic polynomial f(x) = ax? + ba + ¢ are in about one 
half the residue classes modulo primes. 

The philosophy behind this conjecture is, if one removes from the interval 
[1, N] a positive proportion of the residue classes modulo a positive proportion of 
the primes, and one arrives at a set A with |A| > N°, where 5 > 0, then there 
should be an algebraic reason for this, since for a random sieve process one would 
expect that |A| is very much smaller. 


One of the long-standing open problems about additive decompositions is 
Ostmann’s conjecture. 


Conjecture 1.2.2 (Ostmann, [37, vol. 1, p. 13]). The set of primes P is asymptot- 
ically additively irreducible. 


As partial results in the direction of this conjecture, the author proved (see 
Elsholtz [10, 13]) the following theorem. 


Theorem 1.2.4. Suppose that there is an asymptotic additive decomposition of the 
set of primes, t.e., PA[No, oo] = P’N[No, oo], for some large No, and A+B=P’, 
then 
VN(log N)~? « A(N) « VN(log N)?. 
The same bounds hold for B(N). 
Also A(N)B(N) < N is known, a result that was independently proved by 
several authors. For a survey on this see [13]. 


As a consequence of a result such as Theorem 1.2.4, the author proved in [10] 
the following corollary. 


Corollary 1.2.5. The set of primes is not asymptotically additively decomposable 
into three sets A,B,C containing at least two elements each. 


216 Chapter 1. Additive and multiplicative decompositions — Christian Elsholtz 


For the additive decomposability of multiplicatively defined sets the following 
holds (see [13]). 


Theorem 1.2.6. Let T denote a set of primes with 


] 
Ss —= ich —Tlogaz| <C. 


pgex 
peT 


Here 0 <7 <1 denotes a real constant. Let 
O(T) = {ne N:pln=> pe T}. 


Let A+B C O'(T), where Q(T) A[No, co] = O'(T) N[No, ov], for sufficiently large 
No. Then 
A(N)B(N) <,,c N(log N)?". 


Corollary 1.2.7. Let T consist of p = 2 and all primes p = 1,3 mod 8. Then in 
the above theorem T = 4 is admissible. Let A and B be as above. Then 


A(N)B(N) « N(log N). 
This upper bound is quite close to the following constructive example. 


Example 1.2.8. Let A= {n?:n © N} and B= {2n?:neNand(p|n>p= 
1,3 mod 8)}. No element a;+6; € A+86 contains any prime factor g = 5,7 mod 8 
since for such gq one would have 


me 
m? + 2n? =0modq, i-., — = ~2 mod gg, 
n 


Since —2 is a quadratic non-residue modulo primes p = 5,7 mod 8, this implies 

that both m = 0modq and n = 0 mod q must hold, which is not the case by 

construction. Hence A+B Cc Q(T), where T = {p€ P: p=2 or p=1,3 mod 8}, 
1 


and T = oe 


Note that A(N) ~ N1/? and B(N) ~ eqn for some positive constant c. 


T gi the general upper bound N log N on A(N)B(N) and the actual value 
Cass in this example is only off by a small logarithmic factor. 


1.2.2 Multiplicative decompositions of shifted sets 
In [14] the author studied the multiplicative analogues. 


Definition 1.2.9. Let S be a set of positive integers. We say that S is asymptotically 
multiplicatively translation-irreducible if there is no decomposition of the type 
S’ = AB +c, where A,B are sets of positive integers with at least two elements 
each, c # 0 an integer, and where S’ is asymptotically equal to S. 
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Theorem 1.2.10. The set of primes is asymptotically multiplicatively translation- 
irreducible. 


The following theorem proves the corresponding result for sets of integers 
composed of certain prime factors only. 


Theorem 1.2.11. Let T C P be a set of primes with the property that 


N N 
l= ——__ ———————— 
"jog N a (carp) 


for some constant 0 <7 <1. Let 


PSN, pEeT 


OT) ={1sU{nEeN:p|nsSpeT}. 
Then Q(T) is asymptotically multiplicatively translation-irreducible. 


In this survey we will give a proof of Theorem 1.2.10. The proof of Theo- 
rem 1.2.11 uses the same methods. 

As a motivation for this type of results we observe that famous open problems 
are closely related. It is not known if there are infinitely Sophie Germain primes, 
or infinitely Carmichael numbers with a given number of prime factors. A Sophie 
Germain prime is a prime p where 2p + 1 is also prime. Let A = {1,2} and 
AB—1 Cc P. If pis a Sophie Germain prime, then p+1 € B. So, the question if an 
infinite set of shifted primes P’ +1 can be multiplicatively decomposed into AB, 
where A = {1,2}, is equivalent to the question whether there are infinitely Sophie 
Germain primes or not. 

A Carmichael number n is a composite number such that a” = amodn. 
Thus a Carmichael number is a pseudoprime to all bases a. By Korselt’s criterion 
a squarefree number n is a Carmichael number if for all prime factors p | n: 
p-1|n-1. 

Let A = {6,10,12,40} and A6 +1 C P. If it is possible to find infinitely 
many b such that 6b + 1,10b6+1,12b+ 1 and 405+ 1 are simultaneously prime, 
then the product n = (180b+ 7)(300b+ 11)(360b+ 13)(1200b+ 41) is a Carmichael 
number. This follows since n — 1 is divisible by 120(30b+ 1) so that it is divisible 
by 1806 + 6, 3006 + 10, 3606 + 12, 12006+ 40. The smallest example of this type is 
n=7-11-13-41 = 41041. For further details on Carmichael numbers see [21]. 


1.2.3 Some background from sieve methods 


The two main ingredients of the proof are the large sieve inequality, in a form due 
to Montgomery, and Gallagher’s larger sieve. 


Lemma 1.2.12 (Montgomery [35]). Let P denote the set of primes. Let p be a 
prime. Let A denote a set of integers which avoids w,(p) residue classes modulo p. 
Herewa:P > N with 0 <wa(p) < p—1. Let A(N) denote the counting function 
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A(N) = Vacnacal- Let u denote the Mobius function. Then the following upper 
bound on the counting function holds: 


seas A(P) 
A(N) < , where L = 2, oa eee or 


One typically chooses Q = N!/?. There are many excellent expositions of a 
proof of this statement (or variants of it), including those by Montgomery [35], 
Briidern [2], Davenport [8], Gallagher [18], and Tenenbaum [42]. 


Vaughan has found a suitable lower bound of L if 7) <, 2) is known. 


Lemma 1.2.13 (Vaughan [43]). For sufficiently large Q, 
= 1 w(p) 
L> l — ee 
> Sew (mie(t so 
m=1 p<Qi/m 


The sum 5>>_, is in fact a finite sum only. The parameter m denotes the 
number of prime factors of q in the definition of L. Hence 1 <m < a 2. As there 


are at most O(log NV) summands, a lower bound on EL can be found by choosing 
a suitable value of m, and replacing the sum by this one summand. The loss of a 
factor of size at most O(log NV) is small in typical large sieve applications. 


Lemma 1.2.14 (Gallagher’s larger sieve, [19]). Let S denote a set of primes such 
that A lies modulo p (for p € S) in at most va(p) residue classes. Then the 
following bound holds, provided the denominator is positive: 


—log N + dines logp 


log p ° 
—log N+ 
. dves Fa(p) va(p) 


A(N) < 


This sieve has a very elementary proof. 


Proof. Let A = {a1,a2,...,a)4)} C UL ,N], where ay < ag < +--+. We study upper 
and lower bounds of Il, <i<j<| Ay (45 a;). The following upper bound is trivial, 
since aj—-aj,<aj< 


(a; — a;) < NBIAMAI-), 
1<i<j<|Al 


To provide a lower bound we observe that the product is divisible by many small 
primes to a high power. Let p*) || Ti<icj<ja|(@; — a). A factor of p arises 
whenever a; and a; are in the same residue class modulo p. (Some additional factors 
of p arise modulo prime powers, leading to a slightly sharper sieve inequality, 
but for simplicity we ignore this here.) Let ty = |{a; : a; = k mod p}|, so that 
te = [A]. Then s(p) > >>, 3th (te — 1). The smallest that this latter sum can 
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be is if the a; are as equidistributed among the v(p) residue classes as possible, 
e., if tj & at, . This is a consequence of Cauchy’s inequality: 


@) t= poe ae ae: 2 Lt) =P 


kt, >0 kit, >0 k:t, >0 
This implies that 
A 
yale 1) )> ai ( | 1). 
= (p) 


: 1s gc! 
Hence s(p) > 5 (4 1). 


Combining the upper and lower bounds gives 


Ile? voy) < Nts (AI-1), 


Simplifying and taking logarithms gives 


] 
IAI > vo} ~ “logy < (Al — 1) log N, 
pes pes 


] 
|A| S>— ee —log N < —logN + 5) logp, 
pes v(p) ) pes 


which proves the larger sieve inequality, provided }7,<.5 nee r > log N holds. 


1.2.4 Proof of Theorem 1.2.10 


Proposition 1.2.15. Let A,B be sets of positive integers with at least two elements 
each. Suppose that P’ = AB+c, where P’N[No, ©) = PN[No, co). For sufficiently 
large N the following holds: 

A(N) < N2+7, 


The same holds for B(N). 


Proof. Suppose that P’ = AB+c, where P’N[No,00o) = PN[No, 00). Let by < be 
be the least two elements of 6. Without loss of generality we may assume that 
No > max(bo,c); otherwise, we just increase No. Let N be a sufficiently large 
integer. We begin by showing that for any prime q € [No, N‘/?], the set Ay = AN 
[N1/2, N] avoids at least two residue classes modulo gq. If a € Aj, then abi +c = p 
is a prime with b} < No < q < N‘/? < p. Now bi # 0modq, so by! mod q 
exists and a 4 —b; ‘ec mod q. Similarly a 4 —by'c mod q. It follows that a € Ay 
avoids the two residue classes —b; ‘c and —b; 'c modulo q. These are distinct since 
0<b <bo<qand0<c<gq. 
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Applying Lemma 1.2.12 with w(q) = 2 gives the upper bound 


2N 
ANY g<nt/2 H?(q) Wag 5 


< C...2,\)\nN 2 
acne? Le (q) Teig D 
2N 
gsi p2(q) 22 
N 
(log NV)?’ 


where d(q) denotes the number of divisors of g. So A(N) < /N 4+ Ai(N) « 
Woe ny In view of P(N) > my we must have B(N) > log N. This trivially 
implies that BUN) — co, as N > oo. 

Let 6; < bo < --- < by be the first k = 8 elements of B. We adapt the 
argument above with the change that No > bg. A sieve with w(q) = 8, for q € 
[No, N2], implies that A(N) < Toy and therefore B(N) > c’(log N)", for some 
positive constant c’. 

To iterate this further we need a lower bound on w(q) on average. Since a 
residue class b mod q forbids a class a mod q for A, we actually count those classes 
modulo primes that occur in B. 

Let vg(p) = |B mod pj; i.e., vg(p) is the number of residue classes modulo 
p that contain at least one element of B. 

Let 


<< 


y =c' (log N)8 (1.2.1) 
and S = {p: No < p < y}. Assume that rics ee > 3logN. This means 
that vg(p) is small, say of size at most p’/® modulo many small primes p < y. 
We therefore apply Gallagher’s larger sieve. Using (1.2.1) and Chebyshev’s bound 
Dk log p < 2y we obtain a contradiction: 


meshes 


c'(log N)’ < B(N) < 
leg Nt See ony 


2y ! 7 
< ———4 __ < e'(log NJ’. 
—log N+ Lipes Tae 


Consequently, 


l 
x aa < 3log N. 
cog YB(P) 


This means that vg(p) is modulo many small primes p < y not as small as originally 
assumed. Using Montgomery’s large sieve, this knowledge will give a good upper 
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bound on A, since any class that occurs in 6 forbids one in S. But in order to use 


Montgomery’s sieve we first need to transform the information from a measure on 


lo vB(P) 
Dipes retey tO @ measure on DN cp<y —p- 


From the Cauchy—Schwarz inequality and by partial summation from Cheby- 
shev’s bound on the number of primes 7(y) > jg, we find that 


3 log p Ss ve(p) \ . s log p\ 1? S y 
p = p logy” 


No<psy ve(P) No<psy No<psy 
We combine these two inequalities to obtain 
(log N)" 


3 vp(p) y % 
a (log y)(3 log N) log log N- 


It then follows by Montgomery’s large sieve and by Vaughan’s Lemma 1.2.13 
that A,(N) < 2%, where 


L= a TA 


—w 
q<N1/2 iq - 


1 wa(p) 
% = BA? 
> max exp | mlog > 
p<N1/(2m) 
We choose the integer m such that N!/(™) is close to y. Hence 


1 logN 


= ——— 1). 
mm 6 log log N ot) 


We may choose 


wa(p) = 


ve(p) forpeS, 
0 otherwise. 


Therefore we find that for all e’ > 0, 


log N 16 loglog N ce" (log N)7 
og + O(1)) tog (“EE e" (log ) 


log L > | ———-——_ 
a (ox log N log log N 


2N ' 
A(N) < Ai(N) + N# < =- 4} Ky NEE <, NIH =H, 


The same upper bound holds for B(N), by symmetry. So, the proposition 
follows. 
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Proof of Theorem 1.2.10. If ab +c = p < N, then at least one of a < VN or 
b < VN must hold. Since all a(N) + O(1) > een: primes in [No, N] have at 
least one presentation as ab +c, we not only have A(N)B(N) > my but also 


have 
N 


A(N)B(VN) + A(VN)B(N) > oe 
Since our proposition holds for all sufficiently large N, we can apply it indepen- 
dently several times. Applying it once with N, = VN, asecond time with No = N 
gives A(N) < N9/14, B(N) « N9/14 and A(VN) « N9/?8, B(/N) « N9/28, 
whence 


len < A(N)B(VN) + A(VN)B(N) < Nit << N38, 


This contradiction proves the theorem. 


1.3 Part II 


1.3.1 Sumsets 


If one works in finite sets [1, N], one can show that there exist two sets A,B with 
at least my many elements each, with A+ 8 Cc P. (If one chooses one of the 
sets smaller, then the other set can be taken considerably larger!) Below we will 
study some combinatorial counting methods like the pigeonhole principle to prove 
this lower bound. For results of this type we make essentially use of the counting 
function P(N) > oe x of the set of primes only. So, the same type of results would 
hold for other sets with such a counting function. But in order to strengthen the 
constants in the results slightly, we take a stronger result on the prime counting 
function. Recall that by the a number theorem, 7(N) = li(N) + Ol aaE 


holds for all k. Here li(N i . 


2 aaa 
p. 47), ™(N) = en + tog? + 2 tog + O(qag a) 

On the other hand, using the large sieve method one can show that two sets 
A,B c [1, N] of the same size |.A| = |B| with A+ 6 C P can at most be of size 
|A| = O(N'/?) (compare [13]). There is a huge gap between the lower bound and 
the upper bound, and we conjecture that the upper bound should be O,(N®), for 
all e > 0. Observe that Examples 1.2.3 and 1.2.8 show that there are square-like 
sequences, where the sumset essentially avoids half of all prime factors as divisors. 
The conjecture says that if the sums are required to be primes, then no such 
square-like sequences exist. 


Woe ) 
In particular (see, for example, Landau [33, 


1.3.2 Counting methods 


The following result is due to Erdés, Stewart and Tijdeman [16] and is a very 
useful counting tool. 
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Lemma 1.3.1. Let N be a positive integer and let S C [1, N] be a nonempty set. 
Let k be an integer with 1 < k < |S|. Then there exist a set AC S and a set of 
non-negative integers B Cc [0, N — 1] such that 


(e) 


A+Bcs, |Al>—=7r, [Bl =k. 
(1) 
Proof. There are (‘S| subsets of S containing k elements. To each of these subsets 
{s1,..., 5%} with s1 <---+ < s,% we associate the (k — 1)-element difference-subset 


{so — $1,...,8% — $1} C (1, N — 1). 


By the pigeonhole principle there exists a (k —1)-element set {h1,..., 1} which 
is the difference subset of at least 


N-1 

(,-1) 
distinct k-element subsets of S. The least elements of these ¢t sets are denoted 
by a1, @2,...,a¢. (Note that all a; are distinct since otherwise two k-element sets 


would be the same.) Thus the lemma follows with A = {a1,...,a:} and B = 
{0,hi,..., hei}. 


1.3.3 A result from extremal graph theory 


We shall make use of results from extremal graph theory. The applicability of 
results from graph theory to number theory has been promoted by Erdos. For an 
early example see Erdés [15]. 

More recently it was stated in a paper by Gyory, Stewart and Tijdeman [28] 
that M. Simonovits observed the possibility to apply the Kévari—Sés—Turan theo- 
rem to number theory. That theorem was, for example, applied in Gyarmati [26] 
to squarefree sumsets and by the author in [11] to triples of primes in arithmetic 
progression. 

Let us state the Kévari-Sés—Turdn theorem (see [31]). (Compare Theorem 
IV.10 (page 113) of Bollobas [1].) 


Theorem 1.3.2. Let G(m,n) denote a bipartite graph with m vertices in the first 
class and n in the second. Let z(m,n;s,t) denote the maximal number of edges of 
G such that G does not contain a complete bipartite graph K,4 with s vertices in 
the first class and t in the second. Then, for all natural numbers m,n,s and t we 
have 

z(m,n;s8,t) < stnmi—t + (t —1)m. 


Proof. Let us consider a bipartite graph G(V; U V2, £) with |Vi| = m,|V2| = n 
that does not contain a complete bipartite subgraph K+, with s elements in the 
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first vertex set and t elements in the second. (For convenience, we say that a graph 
Ku.» is oriented if the u vertices are in Vj and the v vertices are in V2.) Let us 
count the number of oriented Ky subgraphs. On the one side, this number is 
yo, (“), where d; denotes the degree of the i-th vertex in V;. On the other side, 
there are ie ) choices of t out of n elements and each of these choices of t elements 
is counted at most s — 1 times, since there is no oriented K,; subgraph. This 


implies that 
> (7) <@-n(7). 


Since f(z) = (7) is a convex function, and since )>, d; = |E|, it follows by Jensen’s 


inequality (see below) that 
: t t 
i=l 


With |E| > m(t — 1) (for a graph without K,, but with a maximal number of 
edges) this implies that 


(s—1)n'>m (less) 


m 


so that we have 


z(m,n;s,t) < (s — 1)t*nm ae +(t—1)m 


Let us recall Jensen’s inequality for convex functions. 


Lemma 1.3.3. If f is a convex function on the interval [a,b], then 


where (for alll <i<nJO<Xj <1, OL, Xi =1 and 2; € [a, d]. 
i. 


(25) <2 Sse 
w=1 1=1 


that is, the value of the function at the mean of the x; is less than or equal to the 
mean of the values of the function at each xj. 


An important special case is with \; = 
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1.3.4 The case of primes 

The difference counting approach 

Pomerance, Sdrk6zy and Stewart [38] proved the following results. 

Theorem 1.3.4 (Pomerance, Sdrkézy and Stewart). Let N,k be positive integers 
with k < log N. There is an effectively computable constant c, such that if N > c1, 
then there exist A,B C [1, N] with |B| =k: 


|A| > , andA+BcPo{l, N]. 


N 
k(log N) 


By Theorem 1.3.1 there exist A C P and B with A+B Cc PN[1,N] and 
|B| = k: 


Proof. Recall that 1(N) > “ + ns, for sufficiently large N. 
log N log N)2 


k 
(nq) wane (aie) ow 
0) =p NET ogy 


So far we have A c [2,N],B Cc [0,N — 2]. Shifting the set A down by 1, and 
shifting B up by 1, proves the theorem. 


Remark 1.3.5. An application of the purely combinatorial Theorem 1.3.1 allows to 
have that one of the sets A or B is itself a subset of the primes (or a shifted copy 
thereof). In fact, the second set can also have a prime restriction. In order to see 
this recall that Chudakov [4], van der Corput [5], Estermann [17] and Chowla [3] 
proved that almost all even integers are the sum of two primes with about the 
expected number of representations. The exceptional set has a counting function 


of at most Ox (ais 
are of the form 2p = p,+p2, about the expected number of times. This means that 
there are infinitely many triples of primes in arithmetic progression; see Chowla [3]. 
More precisely, the number of solutions of this equation with primes p, p1, po < N 


), for all k. In particular, almost all integers of the form 2p 


is of order of magnitude or For a closely related problem we refer the reader 
to Theorem 1.3.8 in Section 1.3.5. 


The graph theoretic approach 


Theorem 1.3.4 is certainly a good approximation to the prime k-tuple problem. 
We observe that the lower bound can be refined as follows. Let y = 4 log N. Let 
P =]],<,p- Define a bipartite graph G(ViUV2, E), where Vi = {P,2P,...,|$|P} 
and V2 = {n < N: (n,P) = 1}. The set of edges is defined by (v1,02) € EF © 
v1 + v2 € P. By this construction v1 + v2 is not divisible by any prime p < y. This 
pre-sieving increases the edge density slightly; for each p by a factor of sr. and 
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for all p < y together by a factor of [] puis For any given v; € Vj, 


psy Tf 
the number of v2 € V2 such that v, + v2 is prime, is ee N77 log y, so that the total 
number of edges is, with a positive constant c1, 


log log N 


|= 1 
[| > (ex + 0(1))1¥i| [aE 


A sumset A+B Cc B corresponds to a complete bipartite graph K, with |A| = s 
and |B| = t. Let us assume that the graph G does not contain any K,;. This gives 
bounds on the parameters s and t. By Theorem 1.3.2, 


log log N 
(cr + o(1))IVal Wal Soa SEIS 2m, 8,4) <5? [allel + 41V4] 
This implies that 
log log N)¢ 
Sie 
° 2 Valea (log Nt 


it follows that 


ble 


N 
With |V| pe Pad il heer (a- 1) 2 (log log N) 
# N(log log N)‘-1 
= log NYE 


Now, let us assume that s is smaller than this bound. By Theorem 1.3.2 there 
exists a graph kK, and hence subsets of the required size. 


Corollary 1.3.6. There exist sets A,B with A+B C P and with cardinality 


log N log N 
||, \B| 2 log log N—log log log N+O(1) 2 log log N’ for large N. 


log N 


loglog VW Proved by Pomerance, 


This slightly improves upon the bound (1 — ¢) 
Sarkozy and Stewart [38]. 


The lower bound above, s > si Coglog S) may look somewhat aa 


ing: for the prime k-tuple problem one thinks of the upper bound as Ck tog F se WoenyF 
whereas here the lower bound has additional loglog N factors. This is however 
no contradiction: since V; and Vj depend on P, and so on N the k-tuples con- 
sidered above are not “constant”, but vary as N increases. This example shows 
that upper bounds of the general prime k-tuple problem, where n+ 6;, prime, 
b; € (0, N],i € {1,...,4 —1}, ie., where the coefficients can vary with N, must 
also include (log log N)-factors. 


1.3.5 Chains of primes in arithmetic progressions 


If one studies chains of primes in arithmetic progressions a, a+ d, a + 2d, 
2 

a+(k—1)d < N, then an upper bound sieve shows there are at most Ox( ToenyF Tog NF ) 

of these. Until recently, a corresponding lower bound was only known in te case 
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k, = 3 (see the above-mentioned work by Chudakov [4], van der Corput [5], Ester- 
mann [17] and Chowla [3]). For a very precise result see Grosswald [24]. 
Recently, Green and Tao [22] proved the following theorem. 


Theorem 1.3.7. Let 
Gk(N) := (pi < po <+++ < pr) i pe < N, pi € P and p; = pi + (i—1)d}|. 
Then the following lower bound holds for some constant Cy > 0: 


N2 


Gk(N) > (Ck + 0) Toe) 


An asymptotic was known before for k = 3, and Green and Tao [23] more 
recently established one for k = 4. 

In this section we combine the Green—Tao result with the graph theoretic 
counting above and show the following results. 


Theorem 1.3.8. Let 
Gk(N) := |{(pi < po <-++ < pe): pe <N, pi © P and pj = pi + (i—1)d}|. 


Let Gy(N) > (Cy + o(1)) aaa and CL = #. Let N be sufficiently large. 
Fort >2,¢>0 ands>(C,+ 0(1))* qesRAT ae exist disjoint sets of primes 
A,B CPN [1,N] with |A| = s, |B| =t such that for all a; € A, b; € B and all 


Ar € {0,4 ee a 1}: all Aa; + (1 — A-)b; are prime. 


Remark 1.3.9. Let us remark that Green and Tao actually proved a stronger theo- 
rem. Let S be a set of primes with positive upper density, i.e., lim sup Sohal > 0, 
then S contains such progressions. Our corollary works in ‘the density situation 


as well. 


Corollary 1.3.10. The same theorem holds for any finite set L = {A1,...,A} C 
(0, 1] of rational numbers. 


Proof. Let z Henote the last common multiple of the denominators of the \,.. 
Then LZ c {0,4 ee — , 1}, and Corollary 1.3.10 follows by an application of 


2,4, 


Theorem 1.3.8 with k = z. 


For some other consequences of the Green—Tao theorem see Granville [20]. 
For sets A, B of equal size |.A| = |B| the theorem implies the following result. 


Theorem 1.3.11. For large N there exist disjoint sets of primes A,B C PN (1, N] 


; log N N 
as above with |A|,|B| > (C=C aa (Ci, + 6) Tope? 


For the proof of Theorem 1.3.8 we use the Green—Tao theorem combined with 
the counting argument that we already used in the last section. This shows that 
this counting method is versatile and can be easily adapted to similar situations. 
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Proof of Theorem 1.3.8. We define the bipartite graph G(V; U Va, F) as follows: 
The sets of vertices are V; = Vo = PM [I1, N], the set of edges is 


Ex = { (01,2) €Vi x Valo x ve and 


Avy + (L—A)vg E Pi AE 10, rig gah 


Here v1 corresponds to p; and v2 to pr. An edge between v1 and v2 corresponds 
to a (k + 1)-tuple of primes in progression. Note that py = po = --- = pr is not 
allowed. A complete bipartite graph K, ; corresponds to disjoint sets of primes A 
and B of sizes s and ¢ such that all Aa; + (1 — A)b; are also prime. By the Green— 
Tao theorem this graph G contains Gx4i(V) > (Cri +0(l)) ane edges. The 
Kévari-Sés—Turadn theorem (Theorem 1.3.2) guarantees that a bipartite graph 
with many edges must have a large K, as a subgraph. 

Suppose that G does not contain a complete bipartite graph K+ for which 
the first class of K, lies in the first class V; of G and the second class in V2. We 
then find by Theorems 1.3.2 and 1.3.7 that for sufficiently large N, 


N? 1 a2 


For large N we have the estimate 7(N) > — . This implies for t = O(N®) that 


log N° 
-Ar\1/t 
C;, + o(1) < st (log NV) 24ie 


(log N)*-? Nit N 


1 (log N)1/# 1 
sore (+ a) 


(Ck41 + o(1)) 


and therefore 
N 


Note that, since we can assume without loss of generality that s > t, the 
choice t < O(N*®) is not restrictive. 

Hence for s smaller than the above bound the graph G contains a complete 
bipartite graph K, which proves Theorem 1.3.8. 

For Theorem 1.3.11 we want both sets to be of the same size, i.e., s = t. An 
easy computation shows that 


log N nC, log N 
S| ee) 
(k — 2) loglog N k-—2 (log log N)? 


is an admissible value, for sufficiently large N. 


8 = (Ck + 0(1))* 
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Chapter 2 


On the detailed structure of sets 
with small additive property! 
Gregory A. Freiman 


It is known that a set of & integers A with small doubling (small |A+ A]) satisfying 
the condition |A+ A] = 2k—1+b,0 < b < k—3, isa part of arithmetic progression 
of k + b terms. It appeared that the structure of A may be described in a much 
more detailed way. 


The aim of this talk is to describe the deep structure of sets with small 
doubling (small |A+ A]) as well as the intersection of two sets A and B with small 
|A + B|. The former case will be treated in Section 2.1 and it is all described in 
[3]. The second case will be introduced in Section 2.2. 


2.1 Small doubling 


The results in this section are a continuation of those from the series of papers on 
Inverse Additive Number Theory published in 1955-1964 (see references [84]—[92] 
[98] cited in [6]). 

We will work with the set A C Z with |A] = k > 3. We assume that 


y] 


A= {a9 =0 <a, <-++ < ag_i} 


and gcd(A) = 1. Let T = |2A| = |A+ A| = [{a +0 | a,b © A}|. Notice that 
T>2k-1. 


In [2] there is the following result. 


!This chapter has been written based on notes taken by Jordi Moragas at the seminar delivered 
by the author at CRM on February 13, 2008. 
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Theorem 2.1.1. For0 <b<k—2 and T =2k—1+5, the set A is a subset of the 
set L = {0,1,...,4 + 6-1}. 


That is, if the set A has small doubling property, then it is contained in a 
small interval. From Theorem 2.1.1 it follows that a,_1 = k +b’ —1 where b! < b. 
It is no hard to see that, in fact, b/2 < b’ < b. 


If T = 2k—1, A= {0,1,2,...,4 —1}. In general, 


T=2k-—1+56 A 
2k—-1 eeoceeee 
2k eeoeecee 
2k+1 2} k+2 |ewwoeeoce 
k+l |ewo0eeec 

2k—-1+b b| <k+b 2? 


However, if b = k — 2, and thus T = 3k — 3, then A may be contained on an 
arbitrarily large interval. We next give an example: 


A= {0,1,...,41 —l,coc4+1,...c+kg-1} 
with c sufficiently large. Then, |A] = ki + ko = k, |2A| = 2ky —1+4+2kg —1L+hky 4+ 
kg —1 = 3(ky + kg) —3 = 3k - 3, and A Cc L with |L| =c+ke. 


Remark 2.1.2 (Chang’s polynomial bound). In 1964, the author discovered a deep 
fact about the structure of finite sets of integers with small doubling property. A 
finite d-dimensional arithmetic progression is a set of the form 


P={atagat:::+2aqa|0< a; <1,i=1,...,d} CZ. 


The length of P is I(P) = [[%., li. Clearly |P| < I(P). 


Theorem 2.1.3. Let A C Z be a finite set such that |2A| < alA|. Then A is a 
subset of a d-dimensional arithmetic progression P, where d < d(a) and |P| < 


C(a)|Al. 


The bounds on these constants depending on a, given by Chang in [6], are 
d < Ka? log’ a and C(a) < exp(Ka? log? a).? Chang also showed how one can 
improve the bound on the dimension to d(a@) < |d—1] with the bound on |P| not 
substantially worse. 


Throughout the presentation, we will use the following set to exemplify most 
of the situations: 
A = {0,2,4,6,7,8, 10, 12}. (2.1.1) 


?In the notes [5], the explicit value K = 27° is obtained. 
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For this set we have k = 8, b=k—3=5 and T = 3k —4 = 20. 


In what follows we will analyze the structure of a generic set A with small 
doubling property. We call a set A stable if 2AM [0,a,_-1] = A. We can see that 
the sets Ay = AN [0,6] = {0,2,4,6} and Az = 12 — ((8,12] M.A) = {0,2,4} are 
stable. 

We will show how the set A can be partitioned into three parts, 

A= A,UIU (ag-1 — Ap) 


where A; and Ay are stable and J is an interval. The same will happen with 2A, 
2A= A, Cray) (2an-1 = Ag), 


where J is an interval. 

For our example (2.1.1) we have I = {6,7,8} and J = {6,7,...,20}. 

To describe in such precise way the structure of both A and 2A we will take 
a look at the holes of the set A. If we define M(A) = M = [0,ax_-1], a hole in 
A will be simply an element of M not belonging to A. In the example, the set of 
holes is {1,3,5,9, 11}. Now define a set B = AU(ag_1 +A) C 2A. In the example, 


ap—-1tA 
——$$<—<—$———> 
B = {0,2,4,6,7,8, 10, 12,14, 16,18, 19, 20, 22, 24}. (2.1.2) 
ee 
A 
If ais a hole in B, so is a+az_ 1. We can partition the set of holes in B into 


pairs (a,a+ az—-1) where a is a hole in A and a+ ag_y is a hole in ag_; + A. For 
(2.1.2) we have 


(1,13) (3,15) (5,17) (9,21) (11,23). 
Lemma 2.1.4. For each pair (a,a+axg—1) of holes in B we have 
ae2Aa or a+ ap_1 € 2A. 


Proof. Let us look at A as aset of residues modulo az_1. Since the total number of 
residues is k+b < 2k—3 and the sets A (mod ay_;) and a— A (mod ay_,) contain 
k — 1 residues each, the sets of residues A and a — A have a nonzero intersection. 
Therefore 

a€2A (mod az_1), (2.1.3) 


but in the set of integers the residue a is represented by a or by a+ az_1. If both 
of these numbers do not belong to 2A, then this contradicts (2.1.3). 


3This corresponds to the case when b’ = b (the length of the interval containing A is the 
maximum possible). Otherwise, the set J would be an interval with holes. 
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This lemma leads us to the following question, for the pair (a,a + ax_1), 
one of the numbers belongs to 2A, but what about the second one? There can be 
the two possible situations. If in the pair (a,a + az—1) both numbers of the pair 
belong to 2A, we call the pair unstable. Otherwise, if one of the numbers of the 
pair does not belong to 2A, the pair is called stable. In this latter case, the number 
not belonging to 2A will be called a stable hole. Moreover, if we have 


a ¢ 2A, 
the pair will be called left stable; if 
a+ ap-1 € 2A, 


the pair will be called right stable. 
The number of stable/unstable pairs is described in the following lemma. 


Lemma 2.1.5 (see [4]). The set of b’ pairs of holes in B consists of 2b' — b stable 
pairs and b — b! unstable pairs. 


Finally, let e = max{a | (a,a,—1) is left stable} and c = min{a | (a,az_1) 
is right stable}. 

Let us now take a look at the example (2.1.1), A = {0,2,4,6,7,8, 10,12}. 
In this example, b’ = b and thus there are no unstable pairs. The following table 
describes the situation of the pairs. 


Pairs Left Right 
(1,13) 1 (left stable) 13=6+7 

(3, 15) 3 (left stable) 15=7+8 
(5,17) | 5 (left stable) = e 17=7+10 
(9,21) 9=2+7=c 21 (right stable) 
(11, 23) 11=4+7 23 (right stable) 


Lemma 2.1.6 (see [4]). We have 


e<c. 


That is, all left-stable points occur before any right-stable point and all points 
in between are unstable. This fact ensures the existence of a long interval in 2A. 

We are now prepared to describe accurately the structure of the set A. Let d 
be the number of unstable pairs (a,az—1) for which e < a < c. The next theorem 
estimates the length of the interval which belongs to 2A. 


Theorem 2.1.7 (see [4]). We have J = [e+1,c¢+ ax-1 — 1] C 2A and |J| > 
2k —1-+ 2d. 
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We will explain now how we construct a set A” > A (a completion of A) 
which helps to understand and describe the properties of A. 

Take the set A’ of numbers p which are holes in A, where p belongs to an 
unstable pair (p,p + a@x—1) for which e < p < c. Define the set 


A" =AUA’'. 
Theorem 2.1.8. The set A” has the following properties: 
e 2A” = 2A, 
e the interval J’ = |e +1,c— 1] is included in A” and 
e |A+ Al = 2k —14 0’ = |A”4 A”| =2|A”"|—140' — 2d. 


The most interesting results are those when az_1 = k —1+ 5), that is, when 
the interval containing A has the maximum length for a given T. The following 
theorem is a corollary of Theorem 2.1.7 for this particular case and sheds light on 
what we were searching, the structure of A. 


Theorem 2.1.9. Let T = 2k —1+b for A, where 0 <b < k—2, and let the length 
of the interval M be maximal, i.e., |M|=k+b. Then 


e Ay =AN([0,e+ 1] ts stable (i.e. AN[0,e+1] =2AN [0,e+ 1]), 
@ Ap = ag-1 — ([c— 1, ax—-1] N A) is stable, 

e J=le+1,c+ ap_1 — 1] C 2A and 

e T=[e+1,c-l1 CA. 


2.2 Sums of different sets 


In this part we are mainly interested in the structure of A = {a9 =0 < a1 <-:-< 
ap—1} if |A — A] = |{a1 — a2 | a1, a2 € A}| is small. The sets A and a,_; — A are 
symmetric with center a,—/2, and we have |A — A| = |A + (ag_1 — A)]. 

To study this situation, we can go to the more general case where we have 
two sets A = {a9 = 0 < ay < +--+ < ag_i} and B = {bp =0 <b} < +--+ < dg_i} 
with ag—1 = be_-1 and small additive property; that is, |A + B| = 2k —1+ 6 and 
b < k—2. An approach to this topic is the following theorem due to Y. Stanchescu. 


Theorem 2.2.1 (see [7]). If |A+ B| < 2k-—1+b andb<k—2, then 
M(A) = M(B) =([0,k-14+ 0), 


where b! < b. 


For our purposes, this is a weak result in the sense that we only know that 
the sets are contained in a short interval, but we do not know anything about 
their structure. We will go further. 

Take AN B = C; and define n = |C|. If we could show that n ~ k, we would 
conclude that A and B are almost the same set. 
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Define 
e C2 = A\(ANB), |Co|=k-n=s, 
e C3 = B\ (ANB), |C3| =k-n=s, 
e Cy = AUBC (0, ax_1], 
e C5 = Cy, U (C4 + Gp_1), |C5| = 2h + 25-1. 


The number of holes in C4 is b’ — s (and so is the number of pairs of holes in 
Cs). Moreover, for each pair of holes (a,a,—1) in Cs, 


ac A+B, 
or 
at+ap-1€ A+B. 


From these last two facts we obtain the following inequality: 
|A+ B) >2k+2s—1+)'-s=2k—-14+0'+s. (2.2.1) 


Comparing (2.2.1) with |A + B| = 2k — 1+} we can conclude that b > b'+ 5 = 
b'+k—n, and finally 
n>k—(b-D). (2.2.2) 


Then, if b = 6’, that is, when the interval given by Theorem 2.2.1 is the 
maximum possible for a fixed |A + B|, we have that n = k and thus A = B. 

The conclusion is that, two different sets with small additive property are in 
fact not so different. 
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Chapter 3 


The isoperimetric method! 
Yahya O. Hamidoune 


These notes consist of six sections. In the first three we introduce some classical 
results in several directions. In fourth section we develop isoperimetric tools for 
torsion-free groups and provide several very short proofs using the new technique. 
In fifth section we extend notions and main lemmas for general groups and provide 
proofs for theorems stated in the first sections. In last section we provide several 
observations, conjectures and recent results in the area. 


3.1 Universal bounds of set products 


Let G be a group and let A, B be nonempty finite subsets of G. Define their 
product as 
AB={ay:c€A and ye B}. 


We shall write 
AT =A.---A. 
ae) 
n times 
When G is additive, we write A+ B and nA, respectively. 
In the famous proof that every natural number is the sum of four squares 
Legendre used a lemma, saying that every integer is the sum of two squares modulo 
prime p. If we set Q = {x? : x € Zp}, then it can be stated in a following way. 


Lemma 3.1.1 (Legendre). Q+ Q = Zp. 
This lemma can be generalized as follows. 


IThis chapter has been written based on notes taken by Benjamin Girard at the seminar 
delivered by the author at CRM on February 6, 2008 
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Lemma 3.1.2 (Folklore). Let G be a finite group, and let X, Y be nonempty subsets 
of G. If XY #G, then |X|+|Y| < |G|. 


Proof. Take any a € G'\ (XY). Then we have aX~!NY = 9. Therefore, 


|G] > |aX—"| + |¥| = |X| + [Y| = |X| + |. 


Some easy bounds of a similar nature can be obtained. Let X,Y € G be 
nonempty finite subsets with 1 © X. We have 


|XY| > max(|X', |Y'|). 


Equality is reached only when X is a subgroup and Y = Uy € YXy, as one can 
show using the next lemma. 

Fix the notations throughout the section. Let G be a group, TC G a finite 
nonempty subset, and let S Cc G be a finite generating subset with 1 € S. 


Lemma 3.1.3 (Folklore). Jf |T'S| < |T|, then T=G. 


Proof. Since T Cc T'S, we have T'S = T and therefore Ty = T for all y € S. Since 
S generates G, we have Tg = T for all g € G. This gives 


T=|)To=76 =c. 
gEG 


This lemma gives the following immediate corollary. 


Corollary 3.1.4. Suppose that G is finite. Set |G|=n and |S|=k. Then S”~24+3 = 
G. 


Proof. Suppose that |.97| <n. By Legendre’s lemma, 
n> |SI“"| + |S]. 
Using Lemma 3.1.3 we obtain 


|si-*| > |S3-?| LT > [804 | 49S > [S| tg-2=k+j-2. 


Therefore n >k+k+ 9-2 and hence 7 < n—2k42. 


A sharp bound can be obtained from the following result. 


Theorem 3.1.5 (Olson (1984) [17], Hamidoune (1981)). Let |S| =k. If TS # G, 
then 


k 
ITS] > |T|+ 5. 


This bound is the best possible. For example, take a subgroup A and a ¢ A. 
Put B= AU Aa. Then |AB| =|B| = 2|A| = |A| + 2. 

Olson’s proof uses the Kemperman’s generalization of the Cauchy—Davenport 
theorem and requires around 10 pages. However, using isoperimetric methods we 
can get a very short proof. 

Using this sharper bound, we get more precise result than in Corollary 3.1.4. 
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Corollary 3.1.6 (Hamidoune—Redseth [13]). Suppose G is finite. Set |G| =n and 
|S| =k. Assume also that 2k <n. Then 


2n 


sl¥l—-1 — &, 
Proof. Suppose that |.$7| <n. By Legendre’s lemma, 
n > |S9-1| + |S]. 
Using Theorem 3.1.5 we obtain 


13| 
2 


S S 
> (99 4215 >.> oj 4g-yl=j 


Nw] = 


Ie > [SI] 4 SI 


Therefore n > k +j§ and hence j < an —2. 


3.2 The Frobenius problem 


Addition theorems have several applications. In this section we will see how each 
of the above bounds apply to the Frobenius problem. First let us define Frobenius 
semigroup. 


Definition 3.2.1. Let A C N be such that gcd(A) = 1. The semigroup 


F(A)=(JnA 


n>1 
is called Frobenius semigroup. 


Also set m = max(A) and |A| = k. Let ¢@ : Z ++ Zm be the canonical 
morphism. We write $(A) = A. 
Legendre’s lemma implies the following. 


Lemma 3.2.2 (Folklore). If |A| > m/2, then [m — 1, o0[C F(A). 


Proof. Take « > m—1 such that « ¢ F(A). By Legendre’s lemma, 2(A U {0} = 
Zm. In particular « = aj + a2 + 8m, for some aj,a2 € A, a, < ag. 

Since x ¢ F(A), we have s = —1. Since « > m—1,we have 2m—1 < ay+a2 < 
2m, but « Am, so a, + ag = 2m — 1. This gives ay = m—1, ag =m, x =m—1 
and therefore x € A C F(A), a contradiction. 


Applying Corollary 3.1.4 we get a bound for a little more general setting. 
Lemma 3.2.3 (Folklore). [m(m — k) + 1,oo[C F(A). 
Proof. By Corollary 3.1.4, 


(m—2k+3)AU {0} = Zm. 
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Take « > m(m— 2k +2)+1. Then # = ay +-+++@m—2~43 + 8m for some s € Z. 
We have 


m(m—2k+2)+1 <a =a, +-+++Gm—2n43 + 5m < (m—2k+3)m+ sm. 


Hence s > 0 which, together with m € A, implies x € F(A). 
Corollary 3.1.6 gives an even better result. 

Lemma 3.2.4 (Rddseth, conjectured by Graham and Erdés). NO [Gm kim oo[C 

F(A). 


Proof. By Corollary 3.1.6, 


gAU {0} =Zm, 
where q = |24| — 1. Take x > Om km Then x = a, +---+aq+ 8m for some 
s €Z. We have 
(2m —k)m 


2m 
SES, +--+ aq + sm <mg+ms < m(>— — 1) + sm. 


Hence s > 0 which, together with m € A, implies x € F(A). 


Further improvements in this direction were made by Dixmier. 


Theorem 3.2.5 (Dixmier [6], conjectured by Graham and Erdés). [m(m—1)/(k—1), 
oo[C F(A). 


The proof of Dixmier is ingenious and uses Kneser’s theorem. A more 
precise bound conjectured by Lewin states that for sufficiently large m, 
[(m — 2)(m—k+1)/k+1,00[C F(A). Lewin’s conjecture was proved by Dixmer 
in some special case and by Hamidoune in the general case (1997). 


3.3 The a+ (-theorems 


3.3.1 Direct theorems 
Cauchy obtained the following generalization of Legendre’s lemma. 


Theorem 3.3.1 (Cauchy—Davenport [4], [5]). Let p be a prime and let A and B be 
nonempty subsets of Zp with A+ B #Z,. Then 


|A+ Bl > |A| + |B] —1. 


The result of Cauchy was rediscovered by Davenport in 1935. Cauchy proved 
using his theorem that 


[{zt +--+ a2f}| 2 min(p, 1 + t(p — 1)/k), 


wherel<k<p-—2. 
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Until recently, the following Kemperman’s generalization of the Cauchy— 
Davenport theorem was the main tool in the investigation of |AB| in the non- 
abelian case. 


Theorem 3.3.2 (Kemperman). Let A and B be finite subsets of a multiplicative 
group G and leta € A, b€ B. Then there exists a finite subgroup H with aHb Cc 
AB and 

|AB| > |A] + |B] —|H. 


The proof of this result requires a beautiful transform. Notice that the same 
transform is recently used by Dicks and Ivanov in connection with a deep conjec- 
ture in group theory. 

Because of unusual requirement aHb C AB we do not know any isoperimetric 
proof of Kemperman’s theorem, but it is suspected that such a proof exists (pos- 
sibly very short). However, later on we will give a simple proof for the following 
corollary. 


Corollary 3.3.3 (Kemperman). Let A and B be finite subsets of a multiplicative 
torsion-free group G. Then 


|AB > |Al + |Bl —1. 


3.3.2 Inverse theorems 


Inverse theorems or critical pair theorems are results describing sets reaching the 
bounds. The critical pair for the Cauchy—Davenport theorem is due to Vosper. 


Theorem 3.3.4 (Vosper [20]). Let A, B be subsets of Zp such that |A|,|B| > 2 and 
|A+ B| = |A|+ |B] —1<p-—2. Then A, B are arithmetic progressions with the 
same difference. 


The critical pair for Vosper’s theorem is as follows. 


Theorem 3.3.5 (Hamidoune-Rgdseth [14]). Let A, B be subsets of Z, such that 
|A| > 3, |B| > 4 and |A+ B| = |A|+|B| < p—4. Then there is d such that A 
(resp., B) is contained in arithmetic progression with difference d and cardinality 
|A|+ 1 (resp., |B| +1). 


Analogues for these two theorems for torsion-free groups are also known. 


Theorem 3.3.6 (Brailowski-Freiman [1]). Let A, B be finite subsets of a torsion- 
free group G such that |A],|B| > 2 and |A+ B| = |A|+|B|— 1. Then there are 
a,b€G such that aA = {1,r,...,r'4!-1} and Bb = {1,r,...,r!?!-4}. 


The original proof based on Kemperman transform requires 18 pages. We 
shall give a very simple proof later. The critical pair theorem is as follows. 


Theorem 3.3.7 (Hamidoune—Lladé-Serra [12]). Let A, B be finite subsets of a 
torsion-free group G such that |A| > 3 and |B| > 4 and |AB| = |A| +|B|. Then 
there are a,b € G such that aA C {1,r,...,r!/4!} and Bbc {1,r,...,r/7/}. 
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3.4 Torsion-free groups: The isoperimetric approach 


For this section, G is a torsion-free group, T C G is a finite nonempty subset and 
S Cc Gis a finite generating subset with 1 € S. By F(G) we shall mean the set of 
finite nonempty subsets of G. 

Consider the objective function 


0: F(G) + F(G), where @(F) = (FS) \ F. 


Notice that 0(F) is the boundary of F' in the Cayley graph on G defined by 
S. 


Recall some more definitions. 


Definitions. k‘*-connectivity of S (or k**-isoperimetric number) is defined as 
Ke(S) = min{|O(X)] : k < |X| < oo}. 


A finite subset X of G such that |X| > k and |O0(X)| = (5S) is called a 
k-fragment of S. 
A k-fragment with minimal cardinality is called a k-atom. 


Note that if A is a k-atom, then for every x, xA is also a k-atom. In particular, 
there exists a k-atom containing 1. 
Let us settle a very useful lemma. 


Lemma 3.4.1 (Hamidoune (1996)). Let X, Y be two distinct k-atoms of S. Then 
IXAY|<k-1. 


Proof. One can check the inequality |O(X N Y)| + |O(X UY)| < |AC(X)| + |a(y)| 
as an easy exercise. Assume that |X MN Y| > k. Then by definition of «,(S') we get 
Ox NY)|+ |a(x UY)| 
A(X)| + |A(Y)| 

KK(5). 


Therefore «,(S) = |O(XNY)|, and since |XNY| < |X| =|Y| this contradicts that 
X,Y are k-atoms. 


2K (S ) < 
7 


y | 


This lemma allows us to prove following statement. 
Corollary 3.4.2 (Hamidoune (1986)). Jf A is 1-atom of S, then |A| =1. 


Proof. By translating, if necessary, we may assume that 1 € A. Now for every 
x € A, «A and A are two 1-atoms containing 2. Then «A = A, otherwise it 
would contradict Lemma 3.4.1. Since equality holds for all x € A we get A= A?. 
Therefore A is a finite subgroup of a torsion-free group. Thus A = {1}. 


Now we are ready to give a short proof of the Cauchy—Davenport theorem 
for torsion-free groups. 
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Proof of Corollary 3.3.3. We have |T'S| — |T| > «1(S) = |O({1})| = |1- S| -1= 
|S| —1. 


Note that «2(S) > |S|—1. We will show that equality is possible, only when 
S is an arithmetic progression. We will need the following lemma. 


Lemma 3.4.3. Let A be a 2-atom. If |A| = 2 and Kk. = |S|—1, then S is an 
arithmetic progression. 

Proof. Put A= {1,r}. Then k2 = |S|—1=|AS\ A| =|AS|—2 > |AS| = |S|+1. 
Since AS = SU Sr, we see that S can only be arithmetic progression. 


Proposition 3.4.4 (Hamidoune (1996)). Jf «2(S) = |S|—1, then S is an arithmetic 
progression. 


Proof. Suppose the contrary and take a counterexample S having a minimal 
length. Let A be a 2-atom with 1 € A. By the previous lemma |A| > 3. 
From the assumption on K2(S) it follows that |AS|—|A| = |S|—1, therefore 


|S-*A~?| = |S| + [A] - 1. 
This shows that «2(A~') < |A| — 1, hence 
we =e ASS 


By minimality assumption, either A has to be arithmetic progression or |A| > ||. 
We show that both are impossible. 


The case A is an arithmetic progression. Set A =r) {1,r,r?,...}. Then |rAN 
A| > 2 which contradicts Lemma 3.4.1. 


The case |A| > |S]. Let us begin with the following observation. For every 
x € A there is an element s, € 9 \ {1} such that z(s,)~! € A, since otherwise 
A\ {x} would be a 2-fragment. 
Since |A| > |S], there are x 4 y with s, = s, = s. Put x(s,)~' =a € A and 
y(sy)~1 =be A. Then 
sea 'tAnbd'A. 


But 
leq Ant A, 


therefore a~1A = b~'B and then a = b and hance x = y, a contradiction. 


We now give an isoperimetric proof of the Brailowski-Freiman theorem. 


Proof of Theorem 3.3.6. Suppose |T'S| = |T| + |S|— 1 with |T|,|S| > 2. Without 
loss of generality, we may assume that 1 © SMT’. Let K be the subgroup generated 
by S. We have T C S, otherwise there is a partition T = 7, UT> with 1 € 7; CK 
and Ty K = @ which gives a contradiction: 


[2S |= fis) 228) 2) [S| = 1 |Fa| Sl —1 2S (2 |. (8 |. 
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Now the assumption |T7'S| = |T|+|S|—1 gives us K2($') < |S|—1 > K2(S') = |S|-1, 
and by a previous corollary S$ is an arithmetic progression. After repeating the 
same argument for T’ we are done. 


3.5 The isoperimetric formalism 
In this section we again consider arbitrary group G (1 € S C G — finite generating 
subset, JT — finite nonempty subset). 


Definition 3.5.1. We shall say that S is k-separable if there is a subset X with 
|X| >k and |XS|+k < |G. 


Note that in the infinite group every subset is k-separable. Analogously we 
define k'>-connectivity of a k-separable subset S' (or k*®-isoperimetric number) as 


kx(S) = min{|O(X)| zk < |X| < oo and |XS| +k < |GI}. 


A finite subset X of G such that |X| > k, |XS|+k < |G and |O(-X)| = «,(S) 
is called a k-fragment of S. A k-fragment with minimal cardinality is called a 
k-atom. The cardinality of k-atom of S will be denoted by a(S). 

A k-fragment of S~! will be called a negative k-fragment. We use the following 
notations: 


© a_x(S) = ax(S~"), 
e K_-(S) = nels), 


For a subset X C G we shall write X° = G\ (XS). 
The following lemma may be used as definition of «,(S). 


Lemma 3.5.2. «,(S) is the maximal integer j such that for every finite subset 
X CG with |X| > 4, 
|XS| > min(|G| — k + 1,|X|+ 9). 
As one could expect there is a close isoperimetric relation between $ and S~!. 


Lemma 3.5.3. Suppose that G is finite and that S is k-separable. Then S~! is 
k-separable. Moreover, Kx(S) = K_%(S) and (XS) = X. 


Now we can generalize Lemma 3.4.1 to this more general setting. 


Theorem 3.5.4 (Hamidoune 1977 for k = 1 [7], 1996 for arbitrary k). One of the 
following holds. 


1. Two distinct k-atoms intersect in at most k — 1 elements. 
2. Two distinct negative k-atoms intersect in at most k — 1 elements. 


Even though we do not know which of the two holds, the theorem is still very 
useful. Let us take a look at the following corollary. 
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Corollary 3.5.5 (Hamidoune (1981)). Suppose S 4 G. Let H be a 1-atom of S 
with 1 € H and let K be a 1-atom of S~! with 1 € K. Then H is a subgroup or 
K is a subgroup. 


Proof. By the previous theorem one of the following reasonings is true. 
For every « € H, we have x € eH H. Then H? = H and therefore H is a 
subgroup. 
For every x € K, we have x € KK. Then K? = K and therefore K is a 
subgroup. 


Sometimes we know that both cases in Theorem 3.5.4 hold simultaneously. 
Namely, 


e S=S"!. In this case k-atoms are also negative k-atoms. 
e G is abelian. In this case —A is a negative k-atom if A is a k-atom. 
e G is infinite. 


Let us now prove the Cauchy—Davenport theorem in a general case. 


Proof of Theorem 3.3.1. We can take 0 € B. By the previous corollary there is a 
subgroup H with «(B) = |H + B| —|H| = |B| — 1. Therefore, 


|A+ B) -—A>«i(B) = |B] -1. 
Finally we proof a sharp bound for |AB| stated in Section 3.1. 


Proof of Theorem 3.1.5. First we prove that «1(S) > a Let H be a 1-atom of S$ 


with 1 € H and let K be l-atom of S~! with 1 € K. 
If H is a subgroup, then using the fact that S generates G we have |HS| > 
2|H|. Hence 


(8) = |H15| — | > MSI > BT, 


If H is not a subgroup, then K is a subgroup and G is finite. We obtain 


But by Lemma 3.5.3, «-1(S) = «1(S) and 


IPS] —|T| > w1(S) 2 
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3.6 The structure of k-atoms 


In the previous section we saw that the structure of 1-atoms is known for one of 
the sets S or S~!. However, the structure of 2-atoms in torsion-free groups is very 
mysterious. The following conjecture could be true. 


Conjecture. Suppose that G is torsion-free and let 1 € S C G be a subset. Let A 
be a k-atom of S. Then |A| = k. 

The answer for this conjecture is not known even for k = 2. 

In a private discussion Freiman formulated the following conjecture. 
Conjecture. If 1 € A and |A?| < 3|A| — 4, then (A) is abelian. 

It is suspected that this conjecture could be reduced from the previous one. 


On the other hand, in Z, the situation is a bit clearer. The following theorem 
holds. 


Theorem 3.6.1 (Serra—Zemor [19]). Let S be a subset of Z, and0 € S. Let A be a 
2-atom of S. Put = k2(S') — |S|. If |S] <p- (7), then |A| = 2. This bound is 
the best possible. 

In the case of a general abelian group we have the following result. 
Theorem 3.6.2 (Hamidoune—Serra—Zémor (2006)). Let G be a finite abelian group 
and let 0 € S be a generating 2-separable subset of G such that |S| > 3 and 

k2(S) = |S| =p < 4, 
Let A be a 2-atom of S containing 0. If |S| < |G| — (ag? then either |A| = 2 or 
A is a subgroup of G. 
In the end we formulate several very recent results. For the sake of brevity 


let us give a very vague formulation of the following theorem, which extends Kem- 
perman’s theorem. 


Theorem 3.6.3 (Grynkiewicz [2]). Let A and B be finite, nonempty subsets of an 
abelian group G with |A+ B| = |A|+|B|. If A+ B is aperiodic, then there exist 
a, 2 © G such that |AU {a} + BU{G}| = |AU {a}|+|BU {G}| —-1, or otherwise 
sets A and B fall into certain categories, which are listed in [2]. 


A recent improvement of Kneser’s theorem is due to Balandraud. 


Theorem 3.6.4 (Balandraud (2008) [3]). Let G be an abelian group and BCG a 
finite subset, such that there exists a finite set AC G satisfying 


|A+ B] <|A]+|B]—1. 


Then there exists a finite subgroup Hp # {0} such that for all A satisfying |A + 
B| < |A|+|B| —1 we have 


A+B+Hp=A+B. 
Moreover, |A+ B| <|A+ Hp|+|B+ Hal —|Apl. 
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Chapter 4 


Additive structure of difference 
sets 
Norbert Hegyvari 


Additive structure of difference and iterated difference sets are investigated. In 
this survey we collect results and some applications of theorems of Bogolyubov 
and F¢lner. Some exercises are also included. 


4.1 Introduction 


Let A be a subset of integers with positive upper density, 


d(A) := limsup ae) 
n 


n— Coo 


0) 


where A(n) := >> aca 1. The difference set is defined as follows: 
l<a<n 


D(A) = {a—a’:a,a' € A}. 
The iteration of this operation (i.e., the second difference set) is 
Dz = D(D(A))=A-—A+A-A, 


and generally for k > 1, 
Dry = D(D;(A)). 
Define the time of stability of A by T(A) = min{k | Dy, (A) = Di (Aji, 
where the operation D*t(-) takes just the positive part of D(-). 
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Stewart and Tijdeman and later Ruzsa proved that 


T(A) < 2+ log,(d(A)~! — 1). 


Let G be a countable torsion group and let H; C Hz C--- C Hy, C--:- be 
a sequence of finite subgroups of G. Then G is said to be o-finite with respect to 
(ig FAG ee Tg es 

Let A C G. The asymptotic upper density of A is defined by 


= AN Hy, 
d(A) = limsup al 


aL (4.1.1) 
naco | Hn | 


We can introduce the time of stability in groups as well. 
Assume that the sequence {D;,(A); k > O} is stable (ie., for some k, 
Dy4i(A) = D;,(A)). Let T(A,G) be the time of stability defined by 


T(A,G) = min{k | Dyyi(A) = Dx (A)}. 


Theorem 4.1.1. [5] Let G be ac-finite abelian group with respect to {H,,} and let 
A be a nonempty subset of G. Let d(A) be the upper density of A defined by (4.1.1). 
If d(A) > 0, then 
T(A, G) < log,(d(A)~*) +2. 
F. Hennecart and the author extended this theorem to finite groups (Theorem 
4.1.2) and o-finite groups (not necessary abelian, Theorem 4.1.3), see [9]. 


Theorem 4.1.2. [8] Let A be a generating subset of a finite group G such that 
LEA. Let ko be defined by 
1 if |G|/2 < |A| < |G, 
ky = ¢ 2 if |G|/3 < |A] < |G|/2, 
[logy (#54 - 1)| +3 if |Al <|GI/3. 


Then, for any integer k > ko 


D,(A) = G. (4.1.2) 


Theorem 4.1.3. [8] Let G be a o-finite group with respect to {H,,} and let A be 
a nonempty subset of G. Assume that A has a positive upper density and a := 
d(A)~! > 3. Then 

T(A,G) < |log,(2a/3 — 1)| +3, (4.1.3) 


where |u| denotes the greatest integer less than or equal to the real number u. 
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Exercises. 


1. For A C Z, d(A) := limsup,,_,,, 4 > 0, we have that D(A) has bounded 
gaps; i.e., writing D(A) = {di < dg <---<d, <---} there exists a K > 0, 
for which dk+1 =. dx < K. 


The proof will be given in a more general structure (see the proof of 
Lemma 4.2.2). 


2. Prove that for A C Z, d(A) := limsup,,_,., Ate) > 0 and that for every k € N 
the sequence D(A) contains a k-terms arithmetic progression. 


3. Nevertheless the size of the gaps is uncertain; for every 6 > 0 and K there 
exists a set A C Z, d(A) := limsup,,_,., Ate) = 6, and max, dx4i — dy > K. 


4. Let G be an Abelian group and assume that the sequence {D;,(A)} is stable, 
ie., there exists a ko, such that k > ko, 


Dua = DA): 


Show that D;,(A) is a subgroup in G. 


5. Let me N, A= {a: a2 =0,1( mod m)} CN. Prove that d(A) exists where 


d(A) is the density of a sequence defined by limy—.. Aln) and find its value. 


Determine T(A), the time of the stability as well. 


4.2 The case D(A) 


V. Bergelson [1] investigated the additive structure of D(A). 
Let us define first the Banach density of a set of integers as follows: 


|A ‘a (am, bm)| 


|Bin ~ Am| 


d*(A) := sup {1 :Vm, A(am,bm) \bm — @m| > m, and > L}. 


(We shall define d*(A) in higher dimension as well.) 
Exercise. Prove that d(A) < d*(A). 
Bergelson proved the following theorem. 


Theorem 4.2.1. [1] There exists an infinite set B of integers for which 
A-ADB+B+---+B=B-k, 


provided A has positive Banach density. 


The proof of this theorem is based on an ergodic theorem (Fiirstenberg Cor- 
respondence Principle). 
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Theorem 4.2.2. [?] Given a set E C Z, with positive upper density, there exist a 
probability measure preserving system (X,B,u,T) and a set A € B, u(A) = d(£), 
such that for any k EN, n1,1n2,...,ne~ € Z, one has 


d*(EN(E—m)N(B—ng)n--A(B—ng)) = w(ANT™ ANT AN: TOA). 


(X, B, u,T) is a probability measure preserving system, where 

X is a set, 

B is a o-algebra over X, 

j(-) is a probability measure, 

T: X + X is a measurable transformation; i.e., for all A € B, u(T~1A) = 
[(A). 

Now we give a pure combinatorial proof for Bergelson’s theorem in higher 
dimension as well. 


Definition 4.2.1. Let A C Z”, the counting function is defined by 


a€A;la|<a 


where |a| is the length of a (the distance from the origin). 
Define the discrete rectangle of Z” by 


R= [a1, b4] x (az, bg] » eee [an, On| NZ”. 


The volume of R is |R| = [],(bi — a; + 1). 


a 


An upper Banach density of A now is 
|AN Rm| 


d* (A) := sup{L >Vm, IRm, min |b; — a;| > m, s.t. 


We formulate the theorem now as follows. 


Theorem 4.2.3. [6] Let A C Z", with d*(A) = y > 0. For every integer M there is 
an infinite set BC Z” such that 


D(A) D=B-M:=B+B+---+B (M times). 
Proof. A—A is symmetric to the origin. Without loss of generality, assume M > 0. 
Consider the lattice points of the cube {x;}1); x; = (vi, 2in,---,2i,);0< vi, < 
M — 1. Write 

u = (U1, U2,---,;Un) = V = (U1, V2,---,;Un) (modM) 

=u; =v; (modM) for alli, 1<i<n. 

Let 
A; = {ac A:a=x; (modM)}, 
d(A)=y7>0 => d*(Ai)=p>0 
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for some 7. 
Let 
A’ = A;-x; CL:={u=0 (modM)}. 


Surely 


A’-A'=A;—A; CA-—A. 
Lemma 4.2.2. There exists a finite set U such that A'— A'+U =L. 


Proof. Let U = {u, u2,...,u,,...} be the maximal subset of Z", such that the 
sets 


u,+ A’,ug+A’,...,u,+A’,... 
are pairwise disjoint. 
Claim: r < 4/p. 
Since d*(A’) = d*(A;) = p > 0, there is a rectangle R such that |RM A’| > 
PIRI 


“5—. Assume that the minimal length of edge of R is large enough, we get 


|R| > |RO{(u, + A’) U---U (a, + A)}| 


ROA R 
=|RN(u1 + A)|+---+|RN (Cu, + 4’)| > BOA > rl | 


which gives r < 4/p. 


If U would not fulfil the statement of the lemma, then there will be an 
x €L\(A'—A'+U), for which 


x ¢ A’ = A’ + Uu; 
fori =1,2,...r, or, or equivalently, 
e+A'nu,+A’=90. 


It contradicts the fact that U is the maximal subset of Z”. 
We introduce an r-coloring 


x(1,-..,%a)  {1,2,...,7} 


of all M element subsets of L as follows: for an M-tuple x,,...,x 7, the color of 
it is determined by 


y(X1,---,%u) € fi: xp t-+++xy € A'- A’ +5}. 


(Note the coloring is not necessary unique; if it is not, then use an arbitrary 
color.) 


Lemma 4.2.3 (Ramsey). Let X be a countable set and color all of M-tuples of X 
by r colors (color the M-uniform graph of X ). 
There exists an infinite set B’ which is monochromatic. 
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Now by the lemma, there is an infinite set B’ which is monochromatic; i.e., 
for every M-tuple x;,...,xj¢ in B’, 


X1+-:-+xy € A’—-A’+u, 


for some fixed s. 
Finally let 


paps 
M’ 

sels ez 
Us € Ww 


Then 


A’—A'+u, > B’+B’'+---+B’ (M times) 


a) 4.4 (B+ 


us 
M J 


= (B + =) (M times) 


us 
=B+B+-.-+B+M— 
gee aay 


which implies 


A-ADA-A'DB+B+.--+B (M times). 


4.3 An intermezzo; D(D(A)) is highly well structured 


By a Bohr set we mean the set 


B(S,c)={meZ: max || sm < eé}, 


where S is a finite subset of the set of real numbers and ||2|| = minzez |x — ky}. 
One of the central observations in Additive Combinatorics is the following. 


Theorem 4.3.1. [2] Let A be a subset of integers, d(A) := y > 0. 
There exists a Bohr set B(S,€) contained in D2(A), in fact S, and € can be 
chosen to j ; 


|S] < 


z E= 


Y 


One can ask: 
What about the first difference sets? 


4.4 First difference sets and Bohr sets I 


In this section we investigate two questions. 
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1. Is there a Bohr set contained in A— A provided A has positive upper density? 
2. Can one cover A— A by a “small” Bohr set? 
For the first question the answer is negative. 


Theorem 4.4.1. There exists a set A of positive integers with positive density for 
which the first difference set A— A does not contain any Bohr set. 


Proof. For the proof we need some notion from the graph theory. 

A graph G is defined on the set Z of integers; i.e., G = G(V, E), where the 
set of vertices V is the set of integers, E C Z x Z. 

e G is said to be shift invariant if 


(ci yleB @& (ctnytnyek 


for every n € Z. 

e The chromatic number y(G) = r of a graph G is the smallest number r 
for which there exists a coloring of V by r colors such that for every x,y € V, 
x(x) £ x(y), if (x,y) € E. If there is no such a number, then (G) = co. 

e A set S C V is said to be independent if 


Sxsink=G, 


i.e., there is no edge in the set S. 


We need the following result of A772. 


Lemma 4.4.1. For every « > 0 there exists a shift-invariant graph G on Z with 
chromatic number x(G) = oo and containing an independent set A of dense > 
1/2-e. 

From this lemma we derive that for this given independent set A, A—A does 
not contain any Bohr set. 

Indeed, since A is an independent set and the graph is shift invariant, we 
conclude for every u, w, 


u-weA-A => (u,w) ¢ E(G). («) 


(There exists an integer x € Z such that (u—2,w— 2) € A.) 
On the contrary assume there exists a Bohr set 


BSc A- A 


Let |S| = m, and split the m-dimensional cube [0,1] into subcubes 
Ci, C2,...,Cs such that the sides of C; < ¢/2. 
Color Z by the following way: 


Zi = {n: ||sn|| € Ci; Vs © S}. 
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LJ4=Z and 2-2 C B(S,e); 

i=1 
i.e., we have an s coloring of Z for which Z; — Z; C B(S,<) C A— A. By («) we 
conclude that for every u,w € Z;, (u,v) ¢ E(G). Hence 


s > x(G) = 00, 


a contradiction. 

For the second question we investigate just the modular version. (The case of 
integers comes is similarly as in the proof of Bogolyubov’s theorem.) The following 
theorem is a version of a theorem of Tao and Vu. 


Theorem 4.4.2. [11] Let y > 0, A C Zn, |A| > YN. There exists a Bohr set 
B(S,e), which covers A— A, |S| < (1—a)~?, and 


a 
EeE= ——( 


Proof. Let as usual B(r) = >, B(x)e(rx), where B(x) is the indicator of the set 
B. Denote D= A— A. 
Let 


S ={r:|D(r)| > (1—a)N}, 


where a > 0. 
By the Parseval formula we conclude that |S| < (1 — a)~?. 
Let r € S. Now there exists a u € Zy such that 


Re ye e(rz+u) > (1—-a)N, 
zED 


thus 
bake —Ree(rz+u)) < aN. 
zED 


Fix x,y € A, and since the terms are non-negative we can write 


S- |1 — Ree(r(a — a) +u)| < aN 
acA 


and 
S¢ [1 — Ree(r(y — a) +u)| < aN. 
acA 
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Using Cauchy—Schwarz inequality, we get 


tS |1 — Ree(r(a — a) +.u)|/? < Al [S” |1 — Ree(r(a@ — a) + u)| 
acA acA 


< VIA|VavN = ayn 
and a similar bound for y. 
Exercise. Prove 
[1 — e(a)| < V2|1 — Ree(a)|!/?. 
By this exercise we obtain 


S- |1 — e(r(a — a) + u)| < V2ayN 
acA 


and 


» [1 —e(r(y—a)+u)| < V2a7N. 
acA 


Now by the triangle inequality we have 


> le(r(a — a) + u) — e(r(y— a) +u)| < 2,\/2ay7N. 


The quantity |e(r(a—a)+u)—e(r(y—a)+u)| is the same as |1 —e(r(a—y))|, 
and using 4||z|| < |1 — e(z)|, finally we obtain 


AyN||r(x — y)l| < |Allir(@ — y)I| = D5 1L - e(r@ — y))| S$ 2V207N, 


V3 fe. 
Ine < SS 


ie., for every x,y € A, x —y € B(S,e), where 


a 
E=4/—. 
27 


4.5 Raimi’s theorem; difference set of partitions 


rearranging we have 


A branch of combinatorial analysis — called Ramsey theory — investigates partitions 
of certain structures. 

In this section we investigate a partition question which is related to difference 
sets. We will generalize a theorem of Raimi which sounds as follows: 
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Theorem 4.5.1. There exists E CN such that, whenever r € N andN=U;_, Di, 
there exist i € {1,2,...,r} and k € N such that (Di; +k) ME is infinite and 
(D; +k) \ E is infinite. 


One can read this theorem as follows. 


Theorem 4.5.2. There exists a partition of N= E,U E2 such that, whenever r © N 
andN = Uj_, Di, there exist i € {1,2,...,r} andk EN such that both k € E,—D; 
and k € Ey — D; hold infinitely many times. 


A generalization of it is the following. 


Theorem 4.5.3. [7] Let r € N and let ai, a2,...,a, be positive real numbers such 
that 5*_, aj =1. There exists a disjoint partition N = U;_, Ei such that 


(1) for every i € {1,2,...,r}, d(E;) =a; and 


(2) for each t € N and each partition N = Ley F;, there exist m € {1,2,...,t} 
and a sequence {x,}°2, in N such that for every h © FS({ay,}L,) and every 
i€ {1,2,...,r}, (Pn th) E; ts infinite. 


Sketch of the proof. We prove the simplest case when r = 2 and a; = ag = 1/2. 
The proof of the general case is similar just more technical. 

Now color the unit interval [0,1) as follows: the first half by two colors: 
(0, 1/4) is red and [1/4, 1/2) is blue. Color the half of the rest again by two colors; 
iLe., [1/2,5/8) is red and [5/8,3/4) is blue. Again color the half of the rest by two 
colors etc. So we have an infinite set of red intervals with total length 


and blue intervals with the same length. 
Now our partition will be the following. 
Let y be a positive irrational. Let 


E, = {x €N: (yx) € some red interval} 
and 
Ey = {x €N: (yx) € some blue interval}. 
Let t € N and let N= LS F;. 
Exercise. 
1. Prove that d(£;) = a; = 1/2. 


2. For any c,d with 0 <c<d< 1 there exists m € {1,2,...,¢} and there exist 
a,b, with c< a<b<d, such that {(yx) : « € F,,} is dense in (a,b). 
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The sequence {%,}°2, will be defined inductively. 

Since the length of the red-blue pairs of intervals tends to zero and since 
the sequence {(ym)} (m € N) is uniformly distributed, we get that there exists 
an integer x1, such that {(y(a + 21)) : ~ € Fn} (a,b) covers a red-blue pair of 
intervals (there are intervals with length 1/2*+! < b—a). It means that there are 
infinitely many coincidence of the sets both of 7; + F,,, E,, and 71 + Fin, Eo. 

Assume that a sequence {2,,}/_, has been defined. Since 


FS({rn alg = PS as) + {0,2n41}, 


and again since {(ym)} (m € N) is uniformly distributed, we obtain that there 


exists an integer xy+1 such that Las uj +a)): xu € Fy} (a,b) covers the 


given red-blue pairs of intervals. 


4.6 First difference sets and Bohr sets II; 
F¢lner’s theorem 


Recall that by a Bohr set we mean the set 


B(S,c)={meZ: max || sm < e}, 


where S is a finite subset of the set of real numbers. 
F¢lner proved the following theorem. 


Theorem 4.6.1. Assume that A C N and d(A) > 0. There exists a Bohr set B(S,¢) 
such that 
B(S,€) \ (A— A) 
has density 0. 
Exercises. 
1. Prove that d(B(S,e)) > el. 
2. Prove that a Bohr set B(S,<) has bounded gaps. 


4.7 Applications of Fdlner theorem 


(Joint work with Imre Ruzsa. The results will be published in another place [10].) 

As in the introduction we mentioned that D(D(A)) always contains a Bohr 
set, while the set D(A) not necessary contains a Bohr set. Now we investigate the 
threefold sum-differences of A. 


Theorem 4.7.1. There is a symmetric set A of integers such that 0 € A, the positive 
elements of A form a set of positive density and the set A+ A+ A does not contain 
a Bohr set. 
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On the other hand, we prove that A+ A-— A is always a Bohr neighborhood 
of some a € A. 


Theorem 4.7.2. Assume that d(A) > 0. There exists a subset A’ of A, d(A') > 0, 
such that for every a’ € A’, the set A+ A—A-—da’ contains a Bohr set. 


Corollary 1. Felner theorem implies Bogolyubov theorem. 


Proof. Since for a’ € A’ C A, the set A+ A— A-—d’ contains a Bohr set and by 
A+A-—A-a’ CA—A+A-—A, we get Bogolyubov’s result. 


By the Folner’s theorem, Bergelson’s theorem can be proved. 


Theorem 4.7.3. Assume d(A) > 0. There exists an infinite set C such that 
A-AD FS(C)UFP(C), 
where 


FS(C)= { S- :X CC; X is finite, 
wEX 

FP(C)= { II :X CC; Xis finite. 
cEX 
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Chapter 5 


The polynomial method in 
additive combinatorics! 
Gyula Karolyi 


5.1 Introduction 


First of all we are going to introduce what we call the polynomial lemma, a simple 
but very powerful result. 


Given a field F and a polynomial f € Fla] (if f = 0 we will say that 
deg f = —oo), it is well known from algebra that if deg f = t > 0, then f has at 
most ¢ roots. So, we have the following observation. 


OBSERVATION 1. If f € Fla], deg f < t and we have aj,...,a@¢41 such that 
f(a;) = 0 for 1 <i<t+1, then f =0. 


Following the same argument, we make another observation. 


OBSERVATION 2. If f € Flia,y], deg f in a is < t; and deg f in y is < t and we 
have @1,...,@¢,41,01,..-, 04,41 such that f(a;,b;) = 0 for every 1 <i <t, +1 
and1<j<t2.+1, then f=0. 


Indeed, we can write 


f(x,y) = jg@y” Sp oe fo(«) 


with fi(z) € F [az] and deg f; < t;. Then f(ai,y) € Fly] (1 <7 < ti +1) has 
b,..., 64,41 as roots and has degree < tg. According to Observation 1, f(ai,y) = 0 
(1<i<t, +1). 


'This chapter has been written based on notes taken by Carlos Vinuesa at the seminar 
delivered by the author at CRM on January 16, 2008. 
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This means that, for each 1 < 1 < 4) +1 and 1 < 7 < te+1, we have 
fj(ai) = 0. But then every f; € F[z] has a degree at most t; and at least t; +1 
different roots, so we get f; =0 for 1 <j < t2+1, and finally f = 0. 


It is clear how to extend the above observations to several variables. More 
appropriate is, however, to consider the following version, which proved very useful 
in different areas of combinatorics. 


Lemma 5.1.1 (Polynomial Lemma, Alon [2]). Jf f € Flai,...,an], deg f = ti + 
tg +---+tn, and cat a? ---a'n is a leading term? of f with some c 4 0, then f 
cannot vanish on S x Sg X +++ X Sp, whenever |S;| >t; fort =1,2,...,n. 


For example, if f(x,y) = vy? + 22°y + 3y°, then deg f = 6 and according 
to the Polynomial Lemma f cannot vanish on a 4 x 4 Cartesian product, neither 
on a 6 x 2 Cartesian product, whereas Observation 2 only implies that f cannot 
vanish on a 6 x 6 Cartesian product. This strength of the Polynomial Lemma over 
Observation 2 is what can be fully exploited in various situations, and what we 
are going to demonstrate now through some examples. 


Example 5.1.2 (Komjath’s conjecture). Let Ca = {0,1}¢ be the vertex set of the 
unit cube in d-space. We are interested in covering Cy \ {0} with hyperplanes, but 
with the condition that none of them passes through 0. 


In other words, we are looking for a collection of hyperplanes Hy, H2,..., Hm 
such that Cg \ {0} C UA; and 0 ¢ UH. 


Claim (Alon—Fiiredi, [5]). If the hyperplanes Hy, H2,..., Hm have the above prop- 
erty, then m > d. 


The following examples show how to make it with d hyperplanes. 
I. Ay ey S11. (@=1,228;¢); 
2. Ay: ay, tagte:-+4g= ie 4a, + 4aQ+-+-+ 42g =1 (= 1,205): 


The matrices of the “normalized” equations are 


1 
1 0 
0 1 
2. 
1 1 
rl L 
d d 


2A leading term is a term of the polynomial which has the highest degree. 
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Notice that the permanent? of each matrix is 1. 


To prove the claim, choose $j So vee Sa {0,1} so that Cg = 
Si xX So xX +++ x Sq. 

Assume for contradiction, that m < d. The hyperplanes can be defined by m 
linear equations of the form 


d 
A; : SO age; — 10, 
j=l 


The equations have this shape because the independent term cannot be 0 by the 
condition 0 ¢ H;. Thus, were this term different from 1, dividing the equation 
through it we would arrive at an equation of the desired form. 

Consider the polynomial f € R[x 1,..., a] defined by 


m d 


d 
Ftyiiyey) =|] aigzj —1] —(-1)™-4 Ile —1). 


i=1 \j= 


The first term on the right-hand side vanishes at every point of Cq \ {0} 
because all these points satisfy the equation of at least one hyperplane. Its value 
at 0 is (—1)™. 

The second term is also 0 at every point of Cq \ {0} for all of them have at 
least one coordinate equal to 1. Its value at 0 is also (—1)™. Therefore f, which is 
the difference of these two terms, vanishes at every point of C4. 

So flsyxSox--xS4 = 0. Also, since we have assumed m < d, we have deg f = d. 
Moreover, the coefficient of the leading term 21%2...2%q is —(—1)™~4% which is 
different from 0. But then the Polynomial Lemma claims that f cannot vanish on 
S, x Sg X +++ xX Sq, which is a contradiction. Moreover, a closer inspection also 
reveals that if m = d and the hyperplanes H; do the job, then the permanent of 
the corresponding matrix must be 1. 


Example 5.1.3 (Jamison’s theorem [8], Brouwer—Schrijver [6]). Now we work in 
the affine geometry AG(2,p), which means the set of points with two coordinates 
in the Galois field GF'(p) of p elements, p a prime. We ask: What is the minimum 
number of points such that each line in AG(2,p) contains at least of them? 

It is clear that 2p—1 points suffice, since the union of the two coordinate axes 
x = 0 and y = 0 consists of 2p — 1 points. Each line of the affine plane intersects 
at least one of these two lines. 


n 
3The permanent of a matrix M = (aij )1<ij<n is Per M= a Il @ix(i). We consider the 
TESn i=1 
product of n elements, one of each row and each column, and add up all such possible products. 
Thus, the permanent of a matrix looks similar to its determinant, but “without signs”. It may 
look a simpler expression, but in fact it is a lot more complicated object from the computational 
point of view. 
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Theorem. The minimum number of points such that each line in AG(2, p) contains 
one or more of them is 2p — 1. 


Since each translation leaves the set of lines invariant, we may assume that 
one of the points is (0,0). The lines that do not contain (0,0) have an equation of 
the form 

ax + by-1=0 


for again, the independent term is not 0, and thus we can divide the equation 
through it. 


If the points (0,0), (a1, 61), (a2, b2), ..., (€m,bm) cover each line, then the 
relation 
[[(eai + 0: — 1) =0 
i=1 


holds for any pair (a, b) 4 (0,0). The left-hand side is a polynomial in the variables 
a,b which vanishes everywhere except at the origin. Its value at the origin is 
(—1)™. Now we to introduce a “modification term” as in Example 5.1.2 to obtain 
a polynomial f(a, b) € GF(p)[a, }]: 


m 


f(a,6) = T] (aas + bb; — 1) — (1) — a? YL — PY, 


i=1 


which vanishes everywhere because the second term vanishes at every point except 
from the origin by the Fermat-Euler Theorem’ and its value at the origin is (—1)™, 
the same value the first term has, so when we subtract the two terms we have 0. 

For a contradiction, suppose that m < 2p — 2. Then deg f = 2p — 2 and the 
coefficient of the leading term a?~1b?~! is —(—1)™, which is different from 0, so 
the Polynomial Lemma says that f cannot vanish on a p x p Cartesian product, 
that is, f cannot vanish on the whole plane AG(2,p), which is a contradiction. 

To extend the result to AG(2, q), where q = p® for some positive integer a and 
some prime number p, the role of the Fermat—Euler Theorem must be transferred 
to the fact that the multiplicative group of any finite field is cyclic. The proof easily 
generalizes to higher dimensions, yielding that the minimum number of points one 
needs to cover each affine hyperplane in AG(d,q) equals d(q — 1) +1. 


Example 5.1.4. The following result, with a complicated proof, answered a long- 
standing open quiestion in graph theory. 
Theorem (Tashkinov [11]). Every 4-regular simple graph has a 3-regular subgraph.° 


Not every vertex has to be included in the 3-regular subgraph (if this was 
the case, then the other edges would give us a perfect matching and this is not 


4Fermat-Euler Theorem. Jf (a,n) = 1, then a?(™ = 1 (mod n), where y is Euler’s totient 
function. Remember that for a prime number p, y(p) = p — 1. 
5A k-regular graph is a graph in which every vertex has degree k. 
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always possible, for example it is not possible for a graph with an odd number of 
vertices). 
With the Polynomial Lemma it is possible to prove a slightly weaker version. 


Theorem (Alon—Friedland—Kalai [3]). If G is a 4-regular simple graph plus 1 edge, 
then G contains a 3-regular subgraph. 


In fact, they proved the following more general version. Taking p = 3 one 
immediately obtains the above result. 


Theorem. [f p is a prime and G a simple graph of average degree > 2p — 2 and 
maximum degree < 2p—1, then G contains a p-regular subgraph. 


To prove it, the goal is to assign to each edge of G 0 or 1 such a way, that 
there is at least one edge assigned with 1, and for every vertex, the number of 
edges starting at that vertex and having the value 1 is either 0 or p. In view of 
the assumption on the maximum degree we can rephrase the second condition: 
the number of such edges must be divisible by p for every vertex. In such an 
assignment, the edges assigned with 1 form a p-regular subgraph. 

If G = G(V,£), where V is the vertex set and E is the set of edges of G, 
the incidence matrix of G is the 0-1 matrix (dye)1<y<|v|, 1<e<|B], Where dye = 1 
if and only if the vertex v is incident to the edge e. Thus, if we introduce a 0-1 
variable X,. for every edge e € E, the second condition can be formulated as 


S/ dyeXe =0 (mod p). (5.1.1) 
ecE 


Accordingly, we consider the following polynomial f € GF(p)[X-le € E]: 


p-1 
f(Xele€ E) = [J [1- (= cu] —-]Ja-.). 
vEV e€E ecE 

Since the average degree of G is > 2p—2, that is, (2p—2)|V| < 2|E|, we have 
(p—1)|V| < |E| and then deg f = |E|. Then [|< Xe is a leading monomial with 
coefficient —(—1)!"! 4 0. By the Polynomial Lemma, f cannot vanish on {0,1}!71. 
This means that we have a choice for each X, (0 or 1) such that f(X-|e € EF) £0. 
Were all the X,’s 0, the value of the polynomial would also be 0. Then, for this 
choice, [],¢_(1— Xe) is 0 and so JT, cy (1 — (er dyeXe)” must be different 
from 0, which means, again by the Fermat—Euler Theorem, that for every vertex 
v, condition (5.1.1) is satisfied. 


5.2 Applications of the polynomial method to additive 
problems 


The Problem of Snevily. Consider a finite abelian group G of odd order, that is, 
2 |G. 
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Conjecture (Snevily [10]). If a1, ag, ..., a, € G are different and by, be, ..., by 
€ G are different, then there exists a permutation 7 € S; such that the elements 
ay + bp(1), 42 + ba(2), +5 Gk + be(%) are also different. 


If 2 | |G, this is clearly false. Indeed, it follows from Cauchy’s Theorem® that 
in such a case there is an element of the group g # 0 such that g + g = 0, and 
taking a; = 6; = 0 and az = b2 = g one can check that the conjecture fails. 


a) If G=Z/pZ, p > 2 a prime, we can identify G with the additive group of 
the field GF'(p). The following idea is due to Alon [1]. 


First of all, if & = p, then we take b,(;) = a;. The sums a; + b,(4) = 2a; 
are all different. Accordingly, we can assume that k < p. In fact, in this case 
the assumption that a1, a2, ..., a, are different will not be necessary. 


Introduce, for each 1 <i <k, a variable x;. Our goal is to assign to each 
variable a value in the set {b1, bo,...,b%} such that the next two conditions 
are satisfied for each pair of indices 0 <j <i<k: 


a, + aj — a; — 2; £0, 


Consider the polynomial f € GF (p)[21, 22,...,2%] defined by 


f(@1,%2,.--,2n) = i (a; — 23) (x; — Bj + a; — a5). 
1<j<i<k 


Choosing S$; = {b1,b2,...,b,} for ¢ = 1,2,...,k, we only need to 
see that fls,x...xs, #4 0, in other words, that there exist 5; € S1,s2 € 
So,..-,Sk € Sp such that f(s1,52,...,8%) 4 0. Indeed, in this case there 
is an evaluation of the variables x; = s; for i = 1,...,k with the following 
properties: 


e 5; € {bi,bo,...,bh} for 1<i<k, 
e 5; #8; fori FJ, 
eat+s; faj+s; foriF¥ j. 
Then there is a unique permutation 7 with s; = b;(;), which does the job. 


We have that deg f = 2(§) = k(k — 1) and |S;| > k-1 forl <i<k. 
If we can see that the coefficient of the monomial gk tg kt . i in f is 
different from 0 in GF(p), then the existence of such an evaluation follows 


immediately from the Polynomial Lemma. 


SCauchy’s Theorem. If G is a finite group and p is a prime number dividing the order of G, 
then G contains an element of order p. 


5.2. 
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To this end we make use Lemma 5.3.1 of the appendix. In our case, the 
coefficient of the leading term a} ~'a$~'---a~' comes from the product 
(23 iy 
1<j<i<k 


because the other terms have lower degree. According to the lemma, the 
coefficient can be calculated as 


k k 
2 


(-1)() Per V(1,1,...,1) = (-D@)k! 


Since we assumed that k < p, we have that the integer k! is not divisible by 
p, thus the coefficient in GF(p) is indeed not 0. 


When G is an arbitrary cyclic group of odd order, we try the following mul- 
tiplicative analogue of the previous method, see [7]. Assume that G can be 
embedded into the multiplicative group F'™ of a suitable field. That is, we 
can identify G with a subgroup of F'”. In this case we want to find numbers 
8; © {bi, b2,...,b%} such that the the next two conditions to are satisfied: 


{ aj, $i — Aj$5 = 0, 


-) Sj x 0. 
Accordingly, we consider the polynomial f € F'[a1,22,...,@%| given by 
f (21, %2,.--,2k) = i (wi — 25)(aivs - aj25)). 
1<j<i<k 


In this case an application of Lemma 5.3.1 of the appendix gives that the coef- 
ficient of the leading term xf ~ tas! .-- af! is (-1)©) Per V (a1, 42,..-,@x). 
Assume that Per V(a1,a2,...,@,) is not 0 in F. Then one can apply the 
Polynomial Lemma as before to find a € S, such that all the products 
4107 (1); G2br(2), +++, AkOn(R) are different. But, as we have already mentioned, 
permanents are not so easy to handle. 


This difficulty can be circumvented the following way. If the character- 
istic of the field is 2, say F = GF(q) with gq = 2°, then +1 = —1 in F, which 
means that “Permanent = Determinant”. And Det V(aj,d2,...,ax) £ 0 if 
1, @2, ..., Gp are different.” 


This yields to the following question. Does there always exist a field F 
of characteristic 2 so that G can be identified with a subgroup of F'*? 


The answer is yes. If F = GF (2°), then F™ is a cyclic group of 2% — 1 
elements. This group has a (unique) subgroup of order n, where n = |GI, if 
and only if n | (2% — 1), that is, if and only if 2% = 1 (mod n). Of course, if 


7Remember that Det V(a1,a2,...,a%) = Hi<j<i<p (ai — j)- 
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this is possible, this subgroup must be isomorphic to G because both groups 
are cyclic. And the Fermat—Euler theorem asserts that this is possible taking 
a = y(n). This completes the proof of Snevily’s conjecture for arbitrary cyclic 
groups of odd order. 


The Cauchy—Davenport Theorem. In an abelian group, G, we are given two sets 
of elements of G: A = {a1,...,a,} and B = {by,...,b;}. We define the sumset 
A+B={aj+b;|1<i<k1l<j<lh. 


Assume that G is torsion-free. Then there exists a linear order < on G such 
that a< b= sa+c<b+c. Thus, if ay <--- <a, and 6b, <--- < bh then 


a, +b, <ag4+b1 <...< ap +b, < ap tbo <...< a, +i, 


which is a chain of length k +1 -—1. 
So in any torsion-free abelian group G we have the following. 


Proposition. Jf A and B are subsets of the torsion-free abelian group G, |A| = k 
and |B| =1, then |A+ B]) >k+1-1. 


What happens in Z/pZ? The answer is given by the following theorem. 
Theorem (Cauchy—Davenport). Jf A and B are subsets of Z/pZ, with |A| =k and 
|B| =1, andifp >k+1—-1, then|A+ B)>k+1-1. 


The polynomial method supports a proof of this result, too, once again look- 
ing at Z/pZ as the additive group of GF(p). Assume for a contradiction, that 
A+ BCC where |C| =k+1—2=(k-—1)+(l-1). Consider the polynomial 


f(x,y) = [[@+y-9 € GFQp)[, y. 
cE 


The degree of this polynomial is (k — 1) + (J—1) and it vanishes on A x B, which 


is a k x 1 Cartesian product. But the coefficient of the leading term x*~1!y!—! is 


Ce.) which is different from 0 in GF(p) given that k+1—2 < p. This contradicts 


the Polynomial Lemma. 
The Erd6és—Heilbronn Conjecture. Introduce the restricted sumset 
A+ B={atb|acA,be ByaX db}. 
Observe that in the case A = B this is a natural notion, we add up the elements 
of 2-element subsets of A. 


The next conjecture of Erdés and Heilbronn was proved in 1994 by Dias da 
Silva and Hamidoune. 


Conjecture. If A C Z/pZ, where p > 2k — 3 is a prime, then |A ea A| > 2k —3. 
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The complicated proof can be simplified with the polynomial method of Alon 
via the next result. 
Theorem (Alon—Nathanson-Ruzsa [4]). [f A,B C Z/pZ, p a prime, are such that 
|A| =k and |B] =1 with k #1 and p>k+1—2, then |A+ Bl >k+1-2. 

This theorem immediately implies the conjecture, taking B = A\ {a} for any 
a € A. Observe also that the above theorem cannot be proved for A = B, take for 
example A= {0,1,...,&—1}, then |A + A] = {1,2,...,2k — 3}. 

The polynomial proof, very similar to the previous one, goes as follows. 


Assume, for contradiction, that A +B C C where |C| = k+1—3. Introduce 
the polynomial 


f(z,y) =(e@-y) [] (e@+y-0¢) € GF(p)[e, 9). 
cEc 


It has degree k + / — 2 and it vanishes on the k x / cartesian product A x B (if 


(a,y) € Ax B with « ¥ y, then the product on the right vanishes, and if x = y, 


then x — y vanishes). The coefficient of the leading term 2*~!y!—! is 


ee 


which is different from 0 since 0 < |k —1| < pand k+ 1-3 < p. This contradicts 
the Polynomial Lemma and completes the proof. 
5.3 Appendix: The Vandermonde matrix 


Here we give the proof of the following technical lemma. 


Lemma 5.3.1. Let F' be an arbitrary field and a, a2, ..., ax € F. Then the 
coefficient of the leading term getgh 4 . oa in the polynomial 


f= TI ((e-2;)(aai - aje;)) 


1<j<i<k 


(-1)() Per V (a1, d2,-..-,@k), 


where V (a1, d2,...,@,) 1s the Vandermonde matria 
k-1 
1 ay... a ; 
LG. aw 1g 
k-1 
Ll ap... Oy 
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Proof. Recall that [],<;<i<z(yi — yj) equals the determinant of the Vandermonde 
matrix V(y1,Y2,---;Yk). That is, 


fli 89, +0+52%) = Det V (01, X2,«.~, 2%) «Det V (101; Oata,0..5 ORR); 


which can be rewritten as® 


k k 
(st II eh) (Sat )[ [ten jer) 2. 
TES, i=1 TES, i=1 


Let us express 7 in terms of an other permutation 7 satisfying 7(1) = T(k), 
m(2) =7(k—1),..., r(k) = 7(1). That is, 7(k —72+1) =7(2) for 1 <i<k. One 
(2) = 7( pees ; 


can see® that sgn(r) = sgn(7) - (-1)), Thus, f(1,@2,...,%,) can be written in 
the form 
k k 
(x: sgn() He) bs (sen(n) -(-1)@)) T](an@inyteceity ) 
TES, i=l nESt i=1 


and after rearranging the indices in the last product, also as 


‘ 
(x: Seni NT (x: (sen(n) ; (-))) Tee-ie<0) 


TESE TES i=1 
: +4) pk-lak-1,.. k-1 a ap: pas 
The coefficient of the monomial 77x --- x, «in this expression is 
OD Tete 
TES, t= 1 


which, renaming the index in the product, becomes 
r k 
i-1 
DS Teta 
TES, 1=1 
and, using the same notation as before, turns into 
: k 
i-1 
Ye Tens 
TES, I=1 


Applying the definition of the permanent to the Vandermonde matrix 
k 
V(a1,a2,...,@%), the last line reads as (-1)©) Per V (a1, a2,..., x). 


nm 
’The determinant of a matrix M = (aij)1<i,j<n is Det M = > sgn(7) Il ix(i)- 
TESn, i=1 
®One permutation can be transformed into the other by (k — 1) + (k — 2)+---+241 
transpositions. 
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Chapter 6 


Problems in additive number 
theory, III 
Melvyn B. Nathanson 


6.1 What sets are sumsets? 


Let N, No, Z and Z? denote, respectively, the sets of positive integers, non-negative 
integers, integers and d-dimensional integral lattice points. Let G denote an arbi- 
trary abelian group and let X denote an arbitrary abelian semigroup, written ad- 
ditively. Let |S| denote the cardinality of the set S. For any sets A and B, we write 
A~ B if their symmetric difference is finite, that is, if |(A \ B) U(B\ A)| < o. 


Definition. Let A and B be nonempty subsets of an additive abelian semigroup 
X. The most important definition in additive number theory is the sumset A+ B 
of the sets A and B: 


A+B={at+b:aEA,beE B}. 


Let A+ B=O0if A=) or B=9.Ifh >3 and Aj,..., Ap are subsets of X, 
then we construct the sumset A; +---+ Ay, inductively as follows: 


Ay +-+++ Ani t+ An = (Ai +++ An—1) + An 
= {a, +---+a,: a; € A; for all «=1,...,h}. 


If A, Apo seis Ap A, then 


hA=A+---+A 
—S ee 


h times 


is called the h-fold sumset of A. 
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Definition. Let A be a nonempty subset of an additive abelian semigroup X. The 
set A is called a basis of order h for X if hA = X. The set A is called an asymptotic 
basis of order h for X ifhA~ X. 


A basic problem is, What sets are sumsets? More precisely, 


Problem 1. Given a set S C X, do there exist sets A,,...,A, of integers such 
that A; +---+ A, =S or Ay +-::+An~S? 


Problem 2. Given a set S C X, does there exist a set A of integers such that 
hA=SorhA~S? 


These problems are particularly important in the classical cases K = No, 
X =Z and X = Z?. 


6.2 Describing the structure of hA as h — oo 
Definition. Let A be a set of non-negative integers. The counting function A(x) 


of the set A counts the number of positive elements of A not exceeding x, that is, 
A(x) = |AN [1,a]|. The lower asymptotic density of A is 


ite. 


200 x 


Theorem 6.2.1 (Nash—Nathanson [20]). [f A is a set of non-negative integers with 
gcd(A) = 1 such that the sumset hoA has positive lower asymptotic density for 
some positive integer ho, then there exists a number h EN such that hA ~ No. 


Equivalently, a set A of non-negative integers is an asymptotic basis of finite 
order if and only if ged(A) = 1 and dz (hoA) > 0 for some positive integer ho. 

Let A be a set of non-negative integers with 0 € A and gcd(A) = 1. We have 
the increasing sequence of sets 


ACTAS ee PACGAT ACs, 


If some sumset has positive lower asymptotic density, then this sequence becomes 
eventually constant and equal to A \ F for some finite set F of integers. An 
important unsolved question is the following. 


Problem 3. Suppose that dz(hA) = 0 for all h > 1. Describe the evolution of the 
structure of the sumset hA as h — oo. 


6.3 Representation functions 
Let A = (Aj,...,An) be an h-tuple of subsets of an additive abelian semigroup 


X. We want to count the number R(x) of representations of an element 7 € X 
in the form x = a, +---+ a, with a; € A; fori =1,...,h. We discuss here only 
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the special case when A; = A for i = a,...,h. We shall consider two different 
representation functions. 


Definition. The ordered representation function of order h for the set A is the 
function Ra, : X — No U {co} defined by 


Ra p(x = (00 Cis ss Gn) \eA?s r=a,+: -++an}|. 


Definition. Let (a1,...,an) € A” and (a},...,a/,) € A” be h-tuples that represent 
x; that is, c= ay +--+: +a, = a, +---+a),. These representations are called 
equivalent if there is a permutation o of the set {1,2,...,h} such that aj = a.) 
for? = 1,2,...,h. The unordered representation function r4,n(x) of order h counts 
the number of equivalence classes of representations of x. 


If X is a linearly ordered semigroup such as No or Z, then we can write 
ran(a = |{(a pve AY: c=a,+-: -+ + ay, and a; < a2 <-++ <ap}}. 
Let F(X) denote the set of all functions f : K — No U {oo}, and let 
Rnr(X) = {ran : AC X} 


denote the set of all unordered representation functions of order h of subsets of 
X. Then R;,(X) C F(X). A simple question is the following. 
Problem 4. What functions are representation functions? 


This problem seems hopelessly difficult at this time. We consider the special 
case of representation functions of asymptotic bases. Define the function space 


FOR) = {f :X 4 Nou {oo} : |f7*(0)| < oo}. 
This is the space of functions on X with only finitely many zeros. Let 
R(X) = {ran:ACX and hA~ X} 
be the set of representation functions of asymptotic bases of order h for X. Then 
RO) (XK) C FOR). 


Problem 5. What functions in Fo(X) are representation functions of asymptotic 
bases? Equivalently, what are necessary and sufficient conditions for a function on 
X with only finitely many zeros to be the representation function of an additive 
basis? 

For the group Z of integers there is the following amazing result. 
Theorem 6.3.1 (Nathanson [24, 25, 26]). For every integer h > 2 and for every 
function Fo(Z) there exists a set AC Z such that f =ray. Equivalently, 


Fo(Z) = RP(Z) = RY (Z) = --- = ROD) = 
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The classification of arbitrary representation functions for the integers is still 
open. 


Problem 6. What functions in F(Z) are representation functions of sumsets of 
order h? 


Very little is known about representation functions of sums of sets of non- 
negative integers, even for sets that are asymptotic bases. G. A. Dirac gave an 
elegant proof of the following beautiful result. 


Theorem 6.3.2 (Dirac [4]). [f A is an asymptotic basis of order 2 for No, then the 
unordered representation function ra.2 1s not eventually constant. 


Proof. The generating function G4(z) = )0,¢4 2% converges in the open unit 
disc and diverges as z + 1~. We have G2,(z) = 0-9 Ra(n)z” and 


Ga(z)+Ga(z?) <= i 
—— — draa(n)e ; 


If r4.2(n) = c for all n > no, then there is a polynomial P(z) such that 


G2 (z) + Ga(2?) Cc 
2 


Let 0 < a2 < land z=~—zwz. Then 


2c 


G(x”) < G?,(—2z) + Ga(z’) = 2P(—2) + ee 


As « — 17, the right side approaches 2P(—1) + c while the left side diverges to 
co, which is absurd. 


One of the most famous and tantalizing unsolved problems in additive num- 
ber theory is the following. 


Problem 7 (Erdés—Turan [8]). Let h > 2. Prove that if A is an asymptotic basis of 
order hf for the non-negative integers, then the representation function r4,,, must 
be unbounded. 
6.4 Sets with more sums than differences 
Let A be a finite set of integers. We define the sumset 

A+A={a+t+a':a,a' € A} 


and the difference set 
A-A={a-da':a,a' € A}. 
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Since 2+ 3 = 342 but 2-3 F 3 — 2, that is, since addition is commutative 
but subtraction is not commutative, it would be reasonable to conjecture that 
|A+ A| < |A— Al for every finite set A of integers. In some special cases, for 
example, if A is an arithmetic progression or if A is symmetric (that is, if A= c—A 
for some c € Z), then |A + A| = |A — A]. The “conjecture,” however, is false. The 
simplest counterexample is the set 


A* = {0,2,3,4,7, 11, 12, 14} 


for which |A* + A*| = 26 > 25 = |A* — A*|. This set is “almost” symmetric. We 
have A* = A’U {4} where A’ = {0,2}U {3, 7,11} U {12, 14} satisfies A’ = 14— A’. 
A set with more sums than differences is called an MSTD set. Nathanson [28] 
showed that if k > 3 and A’ = {0,2}U{3,7, 11, 15, 19, 23,...,4k—1}U{4k, 4k +2} 
and A* = A’U {4}, then A* is an MSTD set. Many other examples of MSTD sets 
have been constructed by Hegarty [12]. 

Finite sets A of integers with the property that |A + A] > |A — A| are 
extremely interesting, since a sumset really should have more elements than the 
corresponding difference set. 


Conjecture 1. |A + A| < |A— A| for almost all finite sets A. 


Martin and O’Bryant [19] studied the uniform probability measure on the set 
of all subsets of {1,..., N}; that is, they assigned to each subset the probability 
2-‘.. Counting sets in this way, they calculated that the average cardinality of a 
sumset was 


ee S> [A+ Al =2N-11 


Thus, on average, a difference set contains four more elements than the sumset. 
However, they also proved the following result. 


Theorem 6.4.1 (Martin—O’Bryant [19]). With the uniform probability measure, 
there exists a 6 > 0 such that 


Prob(|A+A| > |A-—A|: AC {1,...,N})>6 
for all N > No 


Thus, choosing a uniform probability measure, it is not true that almost all 
sets have more differences than sums. Of course, with the uniform probability 
distribution most subsets of the interval {1,...,.N} are large and satisfy |A+ A] = 
|A — A] =2N — 1. This skews the calculation. 

Using a binomial probability distribution, Hegarty and Miller obtained a very 
different result. 


284 Chapter 6. Problems in additive number theory, HI, Melvyn B. Nathanson 


Theorem 6.4.2 (Hegarty—Miller [13]). Let p: N — (0,1) be a function such that 
limy—oo p(N) = 0 and limy—. Np(N) = co. Define the function q: N — (0,1) 
by g(N) =1—p(N). Consider the binomial probability distribution with parameter 
p(N) on the space of all subsets of {1,...,N}, so that a subset of size k has 
probability p(N)*q(N)N-*. Then 


Jim Prot(|A+ 4|>|A—A]: AC (1,...,N}) =0. 


These theorems seem to contradict each other, but they do not because they 
use different probability measures. 


Problem 8. A difficult and subtle problem is to decide what is the appropriate 
method of counting (or, equivalently, the appropriate probability measure) to ap- 
ply to MSTD sets. 


6.5 Comparative theory of linear forms 


Let f(x1,...,%m) be an integer-valued function on the integers and let A be a set 
of integers. We define the set 


f(A) = {f(ai,..-,@m) + @1,---,;@m € A}. 


In particular, if f(a1,v72) = wiv, + u2x2 is a linear form with nonzero integer 
coefficients, then 
f(A) = {uray + uzag : a1, a2 € A}. 


For example, if s(#1,2%2) = 21 + £2, then s(A) is the sumset A+ A. If d(x, 272) = 
1 — £2, then d(A) is the difference set A— A. 

The binary linear forms f (#1, 22) = u1a1 + Ugae and g(a1, v2) = v1 41 + vax2 
are related if 


(v1, U2) = (ua, U1), or 
(v1, V2) = (dui, dug) for some integer d, or 


(v1, V2) = (ui /d, u2/d) for some integer d that divides u; and ug. 


The binary linear forms f(a1, 72) = u1a1 + UgX2 and g(x1, 22) = v1.41 + Uex2 are 
equivalent if there is a finite sequence of binary linear forms fo, fi,..., f% such 
that f = fo, 9g = fe, and fi_1 is related to f; for alli =1,...,k. If f and g are 
equivalent forms, then |f(A)| = |g(A)| for every finite set A. 

The binary linear form f(a1, v2) = u1@1+U222 is normalized if gcd(ur, u2) = 
land uz > |ug| > 1. Every binary linear form is equivalent to a unique normalized 
form. 

The following is the basic result in the comparative theory of linear forms. 
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Theorem 6.5.1 (Nathanson—O’Bryant—Orosz—Ruzsa-Silva [33]). Let f(v1,%2) = 
Ut, +U2x2 and g(21, 02) = V1 41+ 2X2 be distinct normalized linear forms. There 


exist sets A and A’ of integers such that |f(A)| < |g(A)| and |f(A’)| > |g(A’)]. 
Consider now linear forms in more than two variables. 


Problem 9. Let f(21,...,@m) = Ui@it-++++Um@m and g(x1,...,2%m) = via te + 
Umm be linear forms with nonzero integer coefficients in m > 3 variables. Suppose 
that gcd(u1,...,Um) = ged(v1,...,Um) = 1 and that g cannot be obtained from 
f by some permutation of the coefficients or by multiplication by —1. Does there 
exist a finite set A of integers such that |f(A)| > |g(A)|? 


Problem 10. Let f(21,...,@m) and g(a1,...,%m) be polynomials with integer 
coefficients in m > 2 variables. Under what conditions does there exist a finite set 
A of integers such that |f(A)| > |g(A)|? 


Definition. Let f be an integer-valued function defined on Z. Define Ny(k) = 
min {|f(A)|: AC Z and |A| = k}. 


Problem 11. Let f be an integer-valued function defined on Z, for example, a linear 
form or a polynomial with integer coefficients. Determine Ny(k) and describe the 
structure of the minimizing sets. 


Theorem 6.5.2 (Bukh [2]). Let f(a1,...,@m) = wit +++: +Um%m be a linear 
form with nonzero integer coefficients in m > 2 variables. If gcd(ui,...,Um) = 1, 


then Ny(k) = (Ie ee jua| ) k o(k). 


Theorem 6.5.3. If f(v1, v2) = 21 + 2, then Ny(k) = 2k —1 and the minimizing 
sets are finite arithmetic progressions. Equivalently, if A is a finite set of integers, 
then |A+ A| > 2|A]—1 and |A+ Al = 2|A|—1 if and only if A is an arithmetic 


progression. 


An affine transform of a set A of real numbers is a set obtained from A by 
a sequence of translations and dilations. 


Theorem 6.5.4 (Cilleruelo—Silva—Vinuesa [15]). Jf f(a1,v2) = «1 + 2x2, then 
Ny(k) = 3k — 2. Moreover, |f(A)| = 3|A| — 2 if and only if A is an arithmetic 
progression. 

If f (v1, 22) = 21432, then Ny(k) =4k—4. Moreover, |f(A)| = 4|A|—4 if 
and only if A is {0,1,3} or {0,1,4} or {0,3,6,...,3@—3}U {1,4,7,...,3@— 2}, 
or an affine transform of one of these sets. 
Definition. Let U/ = (w1,..., Um) be a sequence of positive integers. A subsequence 
sum of U is a non-negative integer of the form >°,-; ui, where I is a subset of 
{1,...,m}. Let S(U) = {Djepui: IC {1,...,m}} denote the set of all subse- 
quence sums of the sequence U. 


A subsequence sum is 0 if and only if J = 9. If U = uy +++: + um, then 
S(U) C [0, U). 
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Definition. The sequence U/ is called complete if S(U/) = [0, U}. 


For example, the sequences (1,1) and (1,2) are complete but (1,3) is not 
complete. 


Theorem 6.5.5 (Nathanson [29]). Let U = (ui,...,Um) be a complete sequence of 
positive integers, and let f(11,...,U%m) = U1@1+++-+Umam be the associated linear 
form. If U =u, +-+-+Um, then Ne(k) =Uk—U +1 for all positive integers k. 
Moreover, |A| = k and|f(A)| = N¢(k) if and only if A is an arithmetic progression 
of length k. 


There is also the dual problem of describing the finite sets of integers whose 
images under linear maps are large. 


Definition. Let f be an integer-valued function defined on Z. Define My(k) = 
max {|f(A)| A CZ, |Al =k}. 


Problem 12. Let f be an integer-valued function in m variables defined on Z. 
Determine My(k) and describe the structure of the maximizing sets. For what 
functions f is My(k) < k™? 


6.6 The fundamental theorem of additive number 
theory 


Let A = {ap < ay <--+ < ag_i} be a finite set of integers. Consider the shifted 
set A’ = A— {ao} = {0 < ay — ag < +++ < Gp_-1 — ap}. Let d=gced{aj—ap : i= 


1,...,4—1}, and construct the set 
1 ay—a ap—1 — ao 
AN ay Aalto 2 ewe See, 
a” a 
If hA is the h-fold sumset of A, then hA’ = hA — {hao} and 


1 


hAN) = a hA’ = — * (hA — {hao}). 


1 
d 
In particular, |h.A| = |RAW)]. 
The set AW) is called the normalized form of the set A. In general, a finite set 
A of integers is normalized if A = {0}, or if |A] > 2, min(A) = 0, and gced(A) = 1. 
The following result is often called the Fundamental Theorem of Additive 
Number Theory. 


Theorem 6.6.1 (Nathanson [21]). Let A = {0 < a, <--+ < ax_i} be a normalized 
finite set of integers. There exist a positive integer ho, non-negative integers C' and 
D, and finite sets C C [0,C — 2] and D C [0, D — 2] such that 


hA=CU[C, hag_1 — D] U ({hag_i} — D) 
for all h => ho. 
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If A is a set of non-negative integers that contains 0, then 


AC2AC::-ChAC(h+1)AC--- 
for all h > 1, and the set 


D(A) = U ha 
h=1 


is the additive subsemigroup of the non-negative integers generated by the set A. 
The fundamental theorem implies that if ged(A) = 1, then 


5(A) = CU [C, 00). 


The number C — 1 is the largest integer that cannot be represented as a non- 
negative integral linear combination of a,,...,a,—1. This is called the Frobenius 
number of the set A. Note that D— 1 is the Frobenius number of the symmetric 
normalized set 


Ab = {ap_1} -A= {0 < Qp—1 — Qp—2 <+++ << Qp-1 -@1 < ap—1}. 


Also, since (A) is a semigroup, it follows that if u and v are non-negative integers 
with u+v=C-—1, then either u ¢ H(A) or v ¢ X(A). Therefore, 


INo\ 2(4)| = |[0, 0-1] \¢l > &. 


Problem 13. Let A be a normalized finite set of non-negative integers. Compute 
No \ =(A), that is, the set of numbers that cannot be represented as non-negative 
integral linear combinations of the elements of A. 


6.7 Thin asymptotic bases 


Let A be an infinite set of non-negative integers that is an asymptotic basis of order 
h. There is a non-negative integer ng such that, if no < n < a, then there exist 
a1,...,d, € Awith n=a,+-+-+ap, and0<aj<n< a fori=1,...,h. Denote 
by A(«) the counting function of the set A. Since the interval [no, 2] contains at 
least 2 — no non-negative integers, it follows that (A(x) + 1)" > 2 — no and so 


A(z) >> al/h 
for every asymptotic basis A of order h. 
Definition. An asymptotic basis A of order h is called thin if A(x) < al/". 


Thin asymptotic bases exist, and the first explicit examples were constructed 
independently by Chartrovsky, Raikov and Stohr in the 1930s. Thin bases of order 
h have the property that their counting functions have order of magnitude x!/”. 
Cassels constructed a family of bases of order h whose counting functions are 
asymptotic to Ax!/” for some positive real number 4X. 
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Theorem 6.7.1 (Cassels [3]). For every h > 2, there exist strictly increasing se- 
quences A = {ay}°2, of non-negative integers such that hA = No and ay, = 
An’ +O (n'-1) for some A > 0. 


Problem 14 (Cassels [3]). Let h > 2. Does there exist an asymptotic basis A = 
{an}°°, of order h such that an = An" +o (as) for some A > 0? 


Definition. A positive real number A will be called an additive eigenvalue of order 
h if there exists an asymptotic basis A = {a,,}°, of order h such that 


Qn ~ An”. 


We define the additive spectrum Ay, as the set of all additive eigenvalues of order h. 


Theorem 6.7.2 (Nathanson [32]). For every integer h > 2, there is a number Aj 
such that Ap = (0,7) or An = (0, AF]. 


The idea of the proof is to show that if A is an asymptotic basis of order h 
with eigenvalue A, and if 0 < X’ < A, then one can adjoin non-negative integers 
to the set A to obtain an asymptotic basis of order h with eigenvalue ’. Thus, 
Ay», is an interval. Combinatorial and geometric arguments show that the additive 
spectrum is bounded above. 


Problem 15. Compute the upper bound 4; of the additive spectrum Aj. Is this 
upper bound an eigenvalue? 


6.8 Minimal asymptotic bases 


The set A of non-negative integers is an asymptotic basis of order h if every 
sufficiently large integer is the sum of exactly h elements of A. 


Definition. An asymptotic basis A of order h is minimal if, for every element 
a* € A, the set A \ {a*} is not an asymptotic basis of order h. 


Thus, if A is a minimal asymptotic basis of order h, then for every integer 
a* € A there are infinitely many positive integers n that cannot be represented 
as the sum of h elements of the set A \ {a*}. Equivalently, every element of A is 
somehow “responsible” for the representation of infinitely many integers. 


Theorem 6.8.1 (Hartter [11], Nathanson [22]). For every h > 2 there exist minimal 
asymptotic bases of order h. 


On the other hand, it is not true that every asymptotic basis of order h 
contains a subset that is a minimal asymptotic basis of order h. In particular, we 
have the following result. 


Theorem 6.8.2 (Erdés—Nathanson [5]). There exists an asymptotic basis A of or- 
der 2 such that, for every subset S C A, the set A\ S is an asymptotic basis of 
order 2 if and only if S is finite. 


6.9. Maximal asymptotic non-bases 289 


Since there is no maximal finite subset of an infinite set, it follows that there 
exists an asymptotic basis of order 2 that contains no minimal asymptotic basis 
of order 2. 


Problem 16. Let h > 3. Construct an asymptotic basis A of order h such that, for 
every subset S' C A, the set A\ S is an asymptotic basis of order h if and only if 
S is finite. 


Problem 17. Find necessary and sufficient conditions to determine if an asymptotic 
basis A of order h contains a minimal asymptotic basis of order h. 


In a minimal asymptotic basis every element in the basis is responsible for 
the representation of infinitely many numbers. In particular, if A is a minimal 
asymptotic basis of order 2, then there must be infinitely many positive integers 
with a unique representation as the sum of two elements of A. 

Let A be a set of integers. Let 74,2(n) denote the unordered representation 
function of the set A; that is, 


raa(n) = |{{a,a;} CA:n=a;+a,}]. 


Theorem 6.8.3 (Erddés—Nathanson [7]). Let A be a set of non-negative integers. 
If rag(n) > clogn for some c > 1/log(4/3) and all n > no, then A contains a 
minimal asymptotic basis of order 2. 


Problem 18. Is this true if r4,.2(m) > clogn for some c > 0? 


Problem 19. Let A be a set of non-negative integers. If r4.2(n) — oo as n > ov, 
does A contain a minimal asymptotic basis of order 2? 


The idea of minimal asymptotic basis can be generalized in the following way. 


Definition. Let r > 1. The set A is an r-minimal asymptotic basis of order h if, for 
every S C A, the set A\ S is an asymptotic basis of order h if and only if |.S| <r. 


Theorem 6.8.4 (Erdés—Nathanson [5]). For every r > 1, there exist r-minimal 
asymptotic bases of order 2. 


Problem 20. Let h > 3 and r > 2. Construct an r-minimal asymptotic basis A of 
order h. 


6.9 Maximal asymptotic non-bases 


Maximal asymptotic non-bases are the natural dual to minimal asymptotic bases. 


Definition. The set A of non-negative integers is an asymptotic non-basis of order 
h if it is not an asymptotic basis of order h, that is, if hA omits infinitely many 
non-negative integers, that is, the set N \ AA is infinite. 
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Definition. The set A of non-negative integers is a maximal asymptotic non-basis 
of order h if A is an asymptotic non-basis of order h such that, for every integer 
a* € N\A, the set AU {a*} is an asymptotic basis of order h. 


The construction of minimal asymptotic bases is difficult, but it is easy to find 
simple examples of maximal non-bases. For example, the set of all non-negative 
even integers is a maximal asymptotic non-basis of order h for all h > 2. The set 
of all non-negative multiples of a fixed prime number is a maximal asymptotic 
non-basis of order p. Other examples can be constructed by taking appropriate 
unions of congruence classes. 


Theorem 6.9.1 (Nathanson [23]). There exist maximal asymptotic non-bases of 
zero asymptotic density. 


The follow result implies that there exist asymptotic non-bases that cannot 
be embedded in maximal asymptotic non-bases. 


Theorem 6.9.2 (Hennefeld [14]). There exists an asymptotic non-basis of order 2 
such that, for every set S C N\A, the set AUS is an asymptotic non-basis of 
order 2 if and only if |N\ (AU S)| is infinite. 


There are many beautiful results on minimal asymptotic bases and maximal 
asymptotic non-bases. Here are two of my favorites. 


Theorem 6.9.3 (Erdés—Nathanson [6]). There exists a partition of N into two sets 
A and B such that A is a minimal asymptotic basis of order 2 and B is a maximal 
asymptotic non-basis of order 2. 


Theorem 6.9.4 (Erdés—Nathanson [6]). There exists a partition of N into two sets 
A and B such that, for any finite subset F' of A and any finite subset G of B, the 


partition of N into the sets 
(A\F)UG 


and 
(B\ G)UF 
has the following property: 
(i) If |F| = |G|, then (A\ F) UG is a minimal asymptotic basis of order 2 and 
(B\ G) UF is a maximal asymptotic non-basis of order 2. 


(ii) If |F| = |G|+1, then (A\ F)UG is a maximal asymptotic non-basis of order 
2 and (B\ G)UF is a minimal asymptotic basis of order 2. 


6.10 Complementing sets of integers 
Let A and B be sets of integers, or, more generally, subsets of any additive abelian 


semigroup X, and let A+ B= {a+b:aeA,be B} =C. If every element of 
the sumset C has a unique representation as the sum of an element of A and an 
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element of B, then we write A@ B = C. We say that the set A tessellates the 
semigroup X if there exists a set B such that A@® B = X, and that A and B are 
complementing subsets of X. 

In this section we consider complementing sets of integers. We examine the 
special case when A is a finite set of integers, and we want to determine if there 
exists an infinite set B of integers such that A © B = Z. By translation, we can 
always assume that A is a finite set of integers with 0 € A, and that 0 also belongs 
to B. 

We call a set B periodic with period m if b € B implies that bi+m e€ B. 


Theorem 6.10.1 (Newmann [34]). Let A be a finite set of integers. If there exists 
a set B such that A® B = Z, then B is periodic with period 


m< 9 diam(A) 


where diam( A) = max(A) — min(A). 

It follows that if A@ B = Z, then B is a union of congruence classes modulo 
m. Defining A = {a+mZ:ae€ A} and B = {b+ mZ: b € B}, we obtain 
a complementing pair A @ B = Z/mZ. Conversely, suppose that A and B are 
sets of congruence classes modulo m such that A @ B = Z/mZ. Let A be a set 
of representatives of the congruence classes in A and let B be the union of the 
congruence classes in B. Then A@ B = Z. 


Theorem 6.10.2 (Kolountzakis [17], Ruzsa [35], Tijdeman [36]). Let A and B be 
sets of integers such that A is finite, A® B = Z and B has minimal period m. 


Then 
m< ec tiam(A) 


Theorem 6.10.3 (Biré [1]). Let A and B be sets of integers such that A is finite, 
A® B=Z, and B has minimal period m. Then 


m< ec diam(A) 


Problem 21. Find the least upper bound for the period of a set B of integers that 
is complementary to a finite set A of diameter d. 


We can generalize the problem of complementing sets of integers to higher 
dimensions. Let d > 2 and let A be a finite set of lattice points in Z?. Suppose 
there exists a set B C Z4 such that A® B = Z*. The following problem is well 
known. 


Problem 22. Is the set B periodic even in one direction? Equivalently, does there 
exist a lattice point bo € Z% \ {0} such that B + {bo} = B? 


We can also generalize the problem of complementing sets of integers to 
linear forms. Rewrite the original question as follows: Let y(a,y) = x+y. For sets 
A, B C Z, we define the set 


yp(A, B) = {y(a,b): ae A, be B} 
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and the representation function 
r{Ph,(n) = {(a,b) € Ax B: g(a,b) =n}. 


Given a finite set A, does there exist a set B such that y(A, B) = Z and rn) = 
1 for all integers n? Now consider the linear forms 


W(a1,-.-,Xn) = Uj, +++ + URrn 
and 
p(@1,---,Ln,Y) = W(a1,...,Up) + vy = ua +--+ + Upntn + vy 
with nonzero integer coefficients u1,...,up,,v. Given an h-tuple A = (Aj,... An) 


of finite sets of integers, and a set B of integers, we define the set 


p(A, B) = {uray +--+ + upan + vb: a; € A; fori=1,...,h and be B} 
and the representation function 
r'P),(n) = {(a1,...,@n,0) € Ay X++- x An x B: yp(ai,...,an, 6) =n}. 


Problem 23. Given an h-tuple A = (A1,...Ay) of finite sets of integers, determine 
if there exists a set B such that y(A, B) = Z and rP),(n) = | for all integers n. 


In this case, we say that A and B are complementing sets of integers with 
respect to the linear form y. 


Theorem 6.10.4 (Nathanson [31]). Jf A and B are complementing sets of integers 
with respect to the linear form ip, then B is periodic with period 


diam((Aq,...,Ap)) 
m<2 rey 


Ljujic and Nathanson [18] have extended Biro’s cube root upper bound for 
the period of m to complementing sets of integers with respect to a linear form. 

Instead of considering only sets that produce a unique representation for ev- 
ery integer, we can ask for any prescribed number of representations. This suggests 
the following inverse problem for representation functions associated with linear 
forms: 


Problem 24. Let y(a1,...,Un,y) = wit1 +--+ + Untn + vy be a linear form with 
integer coefficients, and let A = (Aj,...Apn) be an h-tuple of finite sets of integers. 


Given a function f : Z — N, does there exist a set B C Z such that rf), (n) = f(n) 
for all integers n? 


We have the following compactness theorem. 
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Theorem 6.10.5 (Nathanson [31]). Let y(a1,...,0n,y) = uit +--+ + Untn + vy 

be a linear form with integer coefficients, and let A = (A1,...An) be an h-tuple 

of finite sets of integers. Consider a function f : Z— N. Suppose there exists a 

strictly increasing sequence {k;}?2, of positive integers and a sequence {B;}°, of 
(¢) 


(not necessarily increasing) sets of integers such that ry ‘z,(n) = f(n) for integers 


n satisfying |n| < k;. Then there exists an infinite set B such that rf), (n) = f(n) 


for all integers n. 


6.11 The Caccetta—Haggkvist conjecture 


Let G = G(V,E) be a finite directed graph with vertex set V and edge set LE. 
Let n = |V|. Every edge e € E is an ordered pair (v,v’) of vertices. The vertex 
v is called the tail of e and the vertex v’ is called the head of e. An edge of the 
form (v,v) is called a loop. We consider only graphs that may have loops, but 
that do not have multiple edges. A path of length r in the graph G is a finite 
sequence of edges €1, €2,...,€r, where e; = (u;,v}) fori =1,...,r, and v} = visa 
fori =1,...,7—1. The path is called a circuit if v). = v;. A circuit of length 1 is 
a loop, a circuit of length 2 is called a digon and a circuit of length 3 is called a 
triangle. 

The outdegree of a vertex v, denoted outdegree(v), is the number of edges 
e € E whose tail is v. If |V| = n and outdegree(v) > 1 for every vertex v € V, then 
the graph G contains a circuit of length at most n. If |V| = n and outdegree(v) > 2 
for every vertex v € V, then it is known that the graph G contains a circuit of 
length at most n/2. 


Conjecture 2 (Caccetta-Hiaggkvist). Let & > 3. If outdegree(v) > k for every ver- 
tex v € V, then the graph G contains a circuit of length at most n/k. Equivalently, 
if outdegree(v) > n/k for every vertex v € V, then the graph G contains a circuit 
of length at most k. 


Even the case k = 3 of the Caccetta—Haggkvist is open: If G is a graph with 
n vertices and if every vertex is the tail of at least n/3 edges, prove that the graph 
contains a loop, a digon, or a directed triangle. This is a fundamental unsolved 
problem in graph theory. 


Definition. Let I’ be a finite group and let X CT. The Cayley graph G(V, E) is 
the graph with vertex set V =T and edge set FE := {(7, yx): y €T,a © X}. 


Theorem 6.11.1 (Hamidoune [9, 10]). The Caccetta—Haggkvist conjecture is true 
for all Cayley graphs and for all vertex-transitive graphs. 


One proof of this result uses a theorem of Kemperman [16] in additive number 
theory. An exposition of this and other related results appears in Nathanson [27]. 
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Chapter 7 


Incidences and the spectra of 
eraphs! 
Jozsef Solymosi 


In this contribution we give incidence bounds for arrangements of curves in F?. 
As an application, we prove a new result that, if (x, f(a)) is a Sidon set, then 
either A+ A or f(A) + f(A) should be large. The main goal of the paper is to 
illustrate the use of graph spectral techniques in additive combinatorics. This is 
an extended version of the talks I gave in the Additive Combinatorics DocCourse 
held at the CRM in Barcelona and at the conference “Fete of Combinatorics” held 
in Keszthely. 


7.1 Introduction 


The main goal of this contribution is to illustrate the use of graph spectral tech- 
niques in additive combinatorics. The problem of finding nontrivial incidence 
bounds on lines and curves in F? is closely related to sum-product estimates. 
In the first section we will prove Garaev’s sum-product bound [14] using combi- 
natorial arguments. Such techniques were used in similar context by Vu [27] and 
by Vinh [26]. Vu gave incidence bounds on polynomial curves and Vinh reproved 
Garaev’s result, an improvement on the Bourgain—Katz—Tao incidence bound for 
large (larger than q) sets of points and lines in Fj. 

In Section 7.3 we sketch a spectral proof for Roth’s theorem, that every dense 
set of integers contains three-term arithmetic progressions. There are several ex- 


1The research was conducted while the author was a member of the Institute for Advanced 
Study. Funding provided by The Charles Simonyi Endowment. The research was supported by 
NSERC and OTKA grants and by Sloan Research Fellowship. 
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amples where one can choose between the Fourier method or a proof based on 
eigenvalues. A classical example is a discrepancy theorem for arithmetic progres- 
sions by Roth [23], who used the Fourier transform. Later, Lovasz and Sés proved 
the theorem using eigenvalues (see [3] or [8] on p. 20). 

In the last sections we present new results. We partially answer a question of 
Bourgain [7], giving incidence bounds similar to Garaev’s, but for a more general 
family of curves. It is a finite field extension of a theorem of Elekes, Nathanson 
and Ruzsa. Applying Elekes’ incidence method [11], Elekes, Nathanson and Ruzsa 
proved in [13] the following. Let f: R — R be a convex function. Then for any 
finite set A CR, 


max{|A + A], |f(A) + f(A)|} > ¢|Alo/4. (7.1.1) 


In the inequality A+ A denotes the set of pairwise sums, A+ A = {a+b: a,b € A} 
and f(A) = {f(a) : a € A}. We do not have the notion of a convex function in Fy, 
so we will use a weaker condition on f to get results in F, similar to (7.1.1). 


7.2 The sum-product problem 


An old conjecture of Erdés and Szemerédi states that if A is a finite set of integers, 
then the sumset or the productset should be large. The sumset of A was defined 
earlier and the productset is defined in a similar way, 


A- A= {abla, b € A}. 


Erd6és and Szemerédi conjectured that the sumset or the productset is almost 
quadratic in the size of A, i-e., 


max(|A + Al,|A- Al) > c|A?~? 


for any positive 6. 

Bourgain, Katz and Tao [6] proved a nontrivial, |A|'t*, lower bound for the 
finite field case. Let A C F, and p® < |A| < p'~®. Then there is an « > 0 
depending on a only, such that 


max(|A + Al, |A- A]) > c| Al. 


It is important that p is prime, otherwise one could select A being a subring 
in which case both the product set and the sumset are small, equal to |A|. For 
the case, Fy, where g is a power of an odd prime, the best known bound is due 
to Garaev [14]. It follows from a construction of Ruzsa, that his bound is asymp- 
totically the best possible in the range |A| > q?/%. Garaev’s proof uses bounds 
on exponential sums. We are going to derive similar sum-product estimates using 
spectral bounds for graphs. 

Sum-product bounds have important applications, not only to number theory, 
but to computer science, Ramsey theory and cryptography. 
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7.2.1 The sum-product graph 


The vertex set of the sum-product graph Ggp is the Cartesian product of the 
multiplicative subgroup and the field, V(Gsp) = Fj x Fy (as before, ¢ is a power 
of an odd prime). Two vertices, u = (a,b) and v = (c,d) € V(Ggp), are connected 
by and edge, (u,v) € E(Ggp), if and only if ac = b+d. This multigraph (there 
are a few loops) has a very special structure which makes it easy to compute the 
second largest eigenvalue of the graph. The set of eigenvalues are given by the 
eigenvalues of the adjacency matrix of the graph. The matrix is symmetric, so 
all q(q — 1) eigenvalues are real, we can order them, jig > fi > +++ > flg2—g-1- 
The second largest eigenvalue, , is defined as \ = max(p11, |g2—-g—1|). Using A, 
one can write isoperimetric inequalities on the graph. In order to do so, we give a 
bound on A. First, observe that for any two vertices, u = (a,b) and v = (c,d) € 
V(Ggp), ifa 4 cand b ¥ d, then the vertices have exactly one common neighbor, 
N(u,v) = (a, y) € V(Ggp). 
The unique solution of the system 


z= (b—d)(a—c)' 
2y=2(a+c)—b-d. 


= b+ 
- ‘ (7.2.1) 


is given by 
ce =d+y 


If a = c or b = d, then the vertices, u,v, have no common neighbors. Let 
M denote the adjacency matrix of Ggp, that is a;; = 1 if (u;,v;) € E(Gsp), and 
aij = 0 otherwise. M is a symmetric matrix, moreover 


M?=J+(q-2)1-E, 


where J is the all-one matrix, J is the identity matrix and EF is the “error matrix”, 
the adjacency matrix of the graph, Gz, where for any two vertices, vj; = (a,b) 
and v; = (c,d) € V(Ggp), (ui,v;) € E(Gz) if and only if a = c or b = d. 
As Ggp is a (q — 1)-regular graph, g — 1 is an eigenvalue of M with the all- 
one eigenvector, YT. The matrix M is symmetric, so that eigenvectors of other 
eigenvalues are orthogonal to T. It isa corollary of the Spectral Theorem that 
there is an orthonormal basis, V, consisting of eigenvectors of M. Let 6 denote the 
second largest eigenvalue of WM. The graph, Gp, is connected so the eigenvalue 
q—1 has multiplicity one, and the graph is not bipartite, so for any other eigenvalue, 
6, |0| < q—1. A corresponding eigenvector is denoted by v. Let us multiply both 
sides of the matrix equation above by vg. The “trick” is that Jug = 0, as the 
eigenvectors are orthogonal to the all-one vector, so we get 


(6? —q+2)vg = Ew. 


Note that EF has the same set of eigenvectors as M has. Gg is a 2q — 3-regular 
graph, so any eigenvalue of E is at most 2g — 3 in absolute value: 


OP ago < 3g. 
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we show the matrices M, M? and E for the case when g = 5: 


0 i} 1) 
0 0 1) 
0 ie) 1) 
0 1 1 
1 i) 0 
0 1 0 
1 0 1 
0 i} 0 
0 i} 0 
0 i) 1) 
0 0 1) 
0 ie) 1) 
0 1 0 
ui 0 1) 
0 i) a 
1 i} 0 
0 0 i) 
0 i} 1 
0 i} 0 
0 1 0 
1 1 0 
1 1. 1. 


i) 1 0 
1 0 0 
1 1 0 
1 af 1 


10) 


Oo 41447 
1 0 
Oo 0 
Oo 0 
Oo 0 
1 0 
Oo 0 
Oo 0 
Oo 0 
Oo 1 
Oo 60 
Oo 0 
0 860 
Oo 1 
1 #O 
Oo 0 
Oo 0 
Oo 1 
1 #O 
Oo oOo 4] 
1 1 1) 
1 & @& 
oO 21 1 
1 © Ff 
1 2 0 
ms ab 
70° ob 
O ak a 
£ @. 2 
1 1 #0 
1 & &£ 
1 f° ft 
oO 2 
1 © 2. 
1 2 @ 
o Oo 0 
o Oo oO 
4 0 0 
o 4 #0 
0 o 4 J 
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7.2.2 The spectral bound 


The small value of the second largest eigenvalue shows us that G'gp is a quasi- 
random graph and we can bound the number of edges between large vertex sets 
efficiently. We are going to use the following Cheeger-type discrepancy bound. For 
any two sets of vertices, 5,T C V(Ggp), 


ecs.7) - FIA) < a isi (7.2.2) 
q 


where e(.5,T) is the number of edges between S and T. (See, e.g., [10] or [2].) 
Inequality (7.2.2) and the bound on \ imply that 


ne 
e(S,T) < a + /3q|S||TI. (7.2.3) 


From (7.2.3) we can deduct Garaev’s sum-product bound [14]. We can suppose that 
0 ¢ A, without loss of generality. Set S = (AA) x (—A) and T = (A7!) x (A+A). 
There is an edge between any two vertices (ab,—c) € S and (b-!,a+ cc) € T, 
therefore the number of edges between S$ and T is at least |A|?. On the other 
hand, 


ST AA||A + Al|Al? 
AP <e(5,7) <P, vagspr =A A aaalas Alar. 


q 
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After rearranging the inequality we get the desired sum-product bound: 
|Al* 
|A + A||AA] >> min 4 g|A], oar 


In particular, if |A| ~ q?/3, then max{|AA],|A + A|} >> |A|5/4. 


7.3 Three-term arithmetic progressions 


In the previous example it was enough to show that the second largest eigenvalue 
is small. There are cases where we cannot guarantee that the second eigenvalue is 
small; however when it is large then we might find some structure in the graph. 
To illustrate this, we will sketch one of the several possible proofs of Roth’s theo- 
rem [22]. 


Theorem 7.3.1 (Roth’s theorem). For any N > 3, if S Cc [1,...,.N] and |S| > 
N/loglog N, then S contains a three-term arithmetic progression. 


Note that it is enough to prove Roth’s theorem modulo a prime p. For any 
p> 3 if S C F, and |S| > p/loglogp, then S' contains a three-term arithmetic 
progression (3-AP). Indeed, choose p such that p > 3N and translate S such 
that it is in the middle third of the interval [1,...,p]. In this way any arithmetic 
progression modulo q is also a “regular” arithmetic progression. 


7.3.1 The 3-AP graph 


oe 


To prove the “mod p” variant, we define a graph, G34p, on 2p — 1 vertices. We 
label the vertices by vo, v1,...,Up—1, and v_1, U_2,...,U-p41. A way to (hints of the 
vertices if they were the (2p—1)th roots of unity, assigning v; to exp(s"4 7). The 
neighbors of vp are defined by the set S' in the following way: v; is doancered to vo 
by an edge if and only if |i] € S. (Suppose that 0 ¢ S.) Extend the graph by adding 
the edges necessary that the mapping, i +> 7+1 (mod 2p—1), is an automorphism 
of Ggap. eigen the roots of unity notation, it means that multiplying the vertices 
by exp( apt +7) is an automorphism of the graph for any integer j. (It is the Cayley 
graph of Z/(2p — 1)Z with respect to S.) 

For graphs with a “nice” automorphism group, finding the eigenvectors and 
eigenvalues is not a hard task. (See Exercise 8 in [18], Chapter 16 in [4], or [19] for 
a more detailed description.) In our case it is easy to check that for this circulant 
graph, 2p — 1 linearly independent eigenvectors are given by the vectors 


Qmik Arik 6mvk . 2(2p — 1)rk a 
—— —— 6.2, eXp | ——————— 


where 0 < k < 2p — 2. Then the eigenvalues of G34p are given by the sums 


Sy ap (=) + Dew (= a) 


ses ses 
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S0oeseoo0¢6 


SS 
123456 Y 


Figure 7.1: A partial drawing of G3_,4p for the set shown. 


There are two possibilities. Either the second largest eigenvalue is large or all 
eigenvalues but the largest, 9 = 2|S|, are small. In the former case, most of the 
summands have large positive real part. It implies that there is a long arithmetic 
progression having a very large intersection with S. We will not explore this case 
here, instead we show that if all eigenvalues are small, then there is a three-term 
arithmetic progression in S. The interested reader will find the details for the 
density increment case in Roth’s original paper [22], or in one of the many books 
discussing Roth’s theorem, like [15], [25], or [16]. Our moderate plan here is to 
show that if |S|?/(2p — 1) > A, then S' contains a 3-AP. 

We can find a relation between the assumption that S has no three-term 
arithmetic progressions (it is 3-AP-free) and the structure of the graph G'3_ 4p. 
We show that if S is 3-AP-free, then there are large vertex sets spanning less than 
expected edges. For every edge we can define its halving point. Consider the edges 
as arcs between points on the unit circle. The points are the vertices, represented 
by the roots of unity and the edges are the shorter circular arcs. The halving 
point of the edge is the geometric halving point of the circular arc. The number of 
possible halving points is 4p — 2. The number of edges is |.5'|(2p — 1), so there is a 
point which is the halving point of at least [|S|/2] edges. Note that if we had two 
edges sharing the same halving point, such that there is another edge between the 
two-two endvertices separated by the halving point, that would imply that there 
is a 3-AP in S. (See Figure 7.2.) 

If S is 3-AP-free, then between the two [|.S|/2]-size sets of end vertices, A 
and B, there are exactly [|S|/2] edges. Inequality (7.2.2) implies that 


2181 is\/2° < NIISI/21, 


e(A, B) ~~ 2p 
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Figure 7.2: If there are two edges sharing the same halving point, h, then the 
endpoints of the edges can be written as h+d,,h—d; and h+ dz, h— dg. If h+dz 
and h — d; are connected by an edge, it means that d, + d2 is in S with 2d; and 
2d2, forming a 3-AP. 


from where we get that 


as we wanted to show. 


7.4 Sidon functions 


In this section we extend a result of Elekes, Nathanson and Ruzsa [13] to the finite 
field case. 


Theorem 7.4.1 (Elekes, Nathanson and Ruzsa). Let f: R — R be a convex func- 
tion. Then for any finite set ACR, 


max{|A + Al, | f(A) + f(A)|} = el AP". 


7.4.1 Sidon functions 


We need a notation which substitutes convexity in finite fields. The graph of a 
convex function is a Sidon set in R?, this is the property we are going to use for 
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finite fields. A set H C Fy x Fy is a Sidon set if for any hi, hj, he, € H, the 


equation 
hj; _ hj = hy _ hi (mod q) 
implies i = k and j = 1. A function f: S — F,, for some S C Fy, is said to be a 
Sidon function if its graph H = {(a, f(x)) : « € S} is a Sidon set. Note that the 


graph of any convex function in R? forms a Sidon set. 


eo 
- 
tl 
roa 


Figure 7.3: The graph of any convex function in R? forms a Sidon set. 


Theorem 7.4.2. For any integer, k, and for any S CFy,|S|>q—k, if f: SF, 


is a Sidon function, then for any set AC S, and sets B,C C Fg, 
_ f alAl |Al?|BIIC| 

> ming So SE 
|A+ B\|f(A)+C| >= in > 8+ 1)q 


Using the right substitution for C and D, Theorem 7.4.2 gives the following 


corollaries. 
Corollary 7.4.3. For any integer, k, there is a constant, c = c(k), such that for 


any S CF g,|S| > q—hk, if f: SF, is a Sidon function, then for any set AC S, 
; |A|?* 
|A + Al] f(A) + f(A)| 2 emin » A], aa ie 


It is remarkable that the inequality above matches the Elekes-Nathanson— 
Ruzsa bound for sets A such that |A| ~ q?/%. It has a single-term variant, which 


we state in a separate statement. 
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Corollary 7.4.4. For any integer, k, there is a constant, c = c(k), such that for 
any S CF g,|S| > q—k, if f: SF, is a Sidon function, then for any set AC S, 


JA f(A)| > emin { Vala ah. 


7.4.2 <A bipartite incidence graph 


The proof of Theorem 7.4.2 is based on the following incidence bound. Let f 
be a function, S — F,, for some S C Fy. The graph of f is the set of points 
{(a, f(x)) € F, x Fy: « € S}. A translate of f by a vector u = (u’,u”) € Fy x Fy 
is the set Ty (f) = {(c+u’, f(x) +u"): a € S}. The translate of the mirror graph 
of f is defined as T,,(f)? = {(u’ — x, u"” — f(x)): a € Sh. 


Lemma 7.4.5. For any integer, k, and for any S C Fy,|S| =q—k if f: SF, is 
a Sidon function, then for any set P C Fy x Fy, the number of incidences between 
P and s translates of f, the set {Tu,(f)}7_1, ui = (uj, uy), is bounded as follows: 


° P 
So {ee S:(x@+uj, f(x) + ul) € PH < — + /2(k + 1)q|P|s. 
4=1 


Proof. Define a bipartite graph, G(A, B), as follows. The vertex set of G consists 
of two copies of F, x Fy. 

The edges of G(A, B) are given by the graph of f. Two vertices, u = (u’, u’’) € 
A=F, x F, andv=(v’,v”) € B=F, x Fy, are connected by an edge in G if 


fl -w) =v" -u". (7.4.1) 


The neighborhood of a vertex u € A is given by N(u) = T,(f) C B, and 
neighborhood of a vertex u € B is described by N(v) = T,(f)7 C A. The graph, 
G(A, B), is a (q—k)-regular bipartite graph. The spectra of G(A, B) is symmetric. 
For this graph the second largest eigenvalue is defined as A = 41. As the graph 
is (q — k)-regular, the largest and the smallest eigenvalues are g — k and k — gq. 
Similarly as we did in the sum-product example, we can bound \ by examining 
the q? x q? adjacency matrix of G(A, B), denoted by M. The function f is a Sidon 
function, therefore the neighborhoods of two vertices in A or in B intersect in 


at most one vertex. A translate, T,,(f), covers re vertex pairs. All translates 


(the neighborhoods of vertices) cover a0) ¢@ pairs out of the oe ) vertex pairs 
in A and in B. Let us define an error graph, H, which has two components, one 
in A and one in B, and two vertices, u and v are connected by an edge if and 
only if there is no vertex connected to both in G(A, B). The error graph, H, has 
2((4) — q(%5")) edges and it is regular of degree g? — 1 — (q— k)(q—k — 1). Its 
adjacency matrix is denoted by EF, 


M? = Ee y |t@-#-II Hz 
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As in the first example, we can multiply the equation by an eigenvector of M, 
which belongs to the second largest eigenvalue, 


Eux = (q—k—1—A*)o,. 


We know that H is (2kq + q—k? —k —1)-regular, therefore any eigenvalue of E 
is less or equal to 2kq+q—k? —k—1, 


la-—k-1—\?| < 2kg+q—k? —k-1, 


sO 


A < V2(k+1)¢. 


7.4.3 The spectral bound 


For bipartite graphs, like G(A, B), inequality (7.2.2) is slightly different. If G(A, B) 
is an r-regular bipartite graph on n vertices, then for any subsets A’ C A and 
B' cB, 


/ / 
e(A’, B’) — 2r|A'|B'| < \V/JATB7. 
n 


Now we are ready to complete the proof of Lemma 7.4.5 to state a bound on 
incidences between a set of points, P, and s translates, {Ty,,(f)}3§_), ui = (ul, ui’). 
An edge in the graph G(A, B) represents an incidence between a point and a 
translate, 


So ice S:(x@+uj, f(x) + ul) € PH < — + /2(k + 1)q|Pls. 
w=1 


Proof of Theorem 7.4.2. Let us consider the Cartesian product (A + B) x 
(f(A)+C). It has |B||C] translates of the smaller product Ax f(A), which contains 
an |A|-element subset of the graph of f. The |B||C| translates determine |A||B]|C 
incidences in (A+ B) x (f(A) +C). Now we apply Lemma 7.4.5 with substitutions 
s=|B\|C|, |P| = |A+ B\|f(A) + Cl, and with |A||B]|C| incidences. 


Note that Theorem 7.4.2 generalizes Garaev’s point-line incidence bound, 
since the mapping (x,y) > (z,y +x”) maps any line, az + by = c,a # 0, toa 
translate of the parabola, y = x7, which is a Sidon function. 

For any set P C F, x Fg, the number of incidences between P and s lines is 
bounded by 


O (4s qe iPr) (7.4.2) 
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7.5 Incidence bounds on pseudolines 


Incidence bounds in geometries have various applications. The celebrated theo- 
rem of Szemerédi and Trotter [24] gives sharp incidence bound for the number of 
point-line incidences in the Euclidean plane. The Szemerédi—Trotter theorem was 
extended to pseudolines. For the details about variants of the planar Szemerédi— 
Trotter theorem we refer the reader to [21]. 

Our goal here is finding nontrivial incidence bounds for pseudolines in F?. 
First we give a definition of pseudolines which form a partial geometry in Fi. The 
incidence graph will be a strongly regular graph, therefore we can use standard 
spectral bounds to estimate incidences. 


7.5.1 The incidence bound 


The following is a standard (however not the only) definition of pseudolines in the 
Euclidean plane, see, e.g., [1]. 

A collection £ of z-monotone unbounded Jordan curves in the plane is called 
a family of pseudolines if every pair of curves intersects in at most one point. 

To find a proper definition of pseudolines in finite fields is not so straight- 
forward. We are going to use one possible definition which has interesting ap- 
plications. Instead of z-monotone unbounded Jordan curves we consider “lines”, 
i ={(z, f(v)): 2 € Fy}, where f: Fy — Fy. 


Definition 7.5.1. A collection £ of subsets of ee L = {h,bh,...,lk} is called a 
family of pseudolines if the following conditions hold. 


a, For every a € Fg, any set, J;, has exactly one point with x-coordinate a. 
b, Every pair of sets, J; and l,;, intersects in at most one point. 


c, If i, € £, then its y-translates are also in the arrangement, 1; + (0,a) € £ for 
any a € Fy. 


The last condition implies that the size of a family of pseudolines is divisible 
by q. 


Theorem 7.5.2. Let a family of pseudolines, £L, and a family of points, P, in F? be 
given. Suppose that |£L| = kq, and |P| =n. Then the number of incidences between 
m pseudolines and n points is bounded by 


I(m,n) <nVkm/q+ J/gnm. 


The incidence bound for pseudolines implies a new bound on point line inci- 
dences. It is better than inequality (7.4.2) in line arrangements with a few distinct 
slopes only. 
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Corollary 7.5.3. Let a family of pseudolines, L, and a family of points, P, in F? 
be given. Suppose that the lines have no more than k different slopes. Then the 
number of incidences between the s lines and points of P is bounded by 


I(s,|P|) < |P| Vks/q+ Vq|P\s. 


The bound is better than inequality (7.4.2) if k < s/q. To see how Theo- 
rem 7.5.2 implies Corollary 7.5.3, observe that the set of all lines with slopes from 
a given set, forms a family of pseudolines. 

The incidence bound in Theorem 7.5.2 is a corollary of the following state- 
ment which is proved in the next subsection. 


Theorem 7.5.4. Given a family of pseudolines, L, and two sets of points, Py and 
P, in F7. Suppose that |L| = kq, |Pi| = ni and |P2| = ng. Then the number of 
collinear pairs in P, x P2 is bounded as 


= knin2 
{tei teer, pe hy, Sel tp. p Set| = a + q/ning. 


Proof of Theorem 7.5.2. Suppose that the m pseudodolines are incident to 


t,t2,...,tm points in P. Then, the number of copseudolinear pairs in P is at 
least )>;", (j). On the other hand, I(m,n) = 37", ti, so the number of copseu- 


dolinear pairs is at least m(' (myn)/ m 


Theorem 7.5.4 we have 


) ~ I(m,n)?/m. Using the inequality from 


m 


concluding the proof of Theorem 7.5.2. 


7.5.2 Strongly regular graphs 


In [5] Bose introduced the notation of partial geometries. A set of points and lines 
is a finite partial geometry if there are integers such that 


i. For each two different points p and gq, there is at most one line incident with 
both of them. 


ii. Each line is incident with r+ 1 points. 
iii. Each point is incident with s + 1 lines. 


iv. If a point p and a line FL are not incident, then there are exactly t points on 
L collinear to p. 


Lemma 7.5.5. Any family of pseudolines is a partial geometry. 


The easy proof is left to the reader. 
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Proof of Theorem 7.5.4. The incidence graph, G(L), of a family of pseudolines is 
defined as follows. G has q? vertices, the elements of i. Two vertices v and u are 
connected if and only if the points are collinear, i.e. there is a line, | € £L, such 
that v,u € l. As we observed earlier, the number of lines is divisible by q. There 
is an integer, k, 1 < k <q, such that |L| = kg. 

G(ZL) is a strongly regular graph, where each vertex has degree k(q—1). Two 
collinear (adjacent) vertices have gq — 2+ (k — 1)(k — 2) = q+ k? — 3k common 
neighbors and non-adjacent vertices have k? —k common neighbors. The adjacency 
matrix of the graph is denoted by A, 


A? = (q+k? —3k)A+ (kh? —k)(J -A-1) + k(q—1)I. 


The usual trick — multiplying both sides by an eigenvector — helps us to 
find the eigenvalues. The adjacency matrix of this graph has only three distinct 
eigenvalues. The largest is k(q — 1) and the other two are gq — k and —k. (For 
more details about such graphs we refer the reader to [17].) In our applications 
q > k, so the second largest eigenvalue is gq — k. From this, Theorem 7.5.4 follows 
immediately by applying inequality (7.2.2). 
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Chapter 8 


Multi-dimensional inverse 
additive problems 
Yonutz V. Stanchescu 


We will examine the extremal value of the cardinality of kK + K, for finite sets of 
lattice points. We will also formulate and discuss various results about the exact 
structure of multi-dimensional sets K’, assuming that doubling constant o = Sa 


is very small. 


8.1 Direct and inverse problems of additive and 
combinatorial number theory 


Additive number theory is the study of sums of sets and we can distinguish two 
main lines of research. In a direct problem of additive number theory we start with 
a particular known set A and attempt to determine the structure and properties of 
the h-folds sumset hA. These are the classical direct problems in additive number 
theory: Waring’s problem, Goldbach conjecture,. .. (see [27]). As a counterbalance 
to this direct approach, an inverse problem in additive number theory is a problem 
in which we study properties of a set A, if some characteristic of the h-fold sumset 
nA is given (see [28]). Sumsets can be defined in any Abelian group G, for example 
in Z the group of integers, or in the group Z/mZ of congruence classes modulo m, 
or in the group Z” of integer lattice points or in R@ the d-dimensional Euclidean 
space. 

Let us present a unifying “algorithm” proposed by Freiman [16] for solving 
inverse additive problems. 


e Step 1. Consider some (usually numerical) characteristic of the set under 
study. 
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e Step 2. Find an extremal value of this characteristic within the framework of 
the problem that we are studying. 


e Step 3. Study the structure of the set when its characteristic is equal to its 
extremal value. 


e Step 4. Study the structure of the set when its characteristic is near to its 
extremal value. 


e Step 5. ....Continue, taking larger and larger neighborhoods for the charac- 
teristic. 


In this note we will choose as characteristic the cardinality of the sumset 


2K=K+K={at+y:ce Kk, ye K}, 

or equivalently the “measure of doubling” o = Atl. We will examine in detail 
the exact structure of a finite set kK C G in the case of a torsion free Abelian 
group G = Z” or G=R¥%, assuming that the doubling constant is small. (On the 
other hand, if o is an arbitrary doubling constant, then Freiman’s fundamental 
result asserts that such a set is a large subset of a multi-dimensional arithmetic 
progression; see Freiman [14], [15], Bilu [2], Ruzsa [32], Nathanson [28] or Tao and 
Vu [47].) 


8.2 The simplest inverse problem for sums of sets in 
several dimensions 


It is well known that Kneser’s theorem [25] for cyclic groups of prime order implies 
Cauchy—Davenport inequality [5], [7]: |A + B] > min{p,|A| + |B| — 1}. For the 
“opposite situation” of a torsion-free Abelian group G, for example Z” or R%, 
Kneser’s result gives the estimate 


|A+ Bl > |A] +|Bl—1, 


valid for every two finite sets A,B C G. This is the best possible, since equality is 
attained when A and B are arithmetic progressions with the same difference. 

Freiman showed in [14, p. 24] that it is possible to obtain a much better 
estimate. 


Theorem 8.2.1. For every finite set A C R™ of affine dimension dim A = d, one 


has 


|JA+ A) > (d+ DIA] — sald + 1). (8.2.1) 


This is apparently the first result connecting geometry and additive properties 
of finite sets. The lower bound (8.2.1) cannot be improved (see assertion (i) of 
Theorem 8.2.2) and thus, Step 2 is solved. 
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Let us investigate now Step 3: what is the exact structure of multi-dimen- 
sional sets having the smallest cardinality of the sumset? For d = 1, inequality 
(8.2.1) gives |2.A] > 2|.A| — 1 and one has equality only for an arithmetic progres- 
sion. We succeeded to extend this result for every dimension d > 2. More precisely, 
we obtained in [40] a complete description of the structure of multi-dimensional 
sets having the smallest cardinality of the sumset. 


Theorem 8.2.2. Let A CR” be a finite set such that dim.A > d and 


|A+ A] = (d+ DAI sid 1). (8.2.2) 


Then, A is a d-dimensional set and the following cases are possible: 


(i) A consists of d parallel arithmetic progressions with the same common dif- 
ference. 


(ii) A = {v0,v1,..., Va} U {201,01 + v2,2v2}, where vu; are the vertices of a 
d-dimensional simplez. 


This result is an analogue of the well-known Vosper’s theorem [50], Z/pZ being 
here replaced by the d-dimensional space R®; it represents the complete solution of 
Step 3 for the inverse additive problem in several dimensions. Step 4 is described 
in Section 5 below. Remark that besides “the standard structure” of d paral- 
lel arithmetic progressions with the same common difference, we may encounter 
“the non-standard structure”, when |A| = d+ 4. 

A natural related problem is to find lower bound for the cardinality of the 
sum 


A+B={a+b:aEA, bE Bh, 
where A and B are finite subsets of Z?. Ruzsa [33] proved the following result. 


Theorem 8.2.3. If A and B are finite sets in Z* such that |A| > |B| and the affine 
dimension dim(A+ B) = d, then 


i 
|A + B| => |A| + d|B| — seat 1). (8.2.3) 


This generalizes Freiman’s inequality (8.2.1), and assertion (i) of Theorem 8.2.2 
shows that there is no improvement of (8.2.3) linear in |A|. Nevertheless, under 
the additional assumption dim &B = d, Gardner and Gronchi obtained in [20] a 
stronger estimate. 


Theorem 8.2.4. If A and B are finite sets in Z* such that |A| > |B| and the affine 
dimension dim(B) = d, then 


d(d—1) 
2 ? 
JA + Bl@ > [Ale + (a!) 4((B| — a)@. (8.2.5) 


|A +B] > |A| + (d— 1B] + (|A] — d) > ((B] — a2 — 
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The proof uses the process of the so-called projection or compression of sub- 
sets in Z“, an idea introduced by Freiman in [14, p. 27]. Moreover, Theorem 8.2.4 
— a close discrete analog of the classical Brunn—Minkowski inequality — trans- 
lates into results for the lattice point enumerator of two convex lattice polytopes 
(see [20, Corollary 7.1]). 

Another interesting development is the Green—Tao inequality (see (8.2.6) 
below). Note that the lower bound (8.2.1) assumes that the set A contains some 
non-degenerate d-dimensional simplex S = {e9,e9 + €1,.--,€0 + ea}. It turns out 
that if we replace the simplex S' with a parallelopiped P, then the set A will have a 
doubling constant exponential in d. More precisely, we have the following theorem. 


Theorem 8.2.5. Jf A C R”™ is a finite set which contains a non-degenerate d- 
dimensional parallelepiped P = eg + {0,1}-e1 +---+ {0,1}- ea, then 


|A+ A] > 22/7) A]. (8.2.6) 


At the heart of the proof (see [22, Proposition 4.1]) are again a discrete 
Brun—Minkowski inequality, the machinery of projection of sets of lattice points 
and Pliinecke inequality for commutative graphs. 


8.3 Small doubling property on the plane 


Let us describe some results concerning the structure of finite planar sets KC Z? 
with small sumset. First we note that Freiman’s 3k — 4 theorem (see [11] or [14, 
p. 11]) and inequality (8.2.1) easily imply that a planar set of lattice points with 


C+ K| <3|K]-4 


lies on a straight line and is contained in an arithmetic progression of no more 
than v = |K + K| — |K| +1 terms. Moreover, for doubling |K + K| = 3|K| — 3, 
Theorem 8.2.2 immediately yields the structure of such planar sets: K consists of 
two parallel arithmetic progressions with the same common difference or K is a 
two-dimensional simplex plus three midpoints of its three edges. Thus, Steps 2 
and 3 of Freiman’s algorithm are completely solved. 

Therefore, a natural problem is to concentrate on the study of Step 4; we ask 
for the structure of a finite planar set of lattice points with small doubling |K +X]. 
As one can expect, this question is easier to answer when the cardinality |K+K| is 
close to its minimal possible value 3|K| — 3, and becomes much more complicated 
if we choose bigger values for |K + K]|. Freiman asked in 1973 (see [14] and [17, 
Section 7]) the following problem: 


Problem F. Find the exact structure of planar sets of lattice points under the 
doubling hypothesis |K + K| < (4— =;)|K|- (2s +1). 


Though, the (2” — €) theorem ([14, p. 57]), gives a first indication on the 
structure of K, still this is not so precise as Freiman’s result for s = 2. 


8.3. Small doubling property on the plane 319 


Theorem 8.3.1. Let K C Z? be a finite set of dimension dim K = 2. 
(i) If|K+K| < 2\K|—5 and |K| > 11, then K lies on two parallel lines. 
(ii) If |K+K| <4|K|—6 and K lies on two parallel lines, then K is included in 


two parallel arithmetic progressions with the same common difference having 
together no more than v = |2K|—2k+3 terms. 


This means that the total number of holes satisfies h < |2K| — (3k — 3). For 
a proof, see [14, p. 28] and [38, p. 135). 

In [38] we succeeded to solve the problem for every s > 1. We obtained the 
following theorem, which incorporates Theorem 8.3.1(i) as a particular case. 


Theorem 8.3.2. Let K be a finite set of Z? and let s > 1 be a natural number. If 
|| > ko(s) and 


2 
4-—_)|K|- (2841 a4 
IK +K| < (4-5 )IK|- 2s +1), (8.3.1) 
then there exist s parallel lines which cover the set K. 


This is a best possible result, because it cannot be improved by increasing 
the upper bound for | +], or by reducing the number of lines that cover K. The 
theorem is effective and we provide an explicit value for the constant ko(s) = O(s°). 
We also devised a new method of proof of Freiman’s (2” — €) theorem, for planar 
sets, i.e., the case of dimension n = 2. 


Theorem 8.3.3. Let s > 1 be an aden and define 5 = 5(s) = (8s(s+1))~*. If 
KCH i tT — (28+1), 
then there exists a line £ in R? such that |CN K| > d|K]. 


The estimate 6 = (8s(s+1))~* of Theorem 8.3.3 improves the previous 
known values of 6(s), obtained in the general case by Freiman [14], Nathanson 
[28] and Bilu [2]. 

Recently, Grynkiewicz and Serra obtained in [23] an exact value for the con- 
stant ko(s) = 2s? + s+ 1. They also succeeded to extend the result for sums of 
different sets A+ B. 


Theorem 8.3.4. Let A,B C R? be finite subsets and let s > 1 be a natural number. 
i) If lAl se || <54+1,|A|+ |B] > 4s? +2541 and 
1 
|A + Bl < (2- =) (\A| + |B) - 2s +1), 


then there exist 2s (not necessarily distinct) parallel lines which cover the 
sets A and B. 


(ii) If |A| > |B] + s, |B] > 2s? + & and 


A+B] <|4| + (3- =) iB|- (s+), 
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then there exist 2s parallel lines which cover the sets A and B. 


The next natural question is to consider the doubling coefficient o = 3.5; 
this means that instead of the conditions |2K] < 3|K|—3 (ie., s = 1) and |2K| < 
LIK — 5 (ie., s = 2), we study now a finite set K of integer points on a plane, 
with the following small doubling property |2K| < 3.5|K| — 7, ie., the case s = 3 
of inequality (8.3.1). 

The complete solution of Step 4 for planar sets under such small doubling 
hypothesis was obtained in [41]. Take a lattice £ generated by K . We obtain an 
exact best possible estimate for the number of points of £ that lie in the convex 
hull of K. 


Theorem 8.3.5. Let K be a finite set of Z? such that |K +K| < 3.5|K|—7. 
(i) If |K| > 1344, then the set K lies on no more than three parallel lines. 


(ii) If K is not contained in any two parallel lines, then the convex hull of K is 
included in three compatible arithmetic progressions having together no more 
than v terms, where 


ae =(\K LK| = IKI 15) = (IK +K|—2)K| +5). (8.3.2) 


The paper [44] is devoted to the generalization of Theorem 8.3.5 to the case 
s > 4. We shall consider now a finite set K of lattice points on a plane having the 
small doubling property 


2K] < ( )\K| — (28 +1). 


stl 
We wish to obtain a reasonable estimate for the number of lattice points of a 
“minimal” parallelogram that covers the set K; more precisely, if £ is a lattice 
generated by K, we are interested in precise upper bounds for the number of 
points of £ that lie in the convex hull of K. Our main result asserts that K is 
located inside a parallelogram that lies on a few lines which are well filled. 


Theorem 8.3.6. Let s > 19 be an integer and let K be a finite subset of Z? that 
lies on exactly s parallel lines. If 


2K] < ( IK] — (28 +1), 


2 
4 ——_ 
s+l1 
then there is a lattice £L C Z? and a parallelogram P such that 
IPNL| < 24(|K + K] — 2|K| +1) (8.3.3) 


and KC (PNL) +0, for some v € Z?. 
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This gives an accurate description for the structure of planar sets having 
doubling coefficient ¢ = ae < 4: the set can be covered by s parallel lines 
(the best possible result). Moreover, a suitable affine isomorphism maps K into a 
set of lattice points that lies inside a parallelogram of bounded area. The reader 
will notice that Chang’s quantitative estimate c(a) < exp(Co7log%c) is extremely 
weak (see [6]) when compared to the new upper bound (8.3.3) implied by Theorem 
8.3.6. This estimate is nearly sharp and it is far better than the bounds arising 
from the known proofs of Freiman’s theorem. 

We found that a similar inequality can be formulated for planar sets that lie 


on s > 3 parallel lines and have small sumset 


2 2 
2 —_— — (2s +1) + —. 
2K] < (6- —)IK|- 2s +1) + 
We have examples showing that this inequality cannot be further relaxed. More- 
over, we believe that for a best possible result, the constant factor 24 of Theo- 
rem 8.3.6 should be replaced by $(1+ 4), if instead of a covering parallelogram 
P we consider the convex hull of K. We suggest the following conjecture. 


Conjecture. Let K be a finite subset of Z? that lies on exactly s > 2 parallel lines. 
If 


2 
IK+K] < max {4|K| — 6, (5 - =) (|K| = 1) 25 +4}, 


then the convex hull of K can be covered by 2s — 2 compatible arithmetic progres- 
sions having together no more than v = 3754y (| +K| — 2|X| + 2s —1) terms. 


So far, this estimate has been proved only for s = 2 (Theorem 8.3.1) and 
s = 3 (Theorems 8.3.2 and 8.3.5). 

Various applications of such results have surfaced: Theorems 8.3.1 and 8.3.2 
are used in [4] in order to obtain a structure result for sets of integers with small 
upper density; connections to finite Beatty sequences have been found in [29]. 


8.4 Planar sets with no three collinear points on a line 


In this section r,(n) denote the maximal number of integers that can be selected 
from the interval [1,n] without including an arithmetic progression of k-terms, 
k>3. 

Let A C Z? be a finite set, not containing any three collinear points. Freiman 
asked in 1973 for a lower bound for |A+ A| (see [14, p. 27]). As a first step in 
the investigation of this problem, we showed in [43] that if A is a finite set of 


lattice points not containing any three-term arithmetic progression, then a a is 


unbounded, as lim |.A| = oo. More precisely, we have the following theorem. 


Theorem 8.4.1. Let A C Z? be a finite set of n lattice points. If A does not contain 
any three collinear points, then there is a positive absolute constant 6 > 0 such 
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that 


|A + A] > n(logn)?. (8.4.1) 


The constant 6 can be easily computed: for instance, any positive 6 smaller than 
0.125 will do. This lower bound provides an answer to Freiman’s question. 

The proof shows that there is an intimate connection between two seemingly 
unrelated problems: planar sets with no three points on a line and non-averaging 
sets of integers (see also [30]). 


Definition. A finite set of integers B C Z is called a non-averaging set of order t, 
if for every1 <m,n <t, the equation 


mX,+nXq=(m+n)X3 


has no nontrivial solutions with X; € B; we say that (X1, X2, X3) is a nontrivial 
solution, if X,,X2,X3 are distinct elements of B. 


Let s(n) be the maximal cardinality of a non-averaging set of order t in- 
cluded in the interval [1, n]. It is clear that a non-averaging set of order t = 1 is sim- 
ply an integer set containing no arithmetic progressions and thus s;(n) < s1(n) = 


r3(n). Recently Bourgain obtained the estimate r3(n) < are logn)2, and 
ogn 
therefore ‘s 
1 
s4(n) < ———; (loglogn)?. 
(log n)2 


Remark. We obtained a more exact inequality, valid for sets A C Z? containing 
no k—terms arithmetic progressions: for every integer t > 1 we have 


), (8.4.2) 


ie 
A+ Al 5 IAl( 


We formulate the following problem. 


Problem S. Suppose that t > 1 is a fixed, positive, but rather large integer. Is 
it true that s,(n) << Toanyt or at least s(n) < Torn? Jor a positive absolute 


constant c > 4? 


Note that Freiman’s question asks for a nontrivial lower estimate of |A-+ A| 
for a set AC Z? containing no three collinear points and in Problem S we want to 
estimate the density of a sequence of natural numbers 6, assuming that t linear 
equations do not hold for B. Inequality (8.4.2) shows that any upper bound for 
s(n), better than the trivial one r3(n), will lead to a corresponding sharpening of 
(8.4.1). 

As regards lower bounds, we obtained in [43] the following 


Theorem 8.4.2. (i) For every t > 1, there is a positive constant c, such that for 
every n one has s4(n) > nexp(—cr,/log n). 
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(ii) There is no €9 > 0 such that the inequality |A+A| > |A|!t@ holds for every 
finite set A C Z? containing no three collinear points. 


The proof uses Freiman’s fundamental concept of isomorphism [14], 
Behrend’s method [1] and a result of Ruzsa [31] about sets of integers containing 
no nontrivial three-term arithmetic progressions. 

A recent improvement of the lower bound (8.4.1) was obtained by 
Sanders [35]: 


|A + A] >< |Al(log |A]) 37°. 


8.5 Exact structure results for multi-dimensional 
inverse additive problems 


A natural question (see [16, p. 16] and [17, p. 249]) is to generalize Theorem 8.3.1 to 
the multi-dimensional case d = dim(X) > 3. Assume that the doubling coefficient 
of the sumset 2K is not much exceeding the minimal one, i.e., 

|2K| 

d+1<a=—< pa. 

| 
What can be said about the exact structure of K? The expected result is: If 
pPa=d+1+ z, then the set K is contained in d “short” arithmetical progressions. 

In [45] we solved the above question for the first open case d = 3. 


Theorem 8.5.1. Let K be a finite subset of Z° of affine dimension dimK = 3. 


(i) If|K+K| < S|K| — 2 and |K| > 12°, then K lies on three parallel lines. 


(ii) If K lies on three parallel lines and |K +K| < 5|K|—10, then K is contained 
in three arithmetic progressions with the same common difference, having 
together no more than v = |K + K| — 3|K| +6 terms. 


In [46] we completely describe the structure of K for doubling coefficient 
a<d+ 4. 


Theorem 8.5.2. Let K be a finite subset of Z% of affine dimension dimK = d > 2. 
Ifk =|K| >3-44 and 
4 
JE+K| < (d+ 3)IKI = Ca; 


where cq = +(3d? +5d+8), then K lies on d parallel lines. 


Moreover, under the additional assumption that K lies on d parallel lines, we 
give a sharp estimate for the number of points of the convex hull of K. 
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Theorem 8.5.3. Let K be a d-dimensional finite subset of Z4 that lies on d parallel 
lines. If 
1 


IK+K] < (d+2)K| — 5(d + (d+ 2) 


d 


then the convex hull of K is contained in d parallel arithmetic progressions with 
the same common difference, having together no more than v = |K + K| — d|K| + 
$d(d +1) terms. 


These results are best possible and cannot be sharpened by reducing the 
quantity v or by increasing the upper bounds for |K + K}. 

We found that a similar inequality can be formulated for d-dimensional sets 
that have a small doubling coefficient o = d+ 2— — (where s > d is a positive 
integer). In this case we prove that K lies on no more than s parallel lines. 

These results can be used to make Freiman’s main theorem more precise. In 
a joint work with Freiman [19] we studied the exact structure of d-dimensional 
sets satisfying the small doubling property 


|2K| < (d+2-6)|K]. 


8.6 Difference sets 


We will present now some results on difference sets in a d-dimensional Euclidean 
space. The need for lower estimates for |A — A| in terms of |A| has been raised 
by Uhrin in [48], where the trivial inequality |A— A] > 2|A| — 1 is used to prove 
theorems sharpening the classical theorem of Minkowski—Blichfeldt in geometry 
of numbers. It can be stated that the sharper estimation for |A— A] we have, 
the sharper results in geometry of numbers can be proved (see also [49]). Let 
A CR? be a finite set and (as Step 1 of Freiman’s algorithm requires) we choose 
as numerical characteristic the cardinality of the difference set A— A. 

A first result was obtained in 1989, when Freiman, Heppes and Uhrin proved 
in [18] an inequality analogous to (8.2.1): 


|A- Al > (d+ )/A| sid 1). (8.6.1) 


This immediately yields that if d= 1 and A CR, then |A— A] > 2|A)—1 
and if d = 2 and A C R?, then |.A — A| > 3|.A| — 3. These two inequalities cannot 
be strengthened. However, the lower bound (8.6.1) is not exact for d = 3. Freiman, 
Heppes and Uhrin in [18] and Ruzsa in [33] conjectured that the “correct” lower 
bound for dim A = 3 is 

|A — A| > 4.5]|.A] - 9. (8.6.2) 


In [39] (see also [36]) we completely solved the above conjecture and showed that 
(8.6.2) is a best possible lower bound for |A — AJ. 
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Theorem 8.6.1. Let A be a finite set of R® and let {e1, e2,e3} be the standard basis 
of R°. 


(i) If the affine dimension dim A = 3, then |A — A| > 4.5|A| — 9. 


(ii) Equality is attained if and only if A is a union of four parallel arithmetic 
progressions: A = {0, 1, €2,e1 + e2} + {0, es, 2e3,..., keg}, k>1. 


Theorem 8.6.1 solves Steps 2 and 3 of Freiman’s algorithm: it gives the struc- 
ture of three-dimensional sets having the smallest cardinality of the difference set; 
for two-dimensional sets the situation is similar. 


Theorem 8.6.2. Let D be a finite set in R? of affine dimension dimD = 2. Then 
|D—D| = 3|D| —3 of and only if D consists of two parallel arithmetic progressions 
with the same number of elements and the same common difference. 


Let us give now a short description of the multi-dimensional case d > 4. Let 
s(d) be the maximal positive number for which the inequality 


|A— A] = s(d)|A| — t(d) 


holds for every finite set A of affine dimension dim.A = d. What can one say about 
s(d) ? The exact value of s(d) is known only for d = 1,2 and 3. Ruzsa conjectured 
in [33] that s(d) = 2d — 2+ 2, for every d > 4. The aim of the paper [42] is to 
prove the following upper bound for s(d). 


Theorem 8.6.3. For every integer d > 2 one has s(d) <2d—2+—s4. 


This readily disproves Ruzsa’s conjecture. Moreover, in view of inequality 
(8.6.2) and Theorem 8.6.3, it seems that the equality s(d) = 2d —2+ +, is true 
for every d > 2. Thus, we suggest the following conjecture. 


Conjecture. For every finite set A of affine dimension dim.A = d > 2, one has 
1 
[A — A] > Q@d-—2+ a7) — (2d? — 4d +3). 


Of course, in view of Theorem 8.6.3, if the above inequality is true, then it 
is best possible. 


8.7 Finite Abelian groups 


Similar questions can be asked for any group G. A short and incomplete list of 
results for G = F,, (F2)%, Z/nZ will show that additive questions in finite abelian 
groups are generally more difficult than analogous problems in Z. 

(i) Consider for the beginning sums of congruence classes modulo a prime p. 
Take two finite sets A and B in F, and choose as characteristic the cardinality of 
the sum A+ B={a+b:a€A, be B}. Then the solution of Step 2 is Cauchy— 
Davenport theorem |A+ B| > min{p,|A|+|B|—1}. The answer to Step 3 is given 
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by Vosper’s theorem [50], which classify those pairs A, B of sets of residues for 
which equality holds in Cauchy—Davenport inequality. 

The next natural question is to consider Step 4 and to analyze the case when 
the cardinality of the sum is not much exceeding its extremal value. Freiman [14, 
p. 46] generalized Vosper’s theorem for sumsets of the form A+ A in F,, by 
describing the structure of A in the case |2A| < c|A| — 3, with c < 2.4; either 
|A| is large or the set A is located in a short arithmetic progression. This has 
been recently extended to any c by Green and Ruzsa [21], using the rectification 
principle of Freiman and Bilu-Lev—Ruzsa [3]. 


(ii) For sumsets in vector spaces over finite fields, Eliahou and Kervaire proved 
in [10] that 


IA 


[Bl 
etl 


|A + B| > min {p'( ules pO ae, 


for every two sets A and B included in (F,)¢. Step 2 is solved. Deshouillers— 
Hennecart—Plagne gave in [9] an answer to Steps 3 and 4 by obtaining a structure 
theorem under the assumption |A + A] = c|A|, with 1 < c < 4. In this instance 
the set A is contained in a coset a+ H of order at most — where u(c) > 0 is an 
explicit function depending only on c. Recently Step 5 was solved by Ruzsa and 
Green [34], not only for G = Fy, but also for commutative torsion groups: if A is 
a subset of a commutative group G of exponent r and if |A+ A| < k|A|, then A 


. . . . 2 
is contained in a coset of a subspace of size no more than k?r?* —?, 


(iii) When G is an arbitrary Abelian group, Kneser [25] gave a deep general- 
ization of Cauchy—Davenport’s theorem: Let A and B be two finite subsets of an 
Abelian group G. One has |A + B| > |A|+|B| —|H|, where H is the stabilizer of 
A+B. Important results concerning the equality case in Kneser’s theorem are due 
to Kemperman [24] and Lev [26]. In a step beyond Kneser’s theorem, Deshouillers 
and Freiman [8] proved a structural result for the cyclic group G = Z/nZ assuming 
that |A + A] < 2.04|A] and |A| sufficiently small. 


Bibliography 


[13] 


F.A. Behrend, On sets of integers which contain no three terms in arithmetic 
progression, Proc. Nat. Acad. Sci. USA 32 (1946), 331-332. 


Y.F. Bilu, Structure of sets with small sumset, Astérisque 258 (1999), 77-108. 


Y.F. Bilu, V.F. Lev and I.Z. Ruzsa, Rectification principles in additive number 
theory. Dedicated to the memory of Paul Erdos, Discrete Comput. Geom. 19 
(1998), no. 3 (Special Issue), 343-353. 


G. Bordes, Sum-sets of small upper density, Acta Arith. 119 (2005), no. 2, 
187-200. 


A. Cauchy, Recherches sur les nombres, Jour. Ecole polytechn. 9 (1813), 99- 
116. 


M.C. Chang, A polynomial bound in Freiman’s theorem, Duke Math. J. 113 
(2002), no. 3, 399-419. 


H. Davenport, On the addition of residue classes, Jour. London Math. Soc. 
10 (1935), 30-32 and 22 (1947), 100-101. 


y] 


J.-M. Deshouillers and G.A. Freiman, A step beyond Kneser’s theorem for 
abelian finite groups, Proc. London Math. Soc. 86 (2003), no. 1, 1-28. 


J.-M. Deshouillers, F. Hennecart and A. Plagne, On small sumsets in 
(Z/2Z)", Combinatorica 24 (2004), no. 1, 53-68. 


S. Eliahou and M. Kervaire, Sumsets in vector spaces over finite fields, 
J. Number Theory , 71, (1998), no. 1, 12-39. 


G.A. Freiman, On the addition of finite sets I, Izv. Vyssh. Zaved. Math. 13 
(1959), no. 6, 202-213. 


, Inverse problems of additive number theory. On the addition of sets 
of residues with respect to a prime modulus, Soviet Math. Dokl. 2 (1961), 
1520-1522. 


, Inverse problems of additive number theory VI, On addition of finite 
sets IIT, Izvest. Vuz. Mathem., 3 (1962), no. 28, 151-157. 


328 


14 


15 


16 
17 


[18] 


19 


20 


21 


22 


23 


24 


25 


26 


27 


28 


29 


[30 


Bibliography 


, Foundations of a Structural Theory of Set Addition, Transl. Math. 
Monogr., vol. 37, Amer. Math. Soc., Providence, RI, 1973. 


, What is the structure of K if K + K is small?, Lecture Notes in 
Math., vol. 1240, Springer, New York, 1987, pp. 109-134. 


, Structure theory of set addition, Astérisque 258 (1999), 1-33. 


, Structure theory of set addition II. Results and problems, Paul Erdos 
and his mathematics, I Budapest, 1999, Bolyai Soc. Math. Stud., vol. 11, 
Janos Bolyai Math. Soc., Budapest, 2002, pp. 243-260. 


G.A. Freiman, A. Heppes and B. Uhrin, A lower estimation for the cardinality 
of finite difference sets in R", Coll. Math. Soc. J. Bolyai, Budapest 51 (1989), 
125-139. 


G.A. Freiman and Y.V. Stanchescu, preprint. 


R.J. Gardner and P. Gronchi, A Brunn-Minkowski inequality for the integer 
lattice, Trans. Amer. Math. Soc. 353 (2001), no. 10, 3995-4024. 


B. Green and I.Z. Ruzsa, Sets with small sumset and rectification, Bull. Lon- 
don Math. Soc. 38 (2006), no. 1, 43-52. 


B. Green and T. Tao, Compressions, convex geometry and the Freiman—Bilu 
theorem, Q. J. Math. 57 (2006), no. 4, 495-504. 


D.J. Grynkiewicz and O. Serra, Properties of two dimensional sets with small 
sumset, arXiv:0710.3127 v1. 


J.H.B. Kemperman, On small sumsets in an abelian group, Acta Math. 103 
(1960), 63-88. 


M. Kneser, Abschatzungen der asymptotischen Dichte von Summenmengen, 


Math. Z. 58 (1953), 459-484. 


V.F. Lev, On small sumsets in abelian groups. Structure theory of set addition, 


Astérisque 258 (1999), xv, 317-321. 


M.B. Nathanson, Additive Number Theory: The Classical Bases, Grad. Texts 
in Math., vol. 164, Springer, New York, 1996. 


, Additive Number Theory: Inverse Problems and the Geometry of the 
Sumsets, Grad. Texts in Math., vol. 165, Springer, New York, 1996. 


J. Pitman, Sumsets of finite Beatty sequences. In honor of Aviezri Fraenkel 
on the occasion of his 70th birthday. Electron. J. Combin. 8 (2001), no. 2, 
Research Paper 15, 23 pp. 


K.F. Roth, On certain sets of integers, J. London Math. Soc. 28 (1953), 104— 
109. 


Bibliography 329 


31 


32 


33 


34 


35 


36 


37 


38 


39 


40 


41 


42 


43 


44 


45 


46 
47 


48 


I.Z. Ruzsa, Arithmetical progressions and the number of sums, Period. Math. 
Hungar. 25 (1992), no. 1, 105-111. 


, Generalized arithmetical progressions and sumsets, Acta Math. Hung. 
65 (1994), no. 4, 379-388. 


, Sums of sets in several dimensions, Combinatorica 14 (1994), no. 4, 


485-490. 


I.Z. Ruzsa and B. Green, Freiman’s theorem in an arbitrary abelian group, J. 
London Math. Soc. (2) 75 (2007), no. 1, 163-175. 


T. Sanders, Three term arithmetic progressions in sumsets, ar Xiv:0611304 v1, 
to appear in Proc. Edinb. Math. Soc. 


Y.V. Stanchescu, On finite difference sets in R°, Proceedings of the Confer- 
ence on the Structure Theory of Set Addition, CIRM, Marseille, 1993, pp. 
149-162. 


, On addition of two distinct sets of integers, Acta Arith. 75 (1996), 
no. 2, 191-194. 


, On the structure of sets with small doubling property on the plane 
(1), Acta Arith. 83 (1998), no. 2, 127-141. 


, On finite difference sets, Acta Math. Hungar. 79 (1998), no. 1-2, 
123-138. 


, On the simplest inverse problem for sums of sets in several dimen- 
sions, Combinatorica 18 (1998), no. 1, 139-149. 


, On the structure of sets of lattice points in the plane with a small 
doubling property, Astérisque 258 (1999), 217-240. 


, An upper bound for d-dimensional difference sets, Combinatorica 21 
(2001), no. 4, 591-595. 


, Planar sets containing no three collinear points on a line and non- 
averaging sets of integers, Discrete Mathematics 256 (2002), no. 1-2, 387-395. 


, On the structure of sets with small doubling property on the plane 
(II), Integers 8, (2008), no. 2, A10, 1-20. 


, Three dimensional sets with small sumset, Combinatorica 28 (2008), 
no. 3, 343-355. 


, The structure of d-dimensional sets with small sumset, submitted. 


T. Tao and H.V. Vu, Additive Combinatorics, Cambridge Stud. Adv. Math., 
vol. 105, Cambridge University Press, 2006. 


B. Uhrin, Some estimations useful in geometry of numbers, Period. Math. 
Hungar. 11 (1980), 95-103. 


330 Bibliography 


[49] , On a generalization of Minkowski convex body theorem, J. Number 


Theory, 13 (1981), 192-209. 


[50] A.G. Vosper, The critical pairs of subsets of a group of prime order, 
J. London Math. Soc. 31 (1956), 200-205; Addendum, 280-286. 


Yonutz V. Stanchescu 
Department of Mathematics 
Afeka Academic College 
218 Bney Efraim 

Tel Aviv 69107 

Israel 

e-mail: yonis@afeka.ac.il 


